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! often say that when you can measure what you are speaking about, 
and express it in numbers, you know something about it; 


but when you cannot measure it, when you cannot express it in numbers, 


your knowledge is of a meagre and unsatisfactory kind. | ~ 


— LORD KELVIN, lecture to the Institution of Civil Engineers (1883) 


O dear Ophelia! 
! am ill at these numbers: 


! have not art to reckon my groans. 


— Hamlet (Act Il, SC. 2, Line 120) 
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ABSTRACT 


Bitumen and heavy oil resources in Alberta are located in unconsolidated sediments 
displaying the characteristics of cohesionless soils. Cyclic steam stimulation in these 


deposits leads to hydraulic fractures and material dilation or contraction. 


Recognizing the nonlinear nature of the formation deformation, a project was car- 
ried out to develop a coupled three-dimensional thermal numerical model including elasto- 
plastic geomechanics. Two models were eventually implemented. A fully finite element 
model, the natural choice, was unable to solve satisfactorily the complex nature of ther- 
mal multiphase flow in a porous medium. A coupled finite element deformation model 
and finite difference flow model was successful in modelling flows, heat transfer, and 


formation deformation. 


The coupled finite difference/finite element model was run for different cases of grid 
size and injected steam slug size, to observe the different material responses. It was found 
that lower degrees of coupling provide useful information at considerably lower computing 


cost. 


The results indicate that the material disturbances should be included to model oil 


recovery processes in these unconsolidated sands. 
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Chapter I 


INTRODUCTION 


The recovery of heavy oil and bitumen from unconsolidated siliclastic sediments is considerable 
in central and eastern Alberta, western Saskatchewan, and elsewhere, particularly in the U.S.A. and 
Venezuela. While production has been established from these sediments for many decades, the degree 
of understanding of the reservoir mechanics giving rise to the production has varied considerably. In 
certain instances, the ability to predict a reasonably accurate production response to a given injection 
strategy has been poor. Lack of confidence in predictive ability, in turn, leads to the downgrading 
or outright cancellation of oil recovery projects, where an economic return might instead have been 
possible. This reflects a natural fear of making a large capital investment in what turns out to be 


an unprofitable venture. 


One component missing from the conventional reservoir engineering analysis of these uncon- 
solidated formations is the inclusion of geomechanical behaviour to a greater degree than usually 
considered in parameters such as pore compressibility. In the particular instance of thermal recovery 
of bitumen from the Athabasca oil sand by steam injection, the economic return depends mainly on 
the rate of mobilisation and subsequent recovery of bitumen in the sand. The rate of mobilisation 
of bitumen is clearly a function of the areal distribution of the injected heat energy—the wider the 
better, provided sufficient heat is available. The recovery of mobilised bitumen is thereafter primar- 
ily dependent on gravity drainage, hence on the combined vertical and horizontal conductivities of 


the porous medium in the zone of mobilised bitumen. 


The injection of steam or another hot fluid into a formation saturated with essentially immobile 
bitumen can take place only through the parting or fracturing of the tar sand. This situation persists 
until the injected fluids reach a nearby well or a pressure sink such as an aquifer. The formation 
must be parted to inject steam in a classic cyclic steam stimulation process, unless communication 
to the nearby sink is established by some other means, e.g., through a layer containing mobile water. 
In each injection cycle one would hope that the parting was made in a relatively cool bitumen zone, 
where the heating would be most beneficial. The parting orientation and position is a function of 
several parameters—local ones such as lithology, pore pressure, local concentrations in total stress, 
material properties, and the far field effects of the regional principal stresses. The inclusion of all 
these effects should lead to a useful prediction of the distribution of heat and hence the rate of 
bitumen recovery. Usually, the variation in lithology is rarely known in detail, and when it is, it 


overwhelms our ability to include such fine detail. This information can only be incorporated on 
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some averaged level. Pore pressures usually can be calculated with confidence, using the now classical 
tools of reservoir simulation. The incorporation of the local and regional stresses beyond that of 
pore compressibility remains only a recent development. Pore compressibility, used in traditional 
reservoir simulation, generalizes the matrix response to changes in effective stress by providing 


porosity change as a function of pore pressure. 


The unconsolidated sands exhibit significantly different behaviour from that of typical cemented 
sandstone and limestones, which are characterised by elastic behaviour, linear and non-linear. The 
key differences are those of failure followed by irrecoverable strains and the phenomenon of dilation 
associated with shear deformation. These phenomena are the result of the interaction of individual 
grains grating against and riding up on top of each other to accommodate the applied loads. Both 
phenomena have significant consequences—the high possibility of a limiting load, and the disruption 
of the material fabric so that it is dilated and most likely has enhanced permeability. The dilation 
ultimately must increase the compressibility of the material because of the evolution of gases from 
solution. If the material is sheared then the pore compressibility will also change. Note that the 
appearance of even a 5% gas saturation in a shallow oil reservoir (pj = 1.4 MPa) can cause an 


increase of more than 20-fold in the effective compressibility. 
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Chapter II 


REVIEW OF LITERATURE 


The topics covered in this research can be classified broadly as the application of finite elements 
to multiphase, thermal fluid flow, and the incorporation of geomechanics in traditional numerical 
thermal reservoir models, with particular emphasis on the behaviour of oil sands. Accordingly, the 
literature review has been divided into three sections: finite elements applied to multiphase flow, 
the material behaviour of oil sands, and the inclusion of geomechanics in current reservoir modelling 


technology. The section on oil sand material behaviour also constitutes a general description. 


2.1 Application of finite elements to multiphase flow problems 


The finite element method has been used successfully in solid mechanics and single-phase 
potential flow for many years. However, the method has been extended to multiphase flow only 
with differing degrees of success. Nevertheless, in the past decade, the conditions for successful 
finite-element simulation of multiphase flow in porous media have been coming to light. Two areas 
have been predominant—that of oil and water flow and that of steam and water flow. That is, in 
petroleum and geothermal reservoir simulation. A review of the most pertinent literature to the 
application of the finite element method to immiscible multiphase flow in porous media is made over 


the next few pages. The review is divided into two sections—isothermal and thermal flow. 


2.1.1 Literature survey for isothermal flow 


The first clear attempt to use the finite element method for fluid flow in porous media that 
appeared in the petroleum literature was in 1968, by Javandel and Witherspoon. They formed a 
variational principle for the flow of a single fluid through an isotropic, homogeneous porous medium. 
The numerical solutions were compared with the Theis (analytical exponential integral) solution for 
infinite, bounded and layered radial systems with either constant terminal rate or pressure constraints 


and were found to be good. 


In 1969, Cavendish et al. applied the Galerkin principle to the two-dimensional elliptic partial 
differential equation describing the flow of a single fluid. Bilinear Hermitian functions were used to 
approximate the pressure distribution and pressure gradients in rectangular elements. Wells were 


introduced as point sources or sinks to form non-smooth subspaces. More accurate approximations 
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to the pressures around wells were made by adding basis functions, such as an analytical radial 
solution, to the element. The workers concluded that their application of Galerkin’s method was 


more accurate and computationally more efficient than the finite difference method. 


Zienkiewicz and Parekh (1970) investigated the solution to transient field problems in two and 
three dimensions by isoparametric finite elements. The physical example given was the transient heat 
conduction problem with mixed boundary conditions. The workers applied the Galerkin principle 
to write the weighted residual equation which was then solved for four examples using linear and 
quadratic isoparametric elements in two and three dimensions. The examples compared well with 


the analytical solutions. 


The first multiphase problem to be solved by the application of Galerkin’s method was pre- 
sented by McMichael and Thomas in 1973. The workers analyzed three-phase flow in a two- 
dimensional domain subdivided into linear finite elements. Reportedly, no difficulties were encoun- 
tered in finding the solution at each time step. The evaluation of all the reservoir properties at each 
quadrature point for numerical integration appeared to obviate the need for upstream weighting 
for numerical stability. This result is not in accordance with later studies of the multiphase flow 


problem by the finite element method. 


Huyakorn and Pinder (1977a) applied a weighted residual method to the two-phase flow prob- 
lem in one and two dimensions. This formulation required asymmetric weighting functions which 
degenerated to the basis function when all nodes in an element were accorded equal influence. Oth- 
erwise, upstream nodes were given more weighting in the asymmetric scheme. Such an asymmetric 
scheme is known as the Petrov-Galerkin method. In addition, the influence of the accumulation 
terms at neighbouring nodes was removed by lumping the element mass matrix to give a more 
stable solution. A two-dimensional example of a five-spot was used to show that grid orientation 
effects were negligible in this solution scheme. In 1978 Huyakorn and Pinder further explained the 
asymmetric weighting functions, and the conditions for their derivatives to be valid. The results 
using the asymmetric weighting scheme were compared with other upstream weighting schemes for 
the finite element method. The Newton-Raphson and fully-implicit chord slope incremental methods 
were compared as means of linearizing the original equations. Both methods proved stable at large 


time step values. 


The use of higher order approximation functions, rather than upstream weighting, was chosen 
by Spivak et al. (1977) for a two-dimensional, two-phase flow problem. The Galerkin procedure 
was successfully applied to the IMPES formulation of the governing equations in the presence of 


favourable and unfavourable mobility ratios. Numerical dispersion at the front was less in both cases 
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than with finite differences. Subsequently, a semi-implicit linearization of the saturation equation was 
employed to improve solution stability. The approximation to the pressure solution was augmented 
by logarithmic functions in the vicinity of point sources and sinks. Grid orientation effects were not 
observed when the mesh for a quarter five-spot was rotated 45°. A three point (in one dimension) 
Gaussian quadrature scheme was used to evaluate the integral expressions. No improvement in the 
solution was observed when higher order quadrature schemes were used. In 1977 Hayes, et al., also 
discussed the approximation to the pressure solution around a well. An improvement was obtained 


by locally adding a logarithmic distribution around the singularity. 


Wilson and Casinder (1978) studied the problems arising from the application of Galerkin’s 
method to the two-phase problem, when cubic Hermitian functions are used to approximate the 
primary variables. Wells were represented by point sources and sinks. The mass matrix was lumped 
for solution stability. The solution to the Buckley-Leverett problem could be improved either by using 
a constant pseudo-capillary pressure gradient or by adding upstream weighting to the quadrature 


points. A modified fractional flow curve was also required. 


Lewis et al. (1978) applied the Galerkin method to the two-phase problem in two dimensions. 
The problem was reformulated in terms of the half-sum and half-difference of the wetting and non- 
wetting phase potentials. A predictor-corrector method was then used to solve the problem in the 
time domain. Solution surging, or oscillations, were noticed near the shock in the Buckley-Leverett 
example. Mesh refinement at the front reduced the surging, as did lumping the mass matrix. 


However, mass matrix lumping reduced the accuracy of the solution. 


In 1979, Dalen presented a simplified finite element model for gas or water-oil flow, using linear 
triangular elements. The mass matrix was lumped for stability. A method for using the mobilities 
at upstream nodes in the element flow matrix was incorporated into the Galerkin scheme. The 
model was applied successfully to a two-dimensional example of a waterflood. In that case the grid 


orientation effect was considered to be comparatively small. 


White et al. (1981) took the same approach as Lewis, et al., (1978), but used an upstream 
Gauss quadrature scheme. This was achieved by bringing the mobilities into the integral and using 
the values at upstream Gauss points. The scheme was not successful in certain finite elements of 
the five-spot example. The reformulation of the problem in terms of half-sums and half-differences 
of the two phase potentials decoupled the primary variables. This permitted a large reduction in 


the amount of work required to solve the equation set. 


Allen and Pinder (1983) used orthogonal collocation to solve the one-dimensional convective- 
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dispersion transport equation. Upstream weighting of the collocation points was necessary to find 
the correct (analytical) solution in the Buckley-Leverett case. Upstream weighting was achieved by 


adding a quartic term to the Hermite cubics, which resulted in an asymmetric interpolation scheme. 


Also in 1983, Mohsen and Pinder investigated one-dimensional collocation with finite elements 
in order to solve the Buckley-Leverett problem. Hermite cubic polynomials were used everywhere 
but at the front, where the variables were interpolated in one or two adaptive elements by Hermite 


quintics. The asymmetric interpolation scheme was used to weight the upstream collocation points. 


Allen (1984a) discussed the validity of using upwinding (upstream weighting) in the finite ele- 
ment method. Upwinding was required when centered schemes failed to “impose proper uniqueness 
criteria.” Cauchy problems such as the Buckley-Leverett problem might only possess weak solutions 
(solutions satisfying only the integral form of the defining equation, thereby admitting the possibility 
that the solution may not be sufficiently differentiable to satisfy the defining equation everywhere). 
In that case, the correct shock (front) requires the weakest solution to depend continuously and 


stably on the initial data. 


Chavant et al. (1984) used mixed finite elements to investigate two-dimensional, two-phase 
incompressible flow. The flow equations were formulated in terms of a global pressure and a reduced 
saturation. The global pressure was approximated by a constant function, and the reduced saturation 
by a linear function. Upwinding of the solution equation was introduced at the upwind boundary in 


the form of a Godunov saturation. The simulated quarter five-spot examples gave good results. 


Cohen (1985) compared several finite element methods by applying them to one- and two- 
dimensional surfactant/polymer simulators. He considered the Petrov-Galerkin, the standard up- 
wind and the negative-dispersion methods. Linear and bilinear approximation functions were used, 
with analytical and 2x2 Gaussian integration. In all the examples the Petrov-Galerkin formulation 
provided sharper fronts. The standard upwind method (using upstream quadrature points) dispersed 
the front considerably. The addition of negative dispersion to the standard Galerkin formulation pro- 
vided a solution between the other two methods. Straightforward application of Galerkin’s method 


yielded a sharp front with oscillations in the downstream solution. 


Gulbrandsen and Wille (1985) applied the Galerkin method directly to two-dimensional, two- 
phase flow. The Newton-Raphson method was used to linearize the weighted residual form, which 
was approximated in time by backward Euler differences. The spatial domain was divided into 
rectangles and approximated by bilinear functions. A sharper front was noticed when the capillary 


pressure was not simply a constant function of saturation, but oscillations in the solution still 
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occurred downstream of the front. However, no serious solution instability occurred. An interesting 


example was the displacement of oil through a reservoir with a sinusoidally-shaped cross-section. 


Ewing (1989) proposed mixed elements solving for pressure and velocity as being most appro- 
priate for miscible and immiscible two-phase reservoir flow problems. Velocity was chosen as the 
primary variable to ensure that it remains a smooth function in space, despite step changes in reser- 
voir properties governing flow. Higher order functions were considered useful if they were modified 
in the region of sources or sinks. Operator splitting is advocated to excise the purely hyperbolic 
portion of the equation, which can develop shock solutions. This portion is solved in time using the 
method of characteristics. The paper is a review of previous work done separately on each of the 


main sections. 


2.1.2 Literature survey for thermal flow 


Faust and Mercer (1976) investigated the solutions to the geothermal problem using finite 
difference and finite element methods. Water only and water/steam systems with zero capillary 
pressure were considered in an areal model. Phase change in a block or element was forced to occur 
at the end of a time step for greater solution stability. Oscillations in the finite element solution to the 
two-phase problem occurred. No upstream weighting scheme was employed in the two-dimensional, 
linear and quadratic, isoparametric quadrilateral finite elements. Newton-Raphson iteration was not 


successful when applied to the finite element method approximation to the two-phase problem. 


Huyakorn and Pinder (1977b) inerodhived asymmetric weighting functions for convective terms 
to form a Petrov-Galerkin scheme for the two-phase geothermal problem. The asymmetric weighting 
functions provided extra influence from upstream nodes in linear triangles and quadrilaterals. The 
mass matrix was lumped to improve the solution stability. A novel scheme to evaluate the derivatives 


of non-linear coefficients at a node during a phase change was presented. 


_ Aktan and Farouq Ali (1978) applied Galerkin’s method to the flow of hot water in a two- 
dimensional model using linear triangles. The mass and energy balances (in p,, and T) were solved 
in a cyclic iteration to a given tolerance. Changes in the principal stresses in the formation were 
then evaluated using thermoelastic theory for plane strain. Gravitational and capillary forces were 


not included in the analysis. The study was aimed at the evaluation of stresses in the system. 


Voss (1978) applied the mixed Galerkin/Petrov-Galerkin method to two-phase geothermal flow 
in one- to three-dimensional, linear, isoparametric elements. The governing equations were developed 


by volume averaging point conservation equations. The weighted residual form of the equations were 
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then solved for incremental change in p,, and h. An inverse iterative scheme was provided for those 


nodal solutions crossing the phase boundaries which did not restrict the time step size. 


Karahanoglu et al. (1985) developed a fully-coupled finite element solution for hot water flow 
in a two-dimensional deforming reservoir. The mixed Galerkin/Petrov-Galerkin method was used to 
define the weighted residual form. Asymmetric weighting functions were applied to the convective 


terms only. The time domain was discretized into linear finite elements. 


Lewis et al. (1985) used the Galerkin method to find the weighted residual forms of the water 
flow and energy equations in two dimensions. Bilinear elements were used to model hot water 
flooding for thermal oil recovery. Linear and higher order infinite elements modelled the heat losses 
from the reservoir in all directions. Artificial diffusion was introduced along streamlines to negate 
any grid orientation effects. The solutions were found efficiently at the end of each time step using 


an alternating direction solution algorithm. 


2.2 Description of the geomechanical behaviour of oil sands 


The geomechanical study of the oil sands of Alberta is effectively the study of the soil mechanics 
of a dense sand. This conclusion was not widely accepted until the completion of a series of research 
programs at the University of Alberta Civil Engineering department in the late 1970s and early 1980s 
under the direction of Drs. Morgenstern and Scott. In particular, the perception of bitumen as a 
cementing material was widely held until the last decade, as many geologists and petroleum engineers 
failed to recognise that their core samples had undergone expansion of the sand (soil) matrix due 
to pressure relief and gas evolution. It is now recognised that the oil sands must be considered a 
particulate material, for which the behaviour can be described by an appropriate stress-strain model. 
In particular, the description of the essence of oil sand behaviour as a c-¢ material — through the 


Mohr-Coulomb parameters of cohesion c and angle of internal friction ¢ — is now common. 


The behaviour of soils taken to failure has been studied for over a century, although the most 
notable advances have been made since the second world war. The study of soil mechanics is therefore 
pertinent to the behaviour of oil sands during bitumen recovery schemes, where loadings are changed 
because of the application of temperature increases and pore pressure changes. There are several 
good books on soil mechanics which are requisite reading for anybody interested in understanding 
how sands will react to these loads and how this might affect the bitumen recovery scheme (e.g., 


Wood, 1990). Some of the basic geomechanical concepts are brought out in this section. 


Athabasca and Cold Lake oil sand geomechanical behaviour has been the object of significant 
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(a) Hexagonal close-packed spheres. 
Point contacts. 


(b) Densely packed rounded sand. 
Point contacts, with some straight contacts (arrows) 


(c) Athabasca oil sand : 
Point contacts, with many straight and 
interpenetrative contacts (arrows) 


Figure 2-1 


Fabric of granular assemblies (adapted from Dusseault and Morgenstern, 1978) 


study since the mid-1970s. Dusseault (1977) showed that the Athabasca oil sands had an extremely 
stiff structure (i.e., a large modulus of elasticity) in the undisturbed state, accompanied by a large 
degree of dilation when loaded to failure and subsequent yield. Agar (1984) examined the stress- 
strain behaviour for different stress paths and at elevated pressures and temperatures. Kosar (1989) 
continued this work and noted some essential differences in the geomechanical behaviour between 


the oil sands of Athabasca and Cold Lake. These differences were discussed by Kosar et al. (1987). 


In the case of the Athabasca oil sand the investigators noted the very high initial elastic 
(Young’s) modulus of the confined and undisturbed material. This was attributed to its extreme 
compactness providing extensive grain-to-grain contact so that the stiffness of the sand skeleton is 
close to that of the grains themselves. This grain orientation is compared to ideal and rounded sand 


grains in Figure 2-1. The angularity of the Athabasca sand grains also illustrates why significant 
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Three different samples 
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Figure 2—2 


Athabasca oil sand peak and residual strengths illustrating curved 


Mohr-Coulomb envelope behaviour (adapted from Dusseault and Morgenstern, 1978) 


dilation can be expected as the sand is sheared. The results of a typical direct shear box test by 
Dusseault are presented in Figure 2-2. The Mohr-Coulomb failure envelope on this shear-stress 
vs. normal-stress diagram is seen to be curved, indicating different mobilized strengths at failure, 
and possibly different modes of failure, under different levels of effective stress. The friction angle, 
an indicator of the slope of the Mohr-Coulomb failure envelope, varies considerably as the effective 
confining stress is increased. The residual (post-failure) friction angle for Athabasca oil sand was 
considerably less than the initial values. The extrapolation of the peak strength curve to the shear 
stress axis gives the impression of an apparent cohesion, the idea of which is only dispelled by data 


points taken at low values of normal stress. 


In contrast, the Cold Lake sand was less stiff, and underwent little loss of strength after the 
initial yield. The dilatant behaviour exhibited by the two oil sands also differed. Cold Lake oil sand 


did not exhibit the dilatant behaviour of the Athabasca oil sand; instead, it displayed contractile 
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Maximum shear strength = 16.9 MPa 


0, =4.0MPa 


Maximum shear strength = 6.9 MPa 


Cold Lake 


Effective Stress Ratio 


Athabasca E=2200MPa 
Cold Lake E=677MPa 


, Athabasca v=0.22 


/ 


Cold Lake v=0.27 


Volumetric Strain (%) 


Axial Strain (%) 


Figure 2-3 


Comparison of behaviour of Athabasca and Cold Lake oil sands under 


confined drained compression tests (adapted from Kosar, Scott and Morgenstern, 1987) 


behaviour throughout the triaxial confining stress path. As a result, the change in pore pressure 


during undrained testing of Cold Lake sand remained fairly constant as the degree of axial strain was 
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increased. In the case of Athabasca oil sand, the increase in volume was apparent due to the sharp 
decrease in pore pressure. The net confining stress at failure is thus affected in different ways for 
each of the two oil sands. Figure 3 illustrates the differences in geomechanical behaviour of the two 
types of sand. The differences in behaviour are explained in terms of the different mineralogy. The 
Cold Lake deposit has a greater proportion of weaker minerals than the highly siliceous Athabasca 
sand. These weaker minerals are prone to crushing at the levels of deviatoric stress considered by 


the investigators. 


At ambient temperatures of the in-situ oil sands, no measurable cohesion was observed (Duss- 
eault, 1977). However, at high stresses the altered Mohr-Coulomb failure envelope gives the im- 
pression that positive cohesion exists (see Figure 2). This is only an apparent cohesion because, as 
noted, failure at lower stresses clearly indicated that there was no cohesive strength. Agar (1984) did 
note the development of low levels of cohesion in baked samples of Athabasca oil sand. Conversely, 
the increase in susceptibility to failure of individual grains due to an increase in temperature was 


marked for Cold Lake oil sand. 


The main difficulty in describing the behaviour of the oil sand over a wide range of stresses 
lies in the post-failure behaviour where irrecoverable strains occur, and the development of dilation 
or positive volumetric strains. Dusseault and Morgenstern (1978) showed that the Mohr-Coulomb 
failure envelope is not a straight line through the origin, which would be typical of a particulate 
material with only intergranular failure where the grains slide against each other with a measur- 
able friction. A failure envelope which is curved indicates that an additional failure mechanism is 
occurring—intragranular failure where individual grains are sheared. This is common behaviour of 
systems where grain breaking occurs at the higher levels of stress (Vesic and Clough, 1968, and 
Feda, 1982). This is consistent with the observations of Dusseault, where the (actually cohesion- 
less) material has an apparent cohesion intercept at higher normal stresses. This behaviour could 
be reproduced mathematically by the expedient of making the cohesion and the friction angle a 
function of normal stress. The failure envelope then represents that of an altered material, raising 
the question of what the envelope should be for a system unloaded subsequent to failure. More 


sophisticated methods also exist as part of a larger constitutive modelling approach. 


Modelling the oil sand behaviour must include the two significant features other than failure 
— irrecoverable strains and dilatancy. A suitable model must account for the deformation history 
of the material, particularly if the stresses are to be cycled through loading and unloading. The 
elastoplastic formulation incorporates all these features naturally. The relation between stress and 


strain is modified using a yield surface, essentially a function defined by the material properties and 
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E,,,= unloading modulus 
elastic strain 


plastic collapse 
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plastic expansive 
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~<— elastic strain (compression) 


<— plastic collapse strain 
(compression) 
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Figure 2—4 


Schematic illustration of elastic, plastic collapse and plastic expansive 
strain components (for two'yield surfaces) in drained triaxial compression test 


(adapted from Lade and Nelson, 1984) 


the stress and strain history. 


Most previous work in this field has used variants of elasticity theory to model the stress-strain 
relationship of oil sands (see, for example, Agar et al., 1987, Vaziri, 1988, and Settari et al., 1989). 
Increasing the order of elasticity—hyperelasticity (making it non-linear)—cannot, alone, describe 
the effect of shear stress on the volumetric strain (dilation) or the effect of the stress path (Feda, 
1982). The elastic stress-strain relation is improved, however, by writing it in the incremental form 


of the hypoelastic constitutive equations 
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where do and dé are respectively the vectors of increments of stress and strain, and A is the hypoe- 
lastic material behaviour matrix. This model works for a monotonically increasing load but cannot 
predict the irrecoverable strains observed on unloading. It does, however, describe well the elastic 
portion of the stress-strain behaviour. The hypoelastic model can be augmented with a relationship 
for volumetric strain as a function of axial strain. Previous research has included this model (Agar 
et al., 1987) but was unsuccessful, in that form, at describing the dilatant volume changes observed 
after about 0.5% axial strain for Athabasca oil sand. A more complete argument for the choice for 
oil sands of an elastoplastic model over a hypoelastic model with extensions for dilation can be found 


in Wan et al. (1989). 


plastic expansive 
strain increment 


_° yield surface 
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Figure 2-5 


Yield and plastic potential surfaces for plastic expansive increments 


(adapted from Lade and Nelson, 1984) 


The appropriate model for a complete description of oil sand behaviour is the elastoplastic 
one, combining elasticity with incremental plasticity. This model will generate the appropriate 
plastic strains and the accompanying dilation. An idealized response of a sand to a drained triaxial 
compression test (Lade and Nelson, 1984) is shown in Figure 2-4. The total strain increment, de;;, 


is made of an elastic component, def;, and a plastic component, de?.. 


dé; = dex; AF de? (2.2) 
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It can be seen in Figure 2-4 that the unloading path results only in the recovery of elastic strains, 
while the plastic strains, by definition, remain irrecoverable. Increased straining also causes the 


dilation evident in the plot of volumetric strain vs. axial strain. 


space diagonal 
-Z (01= 52=63) 


Mohr-Coulomb 
Drucker-Prager 


Figure 2-6 


Three-dimensional representation of Mohr-Coulomb and Drucker-Prager 


yield surfaces in principal stress space (adapted from Owen and Hinton, 1982) 


The initial yield surface is defined in terms of the material properties and the stress and strain 
history. Once the stress locus arrives at the yield surface it may not pass through it, and plastic 
straining is initiated. The subsequent yield surface may further change as a result of the plastic 
straining, expanding in a manner defined by the hardening law. The strain directions are given as 
normal to a second surface called the plastic potential, as shown in Figure 2-5. The simplest situation 
is where the yield and plastic surfaces coincide and the increment of strain is thus also normal to the 
yield surface—termed associated plasticity. The direction of the plastic strains controls the values of 
the volumetric strain, and the assumption of associated plasticity can lead to too great a predicted 
dilation. In that case, a plastic potential surface can be defined apart from the yield surface—so- 
called non-associated plasticity—which will provide volumetric strains in closer agreement with the 
experimental evidence. The plastic potential surface still passes through the same point in the stress 
space where the yielding is occurring (on the yield surface). Usually the plastic potential surface is 
described by the same function as the yield surface but with one or more parameters taking modified 


values to fit the experimental results. 
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Mohr-Coulomb 
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G2 


Line of pure 
shear (8 =0) 


Drucker-Prager 


Figure 2—7 


Two-dimensional 7-plane (space diagonal normal to page) representation of 


Mohr-Coulomb and Drucker-Prager yield surfaces (adapted from Owen and Hinton, 1982) 


The yield surface may remain static, coincident with the initial yield surface, or it may move 
away from it. The latter behaviour is known as hardening. Simple hardening models in use today are 
confined to an isotropic expansion of the yield surface, and a translation of the entire yield surface 


known as kinematic hardening. 


The Mohr-Coulomb yield surface in three-dimensional space is illustrated in Figures 2-6 and 
2-7. This is a preferred model for soils and rocks, exhibiting different yield strengths in compression 
and tension. The Drucker- Prager yield surface also shown in Figures 2-6 and 2-7 is an approximation 
to the Mohr-Coulomb surface in one of the two failure modes—tension or compression. Both models 
feature isotropic hardening with higher stresses, as can be seen in the widening neck of the yield 


surfaces. 


2.3 The inclusion of geomechanical behaviour in reservoir models 


Geertsma (1957) combined the previous work of Biot (1941) and Gassman (1951) to develop 


the equations of poroelasticity in a more straightforward manner. He clearly defines and relates 
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the rock bulk and pore compressibilities, and describes the boundary conditions and procedure to 
determine the correct parameters defining the compressibilities. The procedures are divided into 
different sets of parameters for the three lithological types of sandstone, shale, and limestone. The 
paper is notable for the clarity of the presentation of poroelasticity as it is applied to petroleum 


engineering. 


Geertsma (1966) reviewed the applications of poroelasticity in petroleum engineering. An 
analogy is presented between poroelastic and thermoelastic theory, to take advantage of the many 
solutions under different boundary conditions that have already been published for the thermoelastic 
theory. The concept of the nucleus of strain for volume elements is described. This concept is applied 
to the phenomenon of reservoir compaction and subsidence to calculate surface displacements for 
the examples of pore pressure depletion (leading to subsidence) and to reservoir heating (leading 
to uplift). Geertsma also discusses borehole stress and pressure solutions, and the different rock 
mechanics problems of hydraulic fracturing in impermeable and permeable formations. In hydraulic 
fracturing he analyses the degree of rock expansion in a permeable formation due to leak off using 


the nucleus of strain theory, and concludes that it is not significant. 


Raghavan (1972) derived the one-dimensional consolidation expression coupled with fluid flow, 
and compares it to the earlier work of the geomechanical scientist Terzhaghi. The general solution is 
obtained from the partial differential equations describing the flow of fluid and material displacement 
using a transform to convert it to an ordinary differential equation. Raghavan has prepared a 
significant review of literature to that time, and stresses the importance on the final solution of 
keeping the mass flux (v,) in the formulation. The influence of pressure sensitive rock properties is 


shown on previously published well test analyses. 


Finol and Farouq Ali (1975) presented a two-phase, two-dimensional flow model using finite 
differences which included the effects of compaction on fluid flow and the prediction of subsidence. 
The problem was formulated in two discretized equations for oil and water flow, and one analytical 
equation for poroelasticity which was numerically integrated. The variation of permeability as well 
as porosity was considered in the analyses of the effect of compaction on ultimate recoveries. The 


investigators concluded that ultimate recoveries of oil increased with compaction. 


Closmann and Phocas (1978) showed that, given time to heat enough rock mass, a principal 
stress regime preferring vertical fractures (o, = 1, i.e., in a compression-positive stress regime, the 
least principal stress is the lesser horizontal stress) could be rotated so that horizontal fractures would 
be formed preferentially. The heating caused volumetric thermal expansions. These expansions could 


be accommodated vertically by translation of the overlying free surface, but set up horizontal loads 
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through the elastic reaction, thus causing greater horizontal stresses. No pore pressure distribution 
was included in the analysis, but the paper clearly showed the ultimate effect of heat transfer from 


the fracture to the surrounding rock. 


Rattia (1980) studied the effect of compaction in a three-dimensional steam simulator. Com- 
paction was included by replacing the pore compressibilities by the terms described by Geertsma 
(1957), which include a compaction coefficient. By varying the value of the compaction coefficient, 
he was able to conclude that an increase in oil recovery accompanied an increase in compaction 


coefficient, and that compaction enhanced cyclic steam stimulation more than it did steam flooding. 


The cause and significance of principal stress rotation, such as the one described by Closmann 
and Phocas, was further investigated by Dusseault and Simmons (1982). In a numerical study of 
McMurray Formation sands the authors showed that an appropriate distribution of pore pressure 
gradients around a fracture could alter locally the direction of the minimum principal stress. In this 
case, the leak-off of fluid constitutes a loading on the material with effects similar to the previously 


described thermoelastic straining. 


Ito (1984) appears to have been the first to recognize and implement the dispersed and 
widespread nature of matrix deformation in the oil sands in numerical reservoir simulation. He 
had no predictive model to help him quantify the effects, but was able to choose appropriate param- 
eters by history matching field data. Ito varied porosity between the initial value and a maximum 
— described by a multiplication factor (1.04 in the examples given) — as a function of pressure, 
between a given pair of pressures. He'also increased the mobility of the injected fluid by two orders 
of magnitude during the first injection period, and by 20 at other times. This allowed him to model 
microchannels, as he termed them, dispersed high-permeability streaks created by the deformation 
of the oil sand. It also enabled him to avoid large changes in porosity that were required in con- 
temporary simulation studies to permit the injection volumes of steam observed in the field. Lastly, 
a super-upstream weighting factor was employed to disperse energy further, as would be expected 
from the presence of microchannels, while ensuring that the finite difference blocks did not respond 
with an increase in temperature as quickly as they would without the super-upstream weighting. 
While Ito could history match field data, he had no way of defining the deformed region or the 


number and size of the microchannels. 


Vaziri (1988) coupled thermal single-phase flow to a non-linear elastic model, with the solution 
formulated in two-dimensional finite elements by combining the force equilibrium equations with 
Darcy’s law. He was able to model the effect of a second, gas, phase by including its compressibility 


in the definition of the bulk modulus (inverse compressibility). The quantity of gas as a separate 
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phase was found using a Henry’s law coefficient. As an example, Vaziri examined the case of the 
response near a wellbore to repeated injection, soak, and production cycles, predicting stresses, 


radial displacements and pore pressures radially away from the wellbore. 


Schrefler and Simoni (1988) investigated the flow of water in a partially unsaturated soil by 
considering the gas phase (air) to be at constant pressure. Gas solubility was included, but capillary 
pressure was neglected. The authors used a Crank-Nicholson discretization of the time derivatives 
and quadratic isoparametric finite elements to solve the example of a one-dimensional outflow from 


a consolidating column. 


Settari et al. (1989) described a new model to quantify leak-off rates from fracture faces in oil 
sands. The model incorporates a failure criterion from which the amount of dilation is calculated. 
The isotropic bulk compressibility is found from a non-linear empirical curve as a function of effective 
confining stress (effective stress). The elastic properties (Young’s modulus and Poisson’s ratio) are 
modified as a function of stress and failure. As part of the model implementation, various parametric 
analyses were performed using a linear elastic fracture model (LEFM) simulator. It was noted that 
the fracture length in the LEFM models was strongly dependent on fracture leak-off rates — a result 
to be expected because this factor mostly controls the pressure distribution in the fracture away 
from the wellbore. Thus the thrust of the work was to improve the analysis of leak-off from the 
fracture face using material failure. Stress and flow are solved sequentially, such that the stress 
solution lags behind one time step in a staggered formulation. The stress and fluid flow models are 
coupled via the bulk compressibility term, c,. This term is kept updated at the n +1 time level 
by making it a function of minimum effective stress, o/,,,, = min(oz,0y, 0y)" — a’p"*!. Failure was 
applied as an instantaneous one-time increment of deformation, arbitrarily assigned a value of 1% or 
2%, along with an arbitrary constant increase in permeability. The staggered scheme is claimed to 
be accurate and convergent. The authors acknowledge the plastic nature of the real deformations, 
and present their analysis only as an approximation. The new leak-off model is used to generate 
leak-off rates which are parametrized using a hydraulic diffusivity term 50m away from the well, 
which is in turn used to govern leak-off in the LEFM simulator. Only two-phase isothermal flow 


with a one-dimensional stress analysis is considered here. 


Settari (1988), referring to the work of Settari et al. (1989) which was originally presented 
earlier in 1988, described some of the features of leak-off into oil sands from a fracture face. High 
leak-off rates which are non-linear due to oil sand deformation is given as the cause of shorter 
fracture lengths than could be predicted using conventional LEFM simulators. Behaviour at the 


fracture tip was modified to account for the high viscosity of the bitumen, which dissipates the 
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stress concentrations typically found there, and the impact of loose sand carried from the failed 
zone on the fracture face to the fracture tip where it packs off like a proppant bank. Sensitivity 
tests on history matches of reported minifrac tests investigated modifications increasing the effective 
permeability for leak-off by one order of magnitude, increasing the system compressibility by a factor 
of two, removing all the tip effects, and increasing the formation stiffness (EZ) by a factor of two. 


These changes all affected the fracture closure time. 


Dusseault and Rothenburg (1988) reviewed the effect of thermal loading and pore pressure 
changes around a wellbore on dilation and permeability. The authors describe the physical pro- 
cess of deformation in terms of particulate media, noting earlier work (Mori and Tamura, 1986) on 
permeability changes in slightly permeable systems (sand grouted with cement). They draw conclu- 
sions that effective water permeability would increase one or two orders of magnitude with dilation 
as the thickness of the water film coating the grains would increase by a factor of two. While the 
resultant change in effective permeability is likely, the analysis overlooks the fact that bitumen is 
more compressible than water and that gas is more likely to fill the pore volume newly created by 
the dilation. The authors continue to document the changes likely from shear failure, including the 
localization of shear, and the growth of the shear zone from the edge of a hydraulic fracture due to 


the altered stress state and the increased pore pressures. 


Settari (1989) extends the modelling efforts of Settari (1988) and Settari et al. (1989) to thermal 
flow. The approach is the same: material properties are varied non-linearly as a function of minimum 
effective stress, and the solid and fluid models are coupled through the bulk compressibility. The 
staggered formulation is convergent and accurate. A one-dimensional analysis of leak-off from a 
fracture is presented and compared to a similar analysis using linear elastic properties. The non- 
linear response is shown to give a completely different pressure distribution, and is described as the 


effect of shear failure of the oil sand. 


Xikui-Li (1990) et al. studied the interaction of two-phase immiscible flow with the porous 
medium. The model is based on the mass conservation equations as a function of intrinsic phase 
velocities and the solid and liquid equilibrium equations for a unit element of porous medium. The 
equations are discretized using finite elements, with a quadratic scheme for the time domain. The 
derived linear system of equations are then analysed for stability, requiring that the non-wetting 
fluid density be less that that of the wetting fluid. Example calculations in plane strain are given 


for a loaded vertical column, and a water injection case where a fracture face is loaded. 


Fung (1990) described a control-volume finite element (CVFE) approach for coupled isothermal 


two-phase fluid flow and solid behaviour. The material follows a hyperbolic stress-strain law and 


a ti mo eaaannnuntt esnentenced beside oft a 


1 ; , aie lave he orvissstioint bn Hagen Aen 


a5, 


~". (entire Fe va Wn. a? Sporty 


pal Laer) 16 boing sels “fer 
my imi Ww / Winte Ds hie 
bie, Git? 40 HRD pret eee vadeww 
Vy fie: ‘ 
ape é 5 y “re sm an “40 ner Shey atl ot eve iia 4 ie 


See a ATF otto rte? ad aman Hea? ae ei Ainbovaca suites “wn 
LD iv ee i ite St? ies law Dher nail le 

” heer “oe mrubghiatpniba swan cl 9 
ngat wenotin | p singe vile he exh, ag Aha git ia haart ahi base skoda 
ye "| eoaianaty eed wane hte bese abane sooner 


Siar at jen (ene ati | (ie inher <hr iit sn USS) Aa 
barked Laer ‘onic ASN ea ‘vel aaih D9, War oils vi ha vel 8 


~ 


Oi digerin ce: ad getter, Beet % ae tobi DID het bier att hus, 
rear hNettoit-ln ai aig ‘ain arise) wg + ae (ora Lyte Fs erie - 3 | nik igho mai 
Cl watteigeny iia series wah < eng THAR 4 OF > Nartitirten boas" rule eM ae 

< 


vd hae Eeereeeb al &: poole Agueotq sgievediily © water! ee oad it) ae “Erie acl 


fs eee Ni: 2 perdi a te Hideto. 


7m, 4 : ¢ . 
! 


areiny at) cyto wot hitesinuant saia<iyt ry Hui habe tig sal! citi oy oo 1X. : a 
“qeyitid lant ah ‘> moLiOge) 4 2 (she ttt forarAmRC tpg ‘ay a Haye ison ees swt 


oh3* getlieads kaiteny. ic iypete Wataid oid ai gun. aii ang es ater CAabs ih boa _ ay : 
7 


‘AT .Visbiot wh) 6, WO) eataim| Cteheup,. © ail Jeera shed tio Soest ooh eal } 
* 


a 


eeiiee dor off UNBP aniline: wUiidate VA Couto ond si leieaypleprtose aero swewal biervbveby @ mee 


i 


aif S08 Se eneby ut 4 WPVEAED Sit{' ap high wean atte, 10Bs: cab aul wy etaeeat hyp : a 
Botte @ onck ore? a ate atew a Siri cates Licautvewe besa! at 7 


iJ 7! 
Wenypadio Pellggos a) vegas (VED) thane “ate wins lertip fool com nO oy) yesh yyw 
a bate, ay aigarements siluidaaqyll = ae gla ee ile tigh fies saseliail Lindl ~e 


- 


‘ aly : - 4 - f on n i P 


28 


dilatancy model (Rowe’s stress dilatancy theorem) described by Agar (1984). The paper covers the 
assembly of the equations and the formulation in CVFEs in two dimensions. The model is verified 
by analysing the one-dimensional consolidation problem and comparing it to the analytical Biot 
solution. A two-dimensional fracture loading example is given with the presentation of stress and 
fluid flow changes in time. The approach appears to give robust and accurate solutions, but is 


limited to non-plastic material behaviour. 


Scott et al. (1991) discussed tests on oil sands under various different conditions of shear stress 
to determine the permeability to water in native bitumen-saturated and extracted cores. All cores 
were prepared rigorously to avoid sample disturbance due to gas evolution. A large body of literature 


is reviewed covering permeability changes in isotropic and anisotropic loading conditions. 


Schrefler and Simoni (1991) prepared the equations describing two-phase flow in a deforming 
porous medium — a linear momentum balance for the whole multiphase system (gas, water, and 
solid), and continuity equations for solid plus water and solid plus gas. Auxiliary equations included 
water saturation as a function of capillary pressure, the saturation constraint (S,, +S, = 1), and 
the effective stress equation. Three combinations of solution variables were considered: (u, pw, Dc); 
(u,Pw, Pg), and (u,py, Sy). Inertial and some convective terms were dropped in the formulation, 
and staggered and monolithic (simultaneous) solution schemes were tried. The best convergence was 
found using the combination of (u, pw, pg) while testing using one-dimensional consolidation, linear 


one-dimensional finite elements, and linear elastic solid behaviour. 


Beattie et al. (1991) described the implementation of two essential modifications to a numerical 
thermal reservoir simulator to account for deformation and hysteresis of relative permeability. The 
authors note that the “spongy rock” approaches of contemporary simulation studies (using a large 
and constant pore compressibility one to two orders of magnitude greater than the measured values) 
leads to results conflicting with field data. The use of unrealistically high compressibilities caused the 
simulation pressures to steadily increase in time, while field data indicate that the injection pressure 
eventually levels off. In Cold Lake surface uplifts up to 45 cm had been noted, and in mature project 
areas (Leming pilot) a residual uplift of up to 15 cm had been recorded. A deformation model to 
account for the observed uplifts was devised, using two values of pore compressibility for increasing 
pressures, and two values for decreasing pressures. A common elastic value exists for both pressure 
paths, while the pore compressibility value for dilating sand was greater than that for a recompacting 
sand, where the dilatation recompaction initiation pressures were found using a model described in 
Agar (1984). The authors stress that the full integrated solution to the pore compressibility equation 


should be used to predict porosities as a function of pressure change. An exponential permeability 


! a2 > ete 
) Pray Sew es i dee) vi! 76 heshse® Sasa 
hoy a ben acl -nateHh wii a ates: i, 


lth wat " Ais ae v tire iv elem 


* yr “9 4 " 
Bae, a : : 

- i! ; - i “4 nm 5 Yi h 

ine me ee ety) ; 7 1 , oy Peet 


aan 


minal ‘eens 
Th Hier why ‘cere’ tte 39 


1 


yl i man anti A ..ee AH five pitied R le piel yith 

i Ce ) ovkeesiadiy ner yieanalainae pierran sirietanne 
beet a) bowie ane sai? Fh are Kh Bison code as 
yy eh bes. ti | Le neve ey sarei pander tla E ; 


“ie. ee 


aw gmp iaviias teod off By ‘Now eqs aiftiver omaeal 


saovilt.-.sedda ibe caviar BO tthe pions saibad ( eihat Toehor sail 
. “concede 9 a, ~ hog raeeonia wee! La 


) | e ‘ 
tae 
Srsitatpae « alse? bo whew ety Ls si bine Pe) irradi aia rg hed (725 ‘ies 
: , , 
aU ybilhctabyertsey rela Seebea nara! Gepg ape ty nce LOG 6d Materia dla) ice eeer: 


4 


\ 
ry oe 
aepal a ieee) ose te amvisteberary expert * Hol honcia oy wp ioaa" ol) ‘eet ae da 
Caos Lake bt canals Sp! egy dopa ihe culbaecn ist ' ee emgainhack any i 
git) beeen Sridawe npn wits Agt Kedieainn WoaponT goth bivirgiy aufeennits jhe 
a 1 devcicivtrul S18 EIRP elu tla iter due | Gis cant rion sett llega 18 Ip sare: inet 
droigrny pawaane wl hey bobs teed’ Dail bs Abo) at I i % ix! pte fated Aint ite ial 
palate cerinanesi: A deniers tase fd ie eqs Woes hyer Apaclia “plan ante aga 
iinet WI iLC tip in wy, oO style xl clink: Ube Pe figa sa alhsiz-/ bahia on | 
piireheag rhied wal ett eile sine conicin A apmnenint aril neal 2ON Shui? ve bb demon 2 —_ 
an Si matetire one Ociimaliatily iobpuiiey qaiiistnce eo. anny ee 
reneged pealtnongn se h.hpuns ) ate dative 


ibe (F idueeiapeus wos) 96. of axentiio Saheaypia! Hil whadald ieee soilees off (RRL) QA 


ee 


i bedimerbk labag. when >“ 


Tilly it | SAA) ? ct of Mee: : <7 (ibs 7. EE 7 Mri co Sse ad bluuse Ge 


22 


function 


? = Po) 
oe yao | 


keyz = ko,,, XP (2.3) 


was chosen to give smooth departures when the dilation pressure was traversed. A high value (100 
to 500) of Kyuz was chosen for those blocks labelled as fracture blocks, which were activated for 
pressures above a predetermined failure pressure. Again, the exponential nature of the permeability 
relation ensured a smooth change in permeability which would not upset the convergence properties 
of the scheme. Relative permeability hysteresis was found to be important to match the water-oil 
ratios, and was applied to the water and oil only. This led to more dilation deeper into the formation. 
The hysteresis model ensured the oil-water relative permeabilities stayed closer to the drainage curve 
by using a slow scan function to the imbibition curve. The model is a useful implementation but 
the pore compressibility term is only pore pressure dependent, not load dependent. This will lead 
to errors at distances away from the wellbore, which are more pronounced after some heating has 


taken place. 


Denbina et al. (1991) applied the model described by Beattie et al. to analyse the key reservoir 
drive mechanisms in the early cycles of steam stimulation at Cold Lake. Data from the mature 
Leming pilot project showed that there was overinjection of water (more injected than produced) in 
the first two cyclic steam stimulation cycles, while there was underinjection during the subsequent 


cycles. The authors considered the relative effects of the four mechanisms: 
(i) formation compaction; 

(ii) solution gas; 

(iii) liquid expansion; 

(iv) gravity drainage; 


A fractured layer was identified, and four cycles timed by limiting pressures were simulated. 
As a single contributor, formation compaction was the most significant factor (> 60%) in all cycles. 
Solution gas was the second most important, but when combined with formation compaction it 
accounted for more than 80% of the recovery mechanism. Liquid expansion had a relatively minor 
réle. Gravity drainage grew in importance with later cycles, presumably because of the growth of 


the steam chamber. 


2.4 Comments 


None of the models reviewed use plasticity to describe the material behaviour. The most 
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common oil recovery mechanism — cyclic steam stimulation — imposes cyclic loads on the reservoir. 
This type of behaviour cannot adequately be modelled using non-linear elasticity, as the accumulation 
of irreversible strains is not accounted for. Thermal reservoir modelling with geomechanics, such as 
that by Beattie et al., does not include the effect of loads distributed through the porous medium. 
A dilatory response comes from the net effective stress state, not merely the change in pore fluid 
pressure. The thermal loads are a key aspect in any simulation of the geomechanical response. These 


deficiencies in the current state of modelling are incentives for further research. 
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Chapter III 


STATEMENT OF THE PROBLEM 


Since J. Geertsma’s landmark paper on the subject in 1957, the petroleum industry has realised 
the importance of and included rock mechanics as a component of reservoir mechanics and fracture 
stimulation design. In the last decade the industry has recognised that, in some cases, the behaviour 
of the rock or soil containing the hydrocarbon can dominate and control the recovery process. This 
is nowhere more true than in the thermal recovery of bitumen and heavy oil from the unconsolidated 
oil sands and heavy oil sands of Alberta. The objective of this study is to present the first model 
which combines a classical reservoir flow model with a state-of-the-art soil stress and strain model. In 
this manner, reservoir fluid mechanics, heat transfer mechanics, and geomechanics are permitted to 
interact in three dimensions as is the real situation in the thermal recovery schemes in the Athabasca 


oil sands and elsewhere. 


3.1 Statement of the problem 


The object of this research is to develop and demonstrate an effective three-dimensional thermal 
numerical reservoir simulator which incorporates the concomitant changes in stress and strain of an 
elastoplastic soil to hot fluid injection, such that the problem is coupled via changes in porosity and 


(absolute) permeability. 
This objective requires the design of 


a) appropriate coupled equations in three dimensions of multiphase flow, heat transfer, and solid 


displacements, in a form suitable for numerical solution; 
b) a practical scheme to solve the coupled equations; and 
c) a computer program to implement the solution. 


Once the program has been developed, the model would be able to represent the events oc- 
curring as a result of hot fluid injection into unconsolidated (uncemented) sand bodies containing 
oil, heavy oil, or bitumen. The model will have to be able to calculate the accumulation of irrecov- 
erable (plastic) strains, the distribution of stresses, volumetric strain, displacements, fluid pressure, 
temperature, and fluid saturations. This information will then lend itself to the prediction of oil 
recoveries from hot or cold fluid fluid injection into reservoirs where the geomechanical response is 


an important factor in the mechanics of recovery. 
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Chapter IV 


DERIVATION OF THE MATHEMATICAL MODEL 


The mathematical model of the physical processes occurring in three-phase flow with heat 
transport and solid deformations is given in this chapter. The object was to incorporate all the 
essential aspects of the physics while making appropriate simplifying assumptions. The aim has also 
been to present the mathematical model as a formulation suitable for numerical solution by both 


the finite element and finite difference methods. 


The chapter is divided into three sections. The first describes the development of the flow 
and heat equations on their own. In the second section the geomechanical model is developed and 
coupled to the primary variables chosen for the flow and heat equations. Finally, physical property 
correlations are presented as continuous polynomials for use in forming the coefficients arising in the 


constitutive equations. 


4.1 Flow equation development: constitutive equations for heat and mass transfer 


The equation set for thermal fluid flow includes four primary variables (S,,,5,,p, and T). 
This set of constitutive equations provides unique values of the pertinent unknowns, and permits 
the presence of a solution gas in the bitumen, or a co-injected gas with the steam. These equations 
are developed without coupling to the geomechanical model so that the finite element model of the 
flow behaviour can be investigated independently. The coupling is detailed in the next chapter, and 


in fact leads to minor modifications of the following equations. 


4.1.1 Flow equations 


The general molar balance for a mixed oleic, gaseous and aqueous phase system (subscripts o, 


v, and w, respectively) can be expressed by (Burgess, 1978, modified): 


V- [$(ioPomVoSo + LiwPwmVw Sw + YivPumVvSv)| + < (6(tiePomSo + LiwPwm Sw + Yiv Pum Sy)] = 0. 
(4.1) 

where the subscript i = w,b,g for the water, bitumen and gas components, respectively. See the 
Nomenclature for further explanation of the symbols. Molar balances for the various components 


are given below by assuming that 
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a) bitumen does not exist in the aqueous and gaseous phases; 
b) water does not exist in the oleic phase; 
c) gas does not exist in the aqueous phase. 


In other words, certain mole fractions are zero: 
Low = You = Lwo = Tgw = 0. 
Thus we have the molar balance for bitumen: 
0 
V- (P2b0PomVoSo) + By (PrboPomSo) = 0. 


Molar balance for water: 


= 0 
V: lO Zi Pasa Vow SF adpunVale)| oF 3y (P(fww Pum Sw ata ere Pumow)| = 0. 


Molar balance for gas: 


= ] 
Vv: [P(Zg0PomVoSo ate YouPumVuee)| oF By P(facPomSo ate YouPumou)| = 0. 


where: f 
moles of bitumen 


total moles in oleic phase 
Di eee cue te, 

x Pbm ar Rso, Pam 

ae Pom 

: Pomil a tea) 


total moles of oil per unit volume of bitumen 
om = 


Zbo = 


associated volume 
= Pom aF ges Pgm 
LeRoi 
B 
Hisar = Roop 
sc b 
Py ot Le 
Pbs-P9 
standard volumes of gas 


so ~ one standard volume of bitumen’ 


Furthermore 
Zww + Zgw = 1.0, 


Logo + Zoo = 1.0, 


Ywu + Ygu = 1.0, 
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(4.2) 


(4.3) 


(4.4) 


(4.6) 


(4.7) 
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and by Dalton’s law, yw» = Psat/Pw. The molar density, p/, of component c, is related to the mass 


density by pf, = pc/Me. 


On converting the molar densities to mass densities, and substituting for the mole fractions, 
we can rewrite the equations in more familiar terms. After multiplying through by M, the equation 


for bitumen becomes 


hye, Ove 
V- ($PbVoSo) + By (PPeSo) = 0. (4.8) 
where 
~ Pb 
= ———_. 4.9 
Nery Rae (4.9) 


After multiplying through by M,,, the equation for water becomes 


= O 
V: [$(PwVwSw aia Ay YwuPuVySv)| ar 3 olPw Sw + Cuts Poo)| = 3 (0), (4.10) 
where on 
wPv 
ay = ’ 
M, 
Rts (4.11) 
PRT 


After multiplying through by M,, the equation for gas becomes 


E ; E , 
V: [P( Rso, Ag VoSo os BuYguPvVuSy)| + By Pl Rso, Pa So + BvYgvPvSv)| = 0. (4.12) 
where 
p=  Elgiew 
1+ Reo,’ 
. ARIS 
By = Mgpv ve 
v M, : 


The equations for each component can now be expanded in terms of S,,,5,, py and T with the 


use of the following information. The intrinsic phase velocity is found from Darcy’s relationship: 


—X 
Yo = —— Kk (Vp 4.14 
2 bS'; k ( Di pif) ( ) 


where the subscript 1 = w,o,v for the water, oil and vapour phases, respectively, and the following 


constraints can be imposed: 
P. egw — Pg — Pw 


(4.15) 
Poow = Do — Pw; 


S,y+5S,+Sy=1. 
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The zero value for the gas-water capillary pressure is only assumed here. 


Products of non-linear terms AB in the equations are expanded after the first order approxi- 


mation of Nolen and Berry (1972) to form expressions containing only one non-linear term: 
Avti putt =e Avt! By ae AY By ti = AY’ BY. (4.16) 


where the superscript v represents a value at the old iteration level, a constant, and vy + 1 is the 


current iteration level at which the terms act as non-linear coefficients. 


The use of these constraints and expansions yields three equations in the following suitable 
form for discretization by the finite element method. 


The water equation: 


OSwy OS. Opy OT 


eres AS 1 ree + Aas + AsS., + AcSo + V-(Az- Vew) + V-As+Ao=0. (4:17) 


The bitumen equation: 


Se Opw oT 2 
i 2 + Ba + BaSo+ V- (Bs: Vpw) + V- (Be VS0)+V-Br+Be=0. (4.18) 
The gas equation: 
O8y | ¢, 2c, ¢, oPw , o, OF i‘ é, - o - 
Ben + Cae + CaF + CaF + C55 + CeS0+ V- (Cr: Vpw)+V: (Ca: VS0) + V- Co + Cro = 0. 


(4.19) 
These equations are coupled with the formation displacements in the next section, and the resulting 
coefficients are fully developed in Appendix A. 


4.1.2 Energy equation 


The point conservation equation for energy, assuming kinetic energy and kinetic energy changes 


are small compared to those of the internal energy, U, is given by (Bird et al., 1961): 
fo} = = ~ = 
31 PY) +V-(pvU)+V-q—p(v-g)+V- (pv) + V:(7-v) =0. (4.20) 


Assuming that the viscous dissipation term V- (7 - v) is negligible, and recasting the problem in 


terms of enthalpy, this equation becomes 


a & dp = 
= (oh) + V- (vph) -— = + V-q— pv -g) =0, (4.21) 


after putting h = U + p/p. 
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Volume averaging of the point conservation equation for energy is required because we are 
dealing with a multiphasic medium comprising rock, water, vapour and bitumen. This follows from 
the definitions given by Gray and O’Neill (1976) for an additive quantity w distributed between two 


phases a and f. These are as follows. The phase average of w in a is 


1 
(wa) = 7 ff weav. (4.22) 
The intrinsic phase average in a is 
(w)? = val Wo dV. (4.23) 
Va Vv 


Derivatives of averaged quantities are found using the transport theorem of Whitaker (1973) is 


OWa\ Owe) 1 
(3) tao bhi ae 7 


Furthermore, the modified averaging theorem of Gray (1975) is 


(Vwa) = €aV (Wa)* + / NgWdS. (4.25) 


Aas 


where Aaa is the area of the a- interface; 
Wz is the velocity of the a-@ interface in the volume V; 
Ng is the unit normal vector along the a-§ interface, outward from the a-phase; 


®q is the deviation of wa from its intrinsic phase average (Gray, 1975), and 


a 


Da = We — (Wa)* = 0 at a point within any but the a-phase. 


The point conservation equation for energy can be volume averaged. On applying the jump 


energy balance (Slattery, 1972) 
1 
a i [pshs(vi — w) — pyhs(vy — w) — (pi — py) — (ai — Gy)] - migdS = 0, (4.26) 
ij ig 
where 2, 7 vary as the three phases, to the volume averaged equation one obtains: 


= [a — $)Pmhm+¢ 2 S.pihi| +V- l(a —$)PmhmVm+¢ dy Sipihiv| = = l(a —$)Pm+¢ De S.ps| 


+V- [a = $)Qm ate >, S.ai| =i l(a = ~)PmVm ap >— Sipivi| =f sg (0) (4.27) 
i i 
If we use Fourier’s heat conduction law, 


qi = —4 VTi, (4.28) 
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and assume complete and instantaneous thermal equilibrium, TJ; = T, then we can put 
V-|(1-¢)am+¢>_ Sigs] = —V-(«VT), (4.29) 
i 


where « = (1 — ¢)Kkm+ $d. Siki. 


Now, Pm is the hydrostatic stress in the medium, thus, using the tension-positive convention 


and using the effective stress relation with pore pressure as a positive quantity, 


If the total stress 7 (see §4.2.1) is assumed to remain constant, then any change in effective stress 


occurs only as a result of a change in the water phase pressure, and 


ODm os Opw 
tei oy 


As a result, pm can be set equal to py in Equation (4.27). 


On applying the constraints given for the flow equations and the expansion of non-linear 
products given by Nolen and Berry (1972), an energy equation suitable for discretization is found 


in the following form: 


8S, 2 Oy ..oP f E EN be 
Di "+ DF + Ds + DsSutDsSo+DoVSo+Dr-Vpw+De-VI+V-(DoVT)+Dro = 0. (4.32) 


This equation is coupled with the formation displacements in the next section, and, as for the fluid 


flows, the resulting coefficients are fully developed in Appendix A. 


4.2 Derivation of the solid equations and coupling 


The geomechanical model is derived using the same starting point as the classic equations of 
poroelasticity (Biot, 1941 and 1955). The effect of thermal expansion is introduced early in the 
analysis. The geomechanical model is of relatively simple form, compared to the fluid model, and 
is discretized in the following subsection. The discretization process allows one to separate the 
material behaviour into one matrix, so that an alternative material model can be used as required. 
This approach is merely one of convenience in the formulation, and is not a necessary condition. In 
this case, an elastoplastic constitutive equation is needed, and the incorporation of this behaviour 


is discussed. 
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The solid equations include strong coupling to the pore pressure and temperature. Further 
coupling of the primary variables through their respective equations is made possible by the analysis 


of the derivative of porosity with respect to time in the flow equations. 


4.2.1 Geomechanical model 


The following follows the method of Huyakorn and Pinder (1983) with the addition of thermal 


expansion. The geomechanical model is governed by the equilibrium equation 


Oni; 
IT ety (4.33) 


Oz; 


where 7;; is the total stress tensor, negative in compression, and F; is the body force per unit volume. 
(Note the summation convention over repeated subscripts for values of i, 7 = 1,2,3.) The total stress 
7 is separated into the Terzaghi effective stress o’ and the pore pressure p. As the grains are water- 
wet (i.e., the grain surface is completely surrounded by water, and the grains are not exposed to 
the pressures in other phases which might be present), the pore pressure is equivalent to the water 


phase pressure py: 


T= O55 — a' pw 6;;. (4.34) 


In this expression, pore pressure must be a negative quantity to be consistant with the tension- 
positive convention being used for stress. The Biot constant a’ accounts for the difference in com- 
pressibilities between the soil skeleton and the individual grains, in the relation a’ = 1 — (cs/cp) 
where c, is the grain compressibility and cy is the bulk compressibility of the skeleton. If the grains 
are considered incompressible, as will be the case later in this analysis, a’ can be taken as one. 6;; 


is the Kronecker delta. 


After an elapsed time t, an increment of effective stress is added to the initial effective stress 


oi;= on + Aoj;. (4.35) 


An elastoplastic material model is considered at a later stage in the equation development. The 


constitutive stress-strain relationship for a linear elastic isotropic medium is: 


Aoj; => 2G Ae;; + ALE KK 5:5 - (4.36) 
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where G and X are Lamé’s constants related to Young’s modulus and Poisson’s ratio by: 


AM lt 
~ 21+v)’ 

a Ev 

~ (1+v)(1 - 2v)" 


(shear modulus) G 
(4.37) 
A 


The strain increment Ae includes the initial strain — the strain caused by a change in temperature 
7s Be 


Dei; = €ij — ee. (4.38) 


where e? = aAT6;; (there are no shear strains associated with thermal dilation). The initial strain is 


J 
actually subtracted from the total strain, of which Ae is only the elastic component. It is convenient, 


however, to include the initial strain at this point. Equations (4.33) to (4.38) are combined to obtain: 


do” O(ei;; — €°,) O(e;;-€2.) 90 
ij aj ij if) jj/ _ [Pw = 
‘Bey cme atie a + Se ES 0. (4.39) 


For small deformation theory, the strain tensor is related to the displacement vector u,; by 


1/Ou,; . Gu; 
ge if 2 & + | ‘ Co 


Thus we obtain a governing equation for the solid skeleton: 


0% 67u, 0e°. 07 u, deo. Op 
ij , tn ae Le] IE es. DER eh ae ee) 4.41 
Oz; ohen oe : Oz; sid Ox;0r; Ox, OR; oc 
where 
des _ HaAT65) _ 0(aAT) 
on dz; Oz; (4.42) 
e355 ba 0(3aAT) 
Oz; Oz; 


with the boundary conditions of prescribed displacements u; = U; on boundary portion [, and 


prescribed surface tractions 7,;n; = S;; on boundary portion I’,. 


Approximate p,,u; and T using a trial function Ny(z;): 


p(x;,t) = Ny(z;)ps(t) (4.43a) 
ai (xj,t) = Na(zj)us,(t) ) J=1,2,...,n (4.43b) 
T(x;,t) = Ny(z;)Ts(t) (4.43c) 


Apply the weighted residual method to Equation (4.41) with the Galerkin choice of weighting func- 


tion, W; = N;, I =1,2,...,n, assuming G, A and a are constant and AT = T —Tpo, and integrate 
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by parts over the domain 2 to obtain: 


ONr (Oi , Bij) | \ONr 84; _ONr,_ ONr 
i om dz; ce or a Nie cee dz; Oz,? hep OS +3X)T| dQ 


Ot; da 0a * sn 
- [ milo + t\ 4) a—b:5 — pbiz — a(2G + 3A)T5,; + of] ny ar 


fo) Oz; Ory 
= | N;F,dQ- ees 0 dQ. (4.44) 
2 Q 92; 


Use Equations (4.35), (4.36), (4.37), (4.41), and (4.42) to obtain: 


Ou; da Our ul 
10 % a 
Tig = 955 +G (= ar 5 | ar Ae 655 3 — Poi; = (2G SF 3A)aT 6;;. (4.44) 


Insert Equation (4.44), the approximations (4.42a), (4.42b), and (4.42c) into Equation (4.43) and 


use the Cauchy condition S; = 7;;n; on I’, to obtain: 


ON, (ON, ON ON, ON ON, 
if Oz; Gs ats Oz; 13s) Oz; Oz; oe Oz; Ny [ps PORE 3), | \ oe 


- N7S; a0 


=f mee i off dQ. (4.45) 


The region 2 is subdivided into m finite elements 2° and Equation (4.45) becomes: 
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If two additional equations are added to solve for T and p,, the following form of equilibrium equation 


e=1 


is realized: 


™ ™ 
>) [Ara] *{xa}" = >) {Rr}. (4.47) 
e=1 e=1 
where 
U1s Riz 
U2z Roy 
{xa}° = U3 7 and {Rr}° => Rs, 
PJ Ray 
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It can be noted that the element stiffness matrix [H;,]* contains the element stiffness matrix and 
other partitioned elements: 
_ | Ue] | [Ans] 7° 
[Hs = | Seer} Ife (4.48) 
[Ars]? | (-frs] 
[Ar,] contains the coefficients of the pore pressure and temperature terms. [K7,] corresponds to the 


conventional stiffness matrix in structural analysis (Zienkiewicz 1977). Thus: 
[Kr]° = fi [Br]’ [D] [By] aa. (4.49) 
ge 


where the matrix [D] contains only material dependent parameters—the constitutive elasticity ma- 


trix relating stress and strain—and the matrix [B] relates strain to nodal displacements: 


{e} = [Bs] {uy}. (4.50a) 
{o’} = [D] {e —e°} + {0}. (4.50b) 


The constitutive matrix [D] can be modified to allow for different material properties, including 
elastoplastic. 

This analysis can be extended to an elastoplastic material by forming the elastoplasticity matrix 
[Dep]. A yield condition defines the elastic limit: 


F({o’}) =o. (4.51) 


where F is a scalar function of {o’} and of is an initial yield stress. 
A flow rule to determine the plastic strain increments is derived from a plastic potential G: 


dG dG 


{de?} =o) e} = ar { I. (4.52) 


where dé? is the effective plastic strain increment. A material hardening or softening rule may be 
required: 


F({o"}) =a'(k*). (4.53) 


where k* is a hardening parameter. For a stationary yield surface a’(k*) is a constant. It can then 


be shown (Owen and Hinton, 1982) that 


{do’} = [Dep] {de — de°}. (4.54) 
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where 


(4.55) 


4.2.2 Flow equations coupled to matrix motion 


To couple the solid and and fluid terms, one makes use of the relationship between the actual 
bulk velocity and the relative bulk velocity of each fluid, which differ in amount by the solid velocity 
components. The relative bulk velocity is that bulk velocity relative to the rock matrix, viz., the 
Darcy velocity, V,. The actual bulk velocity is the Darcy velocity plus the rock matrix velocity, 
which is observed from a static frame of reference in which the motion of the rock is apparent. The 
actual bulk velocity is a macroscopic velocity, taken as the actual velocity, vg, divided by the total 


area available for flow. Thus one can write 


Vo = — + V, (4.56) 


The relative bulk velocity V, is the Darcy velocity in the differential form of the flow equation 
Va = —Aak : (VPa + Pa8)- (4.57) 


This form of Va is put into the flow equations presented in 84.1.1. As the rock matrix velocity 
v, expresses the rate of change of the displacement components (u, w,v) = (uj, u2,u3) with time, 
it constitutes three of the primary variables. After Huyakorn and Pinder (1983), the solid phase 


continuity equation 


¥- [1 Pprvel + S10 — o)pr] =0. (4.58) 


is used to eliminate the time derivative of porosity, 0¢/0t, from the flow equations with the substi- 
tution 


(1 — ¢) Op, OT ae oe 
tis, eae ie SR Vp. 4.59 
ra rare ns oe n (4.59) 


Assumptions are made that the solid grains are incompressible and that substantial time deriva- 
tives B pertaining to v,, can be approximated by partial time derivatives. The three flow equations 
are formulated now in S,,So,pw,7,ui,u2 and ug and are given in Appendix A. The solid phase 
velocities appear during volume averaging of the point conservation equation. The modified energy 


equation is also given in Appendix A. 
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4.3 Parametrization of fluid and rock properties 


Fluid and rock properties are commonly found during computer program execution by table 
look-ups. However, polynomial interpolation is necessary to make effective use of vector and parallel 
computers because the table look-up and interpolation is inefficient for many points, even if a single- 
point evaluation is quicker this way (Dubois, 1982). Non-constant rock and fluid properties have 
therefore been implemented as polynomials covering the entire range of anticipated pressures and 


temperatures. 


In all cases, the appropriate polynomial approximations were found by multiple regression 
which both minimized the F-test value and maximized the regression correlation coefficient. Most of 
the data were tabulated in the literature. However, enthalpies for Athabasca bitumen were generated 
using published TBP and SG data (Logie et al., 1978), and “PROCESS”, a program by Simulation 
Sciences, Inc. for analyzing petroleum processing problems. The results for low pressures were in 
good agreement with enthalpies derived from empirical heat capacities to 300°C by Smith-Magowan 
et al. (1982), and were thus considered accurate. Tangential derivatives of properties and of their 


products are found as required by numerical approximation. 


The biggest group of properties required for thermal reservoir simulation are those of saturated 
steam. The existing polynomials available in the literature are of restricted range and generally 
discontinuous, so a new set of interpolation polynomials are presented here and in Tortike and Farouq 
Ali (1989). The objective of the new work was that the polynomials should describe the behaviour 
of the steam properties to a sufficient degree of accuracy with changing pressure and temperature 
within the entire saturation envelope. The polynomials should be continuous and they should 
involve simple integer powers of the independent variable. Integer powers are efficient arithmetic 
operations, unlike the evaluation of transcendental functions, which implicitly includes fractional 
exponents. Transcendental functions take an order of magnitude more effort to evaluate than basic 
arithmetic operations on a computer. This efficiency is useful particularly in microcomputers. Simple 


polynomials can be most effectively evaluated using the Horner expansion (Knuth, 1981). 


The data were tabulated in Perry and Green (1984) for saturated water substance. The 
property values were corroborated by the tables published by Cooper and Le Fevre (1975). The 
correlations were developed by polynomial regression, using the correlation coefficient and the resid- 
uals to judge the suitability of each correlation. Two transcendental evaluations are required for 
the saturation temperature and for the vapour density, and the evaluation of a square root for the 


specific enthalpy of vaporization. The polynomials all have integer powers. 
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Correlations are presented first for saturated steam condensate, then for saturated steam. 
Note that the use of temperature as the correlation variable results in simpler expressions than 
in many previously published works. If pressure is required as the independent variable in these 
correlations, then the evaluation of temperature from Equation (4.69) is very accurate and suitable 


for determining all the other properties. 


The maximum and mean absolute residuals from using the correlations on the original data, ex- 
pressed as percentages of the true values, are reported for the properties. The correlation coefficients 
are reported for the regression variables, which are sometimes transformations of the properties. The 
suitability of the new polynomials under particular conditions can be assessed using the residual plots 


in Appendix B. 


A summary of the polynomial approximations is provided below, and more details regarding 
the degree of approximation are provided in Appendix B. Units of variables are given only the first 


time that they appear below. 


4.3.1 Steam condensate 


Viscosity, Pa.s, valid for 273.15K < T < 645K maximum absolute residual = 2.87%, mean 
absolute residual = 1.07%, and r? = 0.99994. 


7 9 11 
Jee = —0.0123274 + 27.1038 — 23527.5 ee 1.01425 x 10" — 2.17342 x 10 i 1.86935 x 10 


Li T? T? 7 re 64-00) 


Thermal conductivity, W m7! K~!, valid for 273.15K < T < 645K, maximum absolute 
residual = 4.58%, mean absolute residual = 0.46%, and r? = 0.99857. 


khse = 3.51153 — 0.0443602T + 2.41233 x 10747? — 6.05099 x 10777 
bW'7322766 10 8°T* = 3.37136 10° FT": © (4:61) 


Density, kg m~3, valid for 273.15K < T < 640K, maximum absolute residual = 1.87%, mean 
absolute residual = 0.22%, and r? = 0.99977. N.B. all the absolute residuals are less than 1% for 
Jia oko st < O20K: 


Pse = 3786.31 — 37.2487T +0.196246T? — 5.04708 x 10-473 + 6.29368 x 107774 — 3.08480 x 107 !°T*. 
(4.62) 


Specific enthalpy, kJ kg~1, valid for 273.15K < T < 645K, maximum absolute residual = 
2.93%, mean absolute residual = 0.52%, and r? = 0.99994. N.B. all the absolute residuals are less 
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than 1% for 305K <T < 645K. 


hoc = 23665.2 — 366.232T + 2.26952T? — 0.00730365T? + 1.30241 x 10-57% 
— 1.22103 x 10~°T® + 4.70878 x 107#°T®. (4.63) 


4.3.2 Steam vapour 


Viscosity, Pa.s, valid for 273.15K < T < 645K, maximum absolute residual = 6.41%, mean 
absolute residual = 1.59%, and r? = 0.99542. Note that the errors are worst at the extremities of 


the range. 


sy = —5.46807 x 10-4 + 6.89490 x 10-°T — 3.39999 x 10-8T? + 8.29842 x 1077S 
— 9.97060 x 10-47% 4 4.71914 x 107!’T°. (4.64) 


Thermal conductivity, W m—! K~} valid for 273.15 K < T < 645K, maximum absolute residual 
= 7.56%, mean absolute residual = 2.63%, and r? = 0.99709. Note that the errors are worst at the 


extremities of the range. 


knsy = —2.35787 + 0.0297429T — 1.46888 x 10747? + 3.57767 x 10-7T° 
— 4.29764 x 107 1°T* + 2.04511 x 107 T°. (4.65) 


Density, kg m~%, valid for 273.15K < T < 645K, maximum absolute residual = 7.71%, mean 
absolute residual = 1.29%, and r? = 0.99996 on Inps,. Note that one can find the steam density 


using the real gas formula p = pM/(zRT), assuming that the z-factor has been evaluated already. 


In psy = —93.7072 + 0.833941T — 0.00320809T? + 6.57652 x 10~°T? — 6.93747 x 10-°T4 
+ 2:97203 x 105 °*7 (4.66) 


Specific enthalpy, kJ kg~1, valid for 273.15K < T < 640K, maximum absolute residual = 
0.50%, mean absolute residual = 0.08%, and r? = 0.99920. 


hey = —22026.9 + 365.3177 — 2.25837T? + 0.00737420T? — 1.33437 x 10->T* 
+ 1.26913 x 107875 — 4.96880 x 10-12T®. (4.67) 
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4.3.3 Steam vapour and condensate 


Specific enthalpy of vaporization (latent heat), kJ kg~1, valid for 273.15K < T < 645K, 
maximum absolute residual = 5.68%, mean absolute residual = 0.40%, and r? = 0.99994 on L?. 


Note that all the absolute residuals are less than 1% for 273.15K < T < 620K. 


zi 
box (7184500 + 11048.6T — 88.4050T? + 0.162561T% — 1.21377 x 10-*T4) i) (4.68) 


Saturation temperature, K, valid for 0.611 kPa < p < 22.12 MPa, maximum absolute residual = 
0.11%, mean absolute residual = 0.03%, and r? = 1.00000. Note that the pressure range corresponds 
to 273.15 K <T < 647:3K. 


T = 280.034 — 14.0856 1n p + 1.38075(In p)? — 0.101806(In p)? + 0.0190017(In p)*. (4.69) 


Saturation pressure, kPa, valid for 280K < T < 647.3K, maximum absolute residual = 3.22%, 
mean absolute residual = 0.49%, and r? = 1.00000 on /p. Note that all the absolute residuals are 
less than 1% for 320K < T < 647.3K. 
p= (-175.776 + 2.292727 — 0,01139537" 42 2.62780 x.10° T° =:2.73726.x 10° °T* 


2 
+ 1.13816 x Let? | . (4.70) 


4.3.4 Bitumen 


Enthalpy, J kg—1, obtained from data generated by the Simulation Science “PROCESS” pro- 
gram. 


hy =a+b0T+ cI? + dp + ep”. (4.71) 


273K <T <625K and 0.1MPa<p<21MPa 


4.3.5 Gas (methane) 


Solution gas ratio, vol/vol, taken from Svrcek and Mehrotra (1982). A suitable multiple 
regression was chosen with some extrapolation. 
Pp 


Ryo =atbpt+ cr (4.72) 
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Viscosity, Pa.s (Perry and Green, 1984) 


Hg =a+ DT. (4.73) 


250K < T < 600K 


Thermal conductivity, W m—! K~! (Perry and Green, 1984) 


Kg =a+bT+ od (4.74) 
250K < T < 600K 


Enthalpy, J kg~1 (Perry and Green, 1984). Several multiple regressions were investigated: 


hg =a+bT +cp+ dpT. s (4.75) 
250K <T<500K and 0.1MPa<p<30MPa 


for which r? = 0.996. 


4.3.6 Rock matriz 


The properties of the oil sand fabric were found as a composite of six chemical components: 
calcite, aragonite, quartz, pyrite, albite and microcline. The individual constituent properties are 


found in Touloukian et al.(1970) and can be combined using the appropriate average. 


Density, kg m~3 


p = po(1 + ar,(T — To)); (4.76a) 
and 


6 
Po = SS pits. (4.76b) 


i=1 
where v; is the volume fraction of component 1. 


Coefficient of thermal expansion, K~} 


6 
aT = D6 AT; Ui- (4.77) 
i=1 
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Thermal conductivity, W m~} K7! 


c= Ths (4.78) 
t=1 
Heat capacity, J kg-! K~} 
6 6 
c=T) b+) a. (4.79) 
i=1 4=1 


4.3:7 Rock-fluid properties 


The relative permeability data for Athabasca tar sand was taken from Tortike (1984): 


keg =a +bS¢ + cS? + dS}, (4.80a) 
krw = a+ bSy + cS2 + dS3, (4.80b) 
kro, =a+bSy + cS2, + dS3 + eS4 + fS5, (4.80c) 
ky, =a+bSe + cS7 + dS3, (4.80d) 
Pe, =a+bSy + cS? + dz}, (4.80e) 


Three phase oil relative permeabilities are calculated from Stone’s modified method II (Aziz and 


Settari, 1973), which is given below: 


Krow kro 
kro = krocw Cc ct —— )(Krg ae z ) = eres a keg) - (4.81) 


Krocw Krocw 


where 


keowbowe) == Krog (Sz = 1) = Krocw 


4.3.8 Gas law deviation factors, z 


The original Redlich-Kwong equation of state can be formulated as a cubic equation of state 


in z (Reid et al., 1977). A value for z can be then found using Cardano’s formula for solving a cubic 


polynomial. 
a2 4( ALB R25 A B=, (4.82) 
where 
* QaPr a Qyepr 
a 72 and B T. 


pis) 
¥ 

i eo 

{ “ 

i 

é 

y hy = i 

es " 


. ; Same 
: J i le 
(Rah) Le Ae 


‘ 
Sey 
a 
i 
i? wk 7 + “ Ze 
i i 3 


cay : i 
e a ; Sos 
2 


acd caida a diene 


: 7 
rl j 7 s 
‘gf 
: aout Nleats: Nn. 
; \ ; i getie, rhagy! 
.s . | 
$y deh 
Lie : ee 
| ail sy i cies ro E it 7 
“aa eles ninth, eis ssi — 


4 7 — 


‘canals. Nee att 9 0 situs’ ae Beh al thar ae, ae Seah seit sian dela Jenttin skh 7 
aiiies woytiving +P aknisto! w'dnab rl gem! brite mele ied Race ail cnige DAT TEL ie ve baa} 5 a 


42 


and 


1 2021 
Ee To Tat alc 5 a 


It is recognized that steam is a polar compound and therefore there will be some error in the 


prediction of z for the methane-steam mixtures. 


4.3.9 Mizture properties 


The mixing rules for the Redlich-Kwong equation of state are (Reid et al., 1977) 


2 
ALO Wirl cals (4.83a) 
5] 


Bs, = 9533; (4.83b) 
j 


The gaseous phase (vapour) in the model is composed of methane and steam. The densities for pure 
methane and the vapour can be found from z 


pM 


P= rT (4.84) 


The thermal conductivity of the binary-composition vapour can be found from the Brokaw empirical 


method (Reid et al., 1977), where 


Km = QKL OE (1 i; qQ)KR; 
KL = yiki + y2k2; (4.85) 


Ay ee 
KR Ki KQ 


The value of q is arbitrarily set to 0.5. The viscosity of the vapour mixture can be estimated using 


Chapman-Enskog kinetic theory (Reid et al., 1977), so that for a binary mixture at low pressure: 


fe Yibi y2H2 (4.86) 
yityooi2 yotyidgai 


The interaction parameters ¢;; can be found using the approximation of Herning and Zipperer (Reid 


et al., 1977 
MG Ne ae 
ape =. 4.87 
$i; (FZ ) b5i ( ) 


The oleic phase is composed of methane dissolved in various concentrations in the bitumen. 


The thermal conductivity of this mixture can be found using a power law relation described by 
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Vredeveld (Reid et al., 1977): 


Ky, = WiKi + Wek). (4.88) 


where w; is the mass fraction of component 7 in the mixture, and r is set to —2if1< ae < 2. The 
Ki 
mass fraction is easily obtained from the mole fraction as 


zi1M, 


Slay aR og 


Ww} 


Svrcek and Mehrotra (1982) have investigated the viscosity of bitumen containing dissolved 


methane. They present their results in the Walther-type equation: 
log yo [logi9(u)] = —7.515w1 + 0.78872 — 0.004471T. (4.90) 


where wy, is the mass fraction of methane in the mixture, yu is in mPa.s, and the temperature T is 
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Chapter V 


DISCRETIZATION AND SOLUTION OF THE EQUATIONS — 
COUPLED MATHEMATICAL MODEL FOR FINITE ELEMENTS 


The mathematical model derived in the first two sections of Chapter IV is a set of partial 
differential equations which cannot be solved analytically. Furthermore, there are strongly non- 
linear coefficients in the equations, which imply that not only must the equations be prepared for 
numerical solution, but there must be applied a method of linearization to the resultant system of 
equations. In this work the method of weighted residuals with Petrov-Galerkin weighting functions 
has been applied to the original equations of Chapter IV to prepare them for solution by the finite 
element method. The discretizations have been performed separately in the two solution domains of 
space, 2, and time, ¢. A continuous solution is found in the space domain, while a marching scheme 
provides the solution in the temporal domain. The discretizations in both domains are brought 
together to be linearized by the Newton-Raphson method. Certain details of the linearization are 
examined closely to help the final implementation of the solution as a computer program. The 
implementation was never able to provide a satisfactory convergent solution, which is discussed in 


the final section of this chapter. 


5.1 Spatial integration of a general non-linear partial differential equation 


The basic method for spatial integration of a general linear partial differential equation can be 
found in Voss (1978) and in Zienkiewicz ‘and Morgan (1983). Here the development is shown for the 
particular differential equations developed in the previous chapter. Index notation is used where it 
is more compact, and it may be assumed whenever a summation symbol is not present. Appendix C 


should be consulted for more information on the method of weighted residuals and finite elements. 


Consider the region of three-dimensional space, 2, bounded by the closed curve I’, and a 
governing equation 


D(Y(Q, t)) = 0. (5.1) 


where D is some non-linear operator and w is some unknown function in 2 and time. The bound- 
ary conditions are included in this expression. We can introduce a typical non-linear coefficient, 
C(Q,t, »), which is dependent on space, time and ~. Suppose there exists a set of independent trial 


functions, N;(Q). This set of trial, or basis, functions can be used to approximate the variation of 
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C(Q,t, p) and 7(Q, t) in the region 2. Then we can use N;(Q) : j = 1,2,3,...,n as a set of basis 


functions in terms of which C(Q,¢t, ~) and #(Q,t) can be approximated in space: 
PQ, t) % PQ, t) = W(t) Nj(Q). (5.2) 


C(O, t, p) & C(O, tb) = o5(t, b) Nj(Q). (5.3) 
where the variable with the hat is an approximation to the true value of the function. 


Now the weighted residual statement is: 
i RW;,(Q) dQ = / D (W(Q, t))W;(Q) dQ = 0. (5.4) 
2 Q 


The question arises as to what terms are contained under the non-linear differential operator 
®. Development of the flow and heat transfer equations in the previous chapter, also given in 


Appendix A, showed that the following seven specimen terms appear: 


V- A(Q, t, b)b(Q, t); (5.5a) 
BQ, t, p) we z 5 (5.5b) 
CQ, t, P)YQ, t); (5.5c) 

v. Ba, tp) w(0,0)| ; (5.5d) 
E(Q,t, p) - Vo(Q, t); (5.5e) 
F(Q, tp); (5.5f) 
V-G(Q, t, p). (5.5g) 


Each term can be approximated using the trial functions N,(#) as in Equations (5.2) and (5.3). 
Each term will fall under the integral of the weighted residual statement given in Equation (5.4), 
after being multiplied by the weighting function, W;(). Each term can be integrated separately in 
the order they appeared in Equations (5.5a) to (5.5g) , and will appear as follows: 


ic Ge (t, W) - VNe(Q) ;(t)Nj(Q)Wi(Q) dQ = dja - HN VN,N;W; dQ. (5.6) 
; Hale 
if be(t, v)Ne(2) MO) n,cayw.(a) dn = Ms, i NgN;W; dQ. (67) 


ue cx(ts BNA) vy (H)NG(Q)W(M) 20 = V5 (Nee | NEN; Wad. (5.8) 
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Before expanding the next term in terms of the approximation, we must use Green’s lemma to 


extract the boundary integral. Green’s lemma in three dimensions is (Zienkiewicz, 1977): 


[evan =— | tovans [ ouiar. (5.9) 
Thus we can write: 
[ [B(Q, t, ¥) - Py(O,t)]W;(Q) dO = [b-% Wu) amar — | (B. Fy) wan 
Q 
= |. v) AW ar — f (dig ¥y9N5) FH, a0 
Q 


= |B. %y) awiar —vyde [ An, Iw, a0 (5.10) 


[eet velo) Ws IN, WAM) d= Wye, [-METNGW a0. (5.11) 
[ te wusoywaay an = 4, f nywian. (5.12) 

2 2 
[ate.¥)-Insaym(a) da =a. [Inj wan. (5.13) 


All the subscripts i, 7, and k vary from 1 to n, and repeated subscripts indicate summation. 
Now all the coefficients of ~,; and aa can be separately collected, as can all the remaining terms, 


to be represented in three, general, non-linear coefficients: 


te) (t) 


Sis (v, t)d;(t) + Dij(¥,t) = — + Fly, t) = 0. (5.14) 


where the repeated subscripts here indicate summation. This is just a rearrangement of the weighted 
residual statement of Equation (4.4) using the seven typical non-linear terms arising from the gov- 


erning equations of the previous chapter. 


In the Galerkin approach, the weighting functions W;({Q) appearing in the seven typical terms 
would be set equal to the trial functions N;(). A variation is the Petrov-Galerkin method, where 
some weighting functions conform to the Galerkin approach, but others have different values from 


the trial functions. 


5.1.1 Upwinding and the Petrov-Galerkin method 
A convection equation can be represented by (Voss, 1978): 


wd Vy = 0. (5.15) 
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The solution to this equation at any point in space is influenced by events upstream. Thus, a 
centered-in-space approximation is unlikely to be accurate. The Galerkin method assigns equal 
influence from surrounding nodes on a given node, which will inadequately describe a convective 
term. In a mixed equation, containing convective and non-convective terms, the exclusive use of the 
Galerkin weighting functions with convective terms will be inaccurate. Instead, a separate set of 
weighting functions can be chosen for the convective terms which attribute more influence to those 
nodes upstream of the point in question. Determining where is upstream and downstream of a point 
is done by local inspection of the velocity term. The process of ascribing more influence to upstream 


nodes is called upstream weighting, or simply, upwinding. 


Typical convective terms are 7- Vy and V- Gb, where w is the property being convected with a 
velocity v. The convective term is not always immediately obvious, such as when the velocity is not 
explicitly found in the expression. The asymmetric weighting function chosen to facilitate upwinding 
is described in Appendix C. The mixed use of the trial functions as the weighting functions, and 
asymmetric weighting functions, together in the same weighted residual statement is referred to as 


the Petrov-Galerkin choice of weighting functions. 


5.1.2 Choice of finite elements 


Two different finite elements have been chosen for this work. There is an eight-noded brick 
element, the L8 element, and a six-noded triangular prism element, the L6 element. The elements 
and their isoparametric coordinates are illustrated in Figure 5-1. Both elements are linear elements, 
i.e., they implement linear interpolation functions for the degrees of freedom—hence the L in L6 
and L8. Both types of element are isoparametric, which means that the element geometry and 
the approximated variables are represented by the same basis functions. Furthermore, it permits 
solutions to be found within a local coordinate system, convenient for the numerical integration, 
which are mapped to the global coordinate system by the linear functions used for interpolation. 
This improves the spatial discretization because we no longer rely on regular geometries to represent 
curved boundaries or to implement a locally-refined mesh. Refer to Appendix C for more detailed 


information about element mapping and numerical integration. 


Two element geometries are provided by the L6 and L8 finite elements. Normally, different 
finite elements are used to provide trial functions of a higher degree. The purpose here is to provide 
flexibility when defining the geometry of possible formation parting planes. The triangular prism 
element allows a potential inclining parting plane to be represented in the mesh. It does this in 


conjunction with the brick elements which are also non-regular in the global coordinate system. The 
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L6 element 


Figure 5-1 


Finite elements used by FESPS. 


L6 elements also can improve mesh resolution easily. 


5.2 General numerical solution of the equations 


The equations for the molar balances, the energy balance, and the displacements have been 
posed in a manner suitable for discretization. The equations are now discretized in space using the 
method of weighted residuals to yield an equation for a finite element. The element equation is 
then discretized in space according to the general scheme described in Appendix C. The resulting 
general equation is then ready to be solved for a given set of initial and boundary conditions. It 
is, however, a non-linear equation and must be linearized to facilitate the solution. The Newton- 
Raphson method is used to linearize the general.equation posed as JJ} = 0. The coefficient matrix of 
this set of linear equations is the Jacobian matrix—a matrix of derivatives of the function 92. The 
derivatives are first reduced to selected components and then formed numerically. The reduction 
step requires algebraic manipulation and reduces the computational requirements. The following 


sections cover this material in detail. 


5.3 Application of the method of weighted residuals and expansion by trial functions 


The method of weighted residuals (MWR) is applied to each physical equation. The polynomial 


order of the basis functions can be reduced using finite subdomains for a given solution accuracy 
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at specified points. The basis functions are only required to be continuous in certain subdomains— 
finite elements—so that the approximations are piecewise continuous in the entire solution domain. 
Thus we arrive at individual element equations for each degree of freedom. The integrated terms 
arising from application of the MWR and piecewise continuous basis functions must be expressed 
in terms of the basis functions and nodal values. The nodes define the element geometry and the 


polynomial order of the basis functions. 


Thus the physical equations have been discretized in space. The degrees of freedom as functions 
of time and space are reduced to terms which vary at each node only as a function of time, while 
the basis functions vary with space. The following pages show how each term falling under the 


integration can be expanded, for each physical equation and a given element. 
Note the following convention on the use of indices: 
a) H,I,J,K = [1..nnodes] are used as nodal indices (nnodes = 8); 
b) 2,7, * = [1..3] are used as spatial dimension indices; 


c) a, B,y = [1..ndof] are used to indicate particular degrees of freedom or physical equations 


(water, bitumen, gas, energy, displacements). 
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5.3.1 Water equation 


Expansion of integrals by term: 


n aS, n 
i) [ase “N, dQ =) > ai Do Ate | Nx N3N, dQ. 
=1 ne 


rif 
ue nr OS. n 
it) iA Aa? N; dO = ie: J 22S Ang [Nasr a. 
—1 cis 1 
ODw = LD 
iii) aes ~N1 dQ = De a > Ase | NxNsNzaQ 
=1 k=1 
, OT = OT; a 
— d = —_—_—— . 
iv) / Aa Nr ao a = 2 Ade fc NNN; dQ 
n nr 
v) AsSwNrdQ= > Sw, >) Ase | NkNaNy dQ. 
ne J=1 K=1 ne 


vi) | AgSoN1 dQ =~ So, 5) Asx | N«NsN1 dQ. 
ne 
vi) | oh (4, . Yw Wien = (4. Yr. W, -tdB 
e B 
See, ss Ang e N«VNjVW, dQ. 


J=1 K=1 


nr 
viii) ¥. AaW,an= 50 Ae, | VNsW, dQ. 
Ne = ne 
iz) i got Aa Da rhe NyN; dQ. 


z) ip Awe (¥- a)N; dQ = Sy oe > Ao je Nx Nr dO, 


t=1 J=1 


Where any continuous primary variable 7(Q, t) is a function of time t and space 1; the value of 
a primary variable at a node J is w,(t), a function of time only; the trial function N;({Q) a function 
of space only; n = 8 is the number of nodal values; 7 = u; = (wu), u2, ug) is the displacement vector; 


ga is the velocity of the solid matrix; and 7 is the normal to the boundary surface I. 
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5.3.2 Bitumen (oil) equation 


Expansion of integrals by term: 


J=1 K=1 
ii) if By an = > Pes Son, / NxNyN; dQ 
athe Oe Ot * Jos 
J=1 K=1 
iii) [ 2S, a= 2 YB Nx NN, dQ 
3 at I — t 3K ‘ KV SINT 
J=1 K=1 
iv) bs BsySoN;dQ= So, ) Bax fs Nx NjN, dQ. 


W,:-ndB 
n ae 
=) Dus, Se Be. : NK VNIVW, dQ. 
=i Qe 


vi) / V- (Bs. Ys, W,dQ= (Bs. %s, W, -7%dB 
Si B 


n i A 
-S> So, Ds. Bex oh Nx VN VW, dQ. 


vii) ia V- BrW, dQ = Se a VN JW, dQ. 


J=1 


viii) ie BgN,; dQ = > Bs Hh NjN; dQ 


iz) [Box a)N; dQ = ES Bae | Na Nr dO. 


t=1 J=1 
Where any continuous primary variable 7(Q, t) is a function of time t and space 2; the value of 
a primary variable at a node J is ~,(t), a function of time only; the trial function N;({) a function 
of space only; n = 8 is the number of nodal values; 7 = u; = (uj, u2, ug) is the displacement vector; 


oy is the velocity of the solid matrix; and 7 is the normal to the boundary surface I. 
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5.3.3 Gas equation 


Expansion of integrals by term: 


as. ~ Sw, — 
C,—“N; dQ = = 
i) | Oia Nr a » = 2 On iL Na NsNr aq. 
aSo = 855, — 
ii) iE ae ble: ae Do Can ff NaeNaNi do 
=1 K=1 
Sars OPw ” OPw - 
C3— N om + 
iii) a 1 dQ a = Do Onn [NNN a 
aT — OT; — 
iv) | CaF Nid = SF? > Cog ff Nc NsNr a0. 
Ja) Kha 
v) GpS,N;dQ=) Se, > Cr, i N«NJN; dQ 
ne J=1 K=1 wre 


J 
vit) / Vv: (é; Ye W, dQ = (é, pw W, -7idB 
e B 
viii) if Vv: (4: : Ys, W, dQ = (6: vs, W,-7dB 
e B 


iz) / Vv: CoW, dQ = Ds Cs | VN W, aQ. 
Ne 5 Ne 


z) ff cuoNirdt = 9° Cron f NJN; dQ. 
i J=1 a 


g ui, aN; 
. A = 4, ay 
si) f Oug (9 Nea = YF YD Cite [nix ran. 


Where any continuous primary variable #(Q, t) is a function of time ¢ and space 2; the value of 
a primary variable at a node J is # (t), a function of time only; the trial function N;({) a function 
of space only; n = 8 is the number of nodal values; u = u; = (u1, ua, ug) is the displacement vector; 


gu is the velocity of the solid matrix; and 71 is the normal to the boundary surface I’. 
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5.3.4 Energy equation 


Expansion by term: 


J=1 K=1 ne 
it) D,P# Ny, dQ = Sg ae Dos Dox f NK NN; dQ 
ne J=1 K=1 ne 
vo oT ~. dT; — 
iit) if Ds-NrdQ =) >= | Dsx sp Nx Ns Ny dQ 
iil i 
iv) Desa NLd0 ag, gla i Nx NN, aQ 
ne =1 K=1 Re 
v) iD Dss,Njai= > So, ) Ds, ‘ NNN, dQ 
‘ =1 K=1 ne 
vi) i DepuN1d2 = S~ pw, S> Dex | NkNsNr dQ 
J=1 K=1 ne 
vii) | Dz -VS.WrdQ = S~ So, ¥> Dry: | NxVNsWy dQ. 
or J=1 K=1 ne 
viii) / Dg - VowW1 dQ = S~ pu, >> Dex - i Nx«VNyW, aQ. 
gre J=1 K=1 ne 
iz) / Dy VIW, dQ = S>Ts S~ Dox [ Nx VNjW, dQ. 
ne J=1 K=1 ne 
x) / v7: (DVT) N, dQ = il (DVT) N;- dB 
e B . 
= Dan keite | Nu VNy- YN; dQ. 
J=1 K=1 se 
Ee Be Oe ON; 
mt ar = dQ. 
zi) ib Diz, (V-a)Nr ao 2d = 2. Pie iN N«a Nr dQ 
ey co Ou = Ou3; 
“pad oie Md ay PLE Se Aes Disgacepas biceps ‘ie Nx NjN; aQ. 


ziii) il Disgo Nd 2s Disve, i NjN, dQ. 
Ne yay ne 


xiv) / Di3gW1 dQ = S> Disc, ‘| NyW, dQ. 
ne Jun ne 


Where any continuous primary variable 7(Q, t) is a function of time t and space 2; the value of 
a primary variable at a node J is w(t), a function of time only; the trial function N;({) a function 
of space only; n = 8 is the number of nodal values; u = uj = (ui, ug, ug) is the displacement vector; 


oe is the velocity of the solid matrix; and 7 is the normal to the boundary surface I’. 
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5.4 The element equation 


The spatially-discretized element equation can be written as an agglomeration of the physical 
equations in matrix form as follows, where the superscript a is the equation type (water, bitumen, 
gas, energy), and @ indicates to which variable the 8 x 3 coefficient submatrix belongs: 


au 


*—S§ B Dene 
75a + en 


+ Fe =0. (5.16) 


This equation is in indicial notation as described at the start of this section, so that it can be 


expanded as 


My Si Sth StS SiS S15 S15 S15] Sus 

My Sti Sth St St StS St Sth] | So, 

My Si Sti ST Si St5 STS S75 | | pws 

Mi p= 157 SH SH SH Sh Sih Si Ty p+ 

My Sts Sty Sty Sty Sty Sth Sth | | m1, 

My Sty Sth StS Sth Sty Sty Sth} | ue, 

My Sty Sti SH S75 SH Sih S751 \ us, 
DH} DH DE DS DS DIS D7 (SH) (Fi 
D3 DB DR DA DR DS DG |e) | 
Dis D7 Diy Di Di Di D eet F? 
DE esl mee DD ae Dt, Sl b+ FA) =0. (5.17) 
DSi ps2 Ds Ds DSS DS D lh FS 
Ds, ps pS ps ps Ds D ots Fé 
Dj Di} Diy DiS Di Dis D oe FT 


where J, J = [1..8], the nodal points; thus each entry S28, D9 is an 8 x 8 submatrix, while each 


B 
subvector vs , va, FF contains eight elements for each a, 8 = [1..7]. 


B 
_ Note that we have moved the ys and ah terms to the right hand side of their coefficients. 
Most of the terms on the previous pages are vector-dyad dot products, whereas Equation (5.17) 


contains dyad-vector dot products. To make the terms equivalent, the 8 x 8 submatrices must be 


transposed: fe 
seus =v [sel , 
auP aye ” (5.18) 
Sh Tle ts Oe 


The transposed coefficients ra 17 and pee 17 are presented on the following pages. 


hae side. sc ytarmdoe Rs Bad RSS wes sail ear adit 4a oe oe .at=%1 oratt, 


os 


pre he Pada rent aitedy iit e rr NE fo pelimanemltaet nicki onal oe 


i H Wh at a "4 


; 
. : 
; me ; 
i] ~, 
' a al 
(S7RTAOERS Te istldrcw ah Cees 
xt pouper seis aS Ry 


ee . 
a 1 ia et 
< ot im 
i>? “ls. 1 hue 


+ 


ay 


abi me egg wat linea nse lis coy 
ee 
at 
is 


prise Satie 8 am 
at ee 
‘* ®, ov Be - 
. , 7 J r * | : : 
‘at 
| ae 4 
Bag ee “0 
4 ; Pr , “ a ; | Y 
ir = 4 | 
oe ’ l 
pang aa we we 


cy 


=~ 
a 
‘ 
+ * 
ae 
o> 
———— 
~ 


t 
ye eee teen ome 
a¢ 
ee 
a 
ct . i pe 


prey 
* 
a 
7 
a 
eed 
fo 
-# 
Al 
Mm 


i a 


G 


Thea Avo saa but gig alerinameh Bae a fe osetia | 


\ 


amt xcaebong Boh Neyo cimn ame amps ethene wilt ie si ace kd at Q 
td teem: See Secret Apher tips : nih ai adnan am ‘elon wb 20 rae yb aint 


on! Sri: jinn = hepa Iveta 5 oak ne : a ee pote Beaie ohana ot 


a 
ay, 


3 — [ ; oa a 


55 


5.4.1 Row 1: Water equation 


Coefficients for each term in this equation: 


T 
Se: [SB]" = Asef) NaN sNran. 
So, [S75 = Aan f NNN, dQ. 
fe eS = = 
Pw [S75] = —A7, fi Nx VN VW, dQ. 
T;:  {sis|* =0 
2m 
Te 
U2; [S75] - 
aa 
U3 5 [$75] = 
eer DUN = Aig ff NiNsnr ao. 
at re 
Bet, [DIB] = Ang ff NaNsNr a. 
Ot Ne 
Pus [D35]? = Asx * Nx NN; dQ. 
oT. 
so [Di SV = Ane f Nx NN; a. 
Our, T ON, 
3 [Di5] = Aton [Ne aa, N; dQ. 
Ou2, ON. 
= [Dis}" = Arg f) Na GeNran 
dug ON, 
a [Di5] = Aton I. Nx, Nran 
Fr: Fi= [ (47: Vp w) Wr: ndD + Ag, - WNW a+ Ao, f N,N, aQ. 
Tz Qe e 
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5.4.2 Row 2: Bitumen (oil) equation 


Coefficients for each term in this equation: 


T 
Say): [S75] =C 
S,. (S22)? =B,,. f NxNyN;dQ— Bex: | NxYNyVW, dQ. 
(Qhe Qe 


523)" = —B;, : ff : Nx VNjVW, dQ. 


U1; ss ==): 
Ti 
U2, [S75] = 
U3, [$73 i, = 0 
Sur. [BIT <0 
St: (DBI = Bix f NieNsNr at 
Ne 
“ber; [DB |" = Boe [ NuNsNran 
ne 
oT 
cae : [D3] = Be, V4 Nx NjN; dQ. 
a ON 
wae: (ka = Box [ Nx3 Nr ao. 
= :  [D38]" = Bo, fa wy dQ. 
= Bo, u wy dQ. 


Fr: Ft= [ (Bs: tbe) wy -tar+ [ (Bo WS.) wr ar 
Tr 18 


+Br,- / VN W, dQ + Bs, / NjN7 aa. 
Ne Ne 


or 
iy 
> a 
i af 
i 
_- 
ay 
"7 
=e . 
= E ety 
' 
i 
£ 
= 
a 
fi a" 
‘ 
= ae 
Bs 


5.4.3 Row 3: Gas equation 


Coefficients for each term in this equation: 


Bora 6 sean = oe I Nx NsNz dQ — Cg, : i Nx VN VW, dQ. 
ne Ss 


Bay eee f I _N«YNjWW, a0 
Ty: [834]? =o. 
uw, [s#5]" = 
ue, Gar = 0. 
U3, ote (0) 
ees ele = Ci. I. Nx NN, dQ. 
oe [Delp = Cr f Nx NyNy dQ. 
“ees [lg C3. fe _N«N IN; aQ. 
a [p4lp=C.. (3 Nx NN; dQ. 
ws [D3 =Cux f Nac Ser dO. 
os [D} = Cun f niet an 
a8 hays P=Cue f Ne an 
Fr: Fm [ (Gr Spe) wi -aar + ff (d.-%5,) waar 


Gos: ft VN W; dQ + Cro, i NyN; dQ. 
ne ne 
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5.4.4 Row 4: Energy equation 


Coefficients for each term in this equation: 


ist. = De. I Nu NyN; ao. 

(Gale = Dex f Ne NyNrd0+ Bry + f Nx VNjW, aQ. 
ne ne 

S; a = Dex Na NsNr d+ Bog: Ne VNjW, dQ. 


[54#4]7 = Do, « fo Nx VN W, dQ — Droge i NxVNy - VN; dQ. 


(S75 =0 
[546]? =0 
([s43]7 =0 
[D4t]” =o 


(DA. =i ji Nx NyN_ dQ. 
[OST = D2. i} Nx NN; dQ. 
on fe, 

[D#4]” = Ds, | Ne NyN; dQ. 
ge 


[D5] = Dire f Nx ZO N,aQ. 


Tr ON}. 
[D#8]° = Diy iL } Nx Nr aa. 


ON 
[Di]" = Dux [ Na G21 A+ Dire, | NxN,Ny; an. 
ne Z3 Qe 


Ft = | (Dovr) Ny -RdP + Disyo, f NyN1 a+ Disc, | NyW, dQ. 
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5.4.5 Row 5: x-direction displacement 


Coefficients for each term in this equation: 


So, Sty cs 
ON; 
Si=- | =—NydQ 
Pws iJ Qe Oz, 4 
ON 
i |6gfe= ih [o(2G + 3) LN, aa. 

Ne Oz, 
ate S#5: see the structural stiffness matrix. 
u2,: S75: see the structural stiffness matrix. 
ug, : S?7: see the structural stiffness matrix. 


All D9 =0, 6=(1.7]. 


iii. Fy = giles ag = NF, dQ— | NrS,d0. 
Qe OL; ae Te 


Note that on the surface traction boundary 
S 1 = 71j7;. 


Only the body force component in the z-direction, F3, is non-zero. This is the gravitational accel- 


eration vector. 


= 


1 


inte iT ay 2 ; 


4 


vay 4 7 + iy ‘ F Ps ft - 
“Eneert 2 pa ‘neg pd ah 
a : ’ ‘ = 7 f- 


5.4.6 Row 6: y-direction displacement 


U3) : 


1Dy¢ & 


Coefficients for each term in this equation: 


sit =) 
S82 =0 
ON; 
Se = = ~—N ; dQ 
i Qe 0x2 4 


St = -f [a(2G + a) at at Ny dQ. 
S®: see the structural ae matrix. 
S*6: see the structural stiffness matrix. 


S*": see the structural stiffness matrix. 


Al D¥=0, f=([2..7|: 


pea f oe =— 08; dQ — fp N;F,dQ— | NyS2dI. 
Qe Oz; re 
Note that on the surface traction boundary 
So = 72j1;. 
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Only the body force component in the z-direction, F3, is non-zero. This is the gravitational accel- 


eration vector. 
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5.4.7 Row 7: z-direction displacement 


SF oe 
Say 
Pw : 
Ihe 
U1, : 
U2; : 


U3, : 


Jes 


Coefficients for each term in this equation: 


Sia 
ON 
sg=-f FtNsa0 


sit = -f[ [a(2G + aigeiNy dQ. 


S75: see the structural sa i matrix. 
S7§: see the structural stiffness matrix. 


S77; see the structural stiffness matrix. 


Al D¥=0, p=({1.7]. 


ONY ©, 


Fi= 
: Qe Oz; 


vs 


Note that on the surface traction boundary 


S3 = 737515. 


73; dQ — es N7F3 dQ — N7S3 a0. 
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Only the body force component in the z-direction, F3, is non-zero. This is the gravitational accel- 


eration vector. 
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5.5 Structural stiffness matrix 


The block of submatrices 
S73 St§ S35 


Ope ieee et (5.19) 
St S7§ S75 


is defined as structural stiffness matrix. This is given by 
[Krs]° = ih [Br]” [D] [By] aa. (5.20) 


where [D] contains only material dependent parameters—the constitutive elasticity matrix relating 
stress and strain—and [B] relates strain to nodal displacements. For elastoplastic material behaviour 


the constitutive matrix is formed from: 


ae (6.21) 


5.6 A general time integration method for differential equations using finite elements 


Given a spatially integrated general system of equations arising from any non-linear partial 
differential equation: 


Si5(¥,t¥5(0) + Dijlv ) HO + RWy,0) =0. (5.22) 


where the subscripts i, 7 vary over the element nodes [1..nnodes]. This can be written more simply 
as: 


du. 
S35; + Diyos + F; = 0. (5.22) 
where 7; are nodal values of S,,, So, pw, T, and the displacements u; in our problem. 


We can follow the approach of Zienkiewicz and Morgan (1983) but using non-linear coefficients 
instead of linear. We approximate the time variable by linear finite elements. This is illustrated in 


Figure 5-2. 


We can then approximate 7; by 
co 
b; = pe vr Nm- (5.23) 
m=1 


where ~™ is the value of the approximation 0; at time node m. 
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Nodes 


ty t, Us l, ty t. 
nat © ©@ @ @ © 
Figure 5—2 


Linear finite elements of time. 


We use the same shape functions N,, for all elements to represent the variation of each com- 
ponent of ~;. N» is a scalar quantity and we have chosen a linear polynomial. Consider the nth 


element, surrounded by nodes at ¢ = tn and t = tn41: 


bj = VR NR + ORO NR. (5.24) 


because all the other trial functions are zero within element n. This can be shown diagrammatically 


as in Figure 5-3. 


Figure 5-3 


Linear finite elements of time. 
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Now, the element basis functions are described as: 


dN™ —1 
INE = = T a= —; 
dt ate (5.25) 
n abc ceded . 
Bae dt At 
where the local coordinate T is defined as 
t Coad ta 
fh eam and ty ina — ta: (5.26) 
In other words, T varies between 0 and 1 from t = ty to tni4. 
Apply the technique of weighted residuals over all time elements: 
co a 
dy; ; a 
(Ds + S350; + Fi)Wr dt, where mae OO) 20. (6:27) 
0 
Considering only those weighting functions W, such that: 
W,, = 0; Cit and € > bey (5.28) 
then the integral becomes 
1 . 
dy; * 
(Dy? + Siz; + Fi) Wr dt, where n=0,1,2,... (5.29) 
0 


This integral extends only over element n. Use Equation (5.24) to replace #;, and use Equation 


(5.25) to obtain Equation(5.29). (Note that D,;, S;; and F; are functions of time): 


1 


1 
Ay” 
[ {Pulm tater) me +i; (tnt+AtnT)[p? (1-T)+¥3"'T]} Wh ar+ | [Filtn+AtnT)) W,, aT = 0. 
H 


0 


(5.30) 


where Ad, = tny1 — ty, and Ay? = pert — p}. On expansion, Equation (5.30) becomes: 
’ 1 1 
Lg: i Di(tn + AtnT)W,, aT + [Silt + Ab )iLWs ar we 
0 0 
; 1 1 
x = J Palen + At,T)W,, dT + J Saltn + At,T)(1 —T)W,, ar’ VF 
0 0 


tn 


1 
+ i Fi(tn + At,T)W,, aT = 0. (5.31) 
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We thus have a two-level time stepping scheme. Now, if D,;, S;; and F; are smooth functions 


in time, we can use the same interpolation function as that used for 7;: 


f (tn +TAtn) © f"Na(T) + f°? Nny1(T) 


=/fPi-T)+ ye OST <1 (5.32) 


where N” is a trial function within element n. Then Equation (5.30) becomes: 
[ows (1-T)+ Pat “i ae [S31 —T) + SET -—T) + vt T)} W, ar 
+ | [FR(1-T) + FR* TW, aT = 0. (5.33) 
0 
The second term in the first integrand is expanded as: 


vw oni —~7T + T?) oe boreal Ui aA Te) oe VoD oo T) Ls U ecud 
Thus we have: 


1 

A Te 

x (D (0; a | ars apy [Wer] +55093 [1h aT 
0 


+ (Spt yr pe sgyye aspen [7 dT 
1 
+ (Shope — srttye — sryett +sgtuet) [ Tew, dT 
+h [| Waar+ Ory [ TW aT =O. (5.34) 


Dividing through by f, W, dt and noting that AS" = $"+1 
Equation (5.34) becomes: 


— S”, and similarly for the other terms, 


fy 


(Di + mADG Ags + Sb? + yn(SEAGP + ASE YT) + AnASRAY? + FP + yrAFP = 0. (5.35) 
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We now take point collocation at T = @ for each element, for 0 < @ < 1. That means taking 


W,, = 6(T — @) for n =0,1,2,..., where 6(z — @) is the Dirac delta function with the properties: 
0, ifz46; 
6(z — 6) 
oo, Sif z= 0: 


z>0 


i G(x)6(x — 0) dz = G(@). 
z<0 
We shall also use for 0 < 6 <1: 
1 
‘| War =); 
i) 
1 
il TW,,dal = 0; 
i) 


1 
i T?W,, dT = 67. 
0 


to obtain: 


Aw” 
(aD? +(1-0)Dz BE, T SGPT OASH YF + SHAYF) + OP ASG AG; + OFF + (1-8) FF] = 0. (5.36) 


This can be simplified to form the final time discretized equation below: 


Ay 


(Di + OAD3) 


+ (St + OAS) (p? + OAY?) + (FT + OAF?) = 0. (5.37) 
where AQ” = E"t! — Er. 


5.6.1 Obtaining finite difference approximations from the time discretized equation 


If we choose suitable collocation points within the time element, the following finite difference 


schemes are duplicated: 


g=0 : forward difference (Euler) scheme; 
O= fp : central difference (Crank-Nicholson) scheme; 
=1 : backward difference scheme. 


If @ = 2/4, an approximation to the Galerkin solution is obtained. The Galerkin condition is 
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Then y, and A,, are 
Yn = So TT aT ES = 1h = a 
dar eee 


TT dT 
Bolateh ial #42). 


It is interesting to note that, in the linear problem, the choice of the collocation point @ = g 


leads exactly to the Galerkin solution for the linear problem. 


5.6.2 Application of the time discretized equation 


Recall the time discretized equation: 


avi 


(SEP" + BAS2P")(p2" + oAye") + (DEP + eaDie)—* beret OA Ran, 


where AS" = S"+1 — S”. Let this equation be represented by 
NS 20. (5.38) 


where SM is evaluated at node 1, ~ are the primary variables, and a and ( cycle through the equation 
(or variable) numbers: from 1 to 4 or from 1 to 7. Then the Newton-Kantorovich method can be 
applied to linearize Equation (5.38): 


OMe 


Har Sek = Me. (5.39) 


where the derivative is taken with respect to ~, a primary variable of type y and at node number 


h. 


5.6.3 Comparison with Voss’s total integration method (TIM) 


To evaluate the derivatives numerically, only four shifts have to be made, in addition to the 
evaluation of the equations at the new iteration level. Therefore five evaluations of the properties 
and other variables must be made. In Voss’s TIM, a chord slope method, nine evaluations are 
required in addition to the value at the start of the time step, although iteration convergence is 
improved if the correct chord is chosen. However, there is no guarantee that the chord chosen does 
speed up convergence, and there is always the possibility of a flow reversal. This would be a change 


in the direction of saturation or pressure change which could ruin the convergence. Convergence in 
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Newton’s method is more tolerant of flow reversals over the time step. Nevertheless, the algorithm 


must still incorporate a check for flow direction after each Newton-Raphson iteration. 


5.7 Application of the Newton-Raphson method 


The general equation discretized in space and time is given for one finite element by 


Aye” 
Atn 
=0 (5.40) 


OMe = (SeP" + BASeR")(yR” + EApe”) + (D2P” + BADE") 


+ (FP” + OAFP") 


where AS” = S"+1 — S”, and similarly for the other terms. Time level n is the old time level and 
time level (n+ 1) is the new one. St; is the equation evaluated at nodal point J, 7 are the primary 


variables, and a and £ cycle through the equation (or variable) numbers: from 1 to 4 or from 1 to 7. 


Equation (5.40) can be written in a shorter form: 


nr 
ap’ Ays 


NG = Sr; v5 + Dry Pht 


+ FP". (5.41) 
where 


Sih =S7h +0ASt; 
an (n+1) n 
= Sip +0(Si5 SiS) 
= (1—9)S28" + age" (5.42) 


and similarly for the other terms. 


Equation (5.2) is non-linear due to the dependence of the coefficients at the (n+ 1) time level 
on the primary variables. The equations can be linearized by application of a suitable method, 
and the Newton-Raphson method is a common and suitable method in this case. The method was 
originally designed for functions of a single variable but can be successfully extended to functions of 
many independent variables. This particular application is also known as the Newton-Kantorovich 
method (Bronstein and Semendyayev, 1985). Application of the Newton-Raphson method to our 


problem gives rise to the following: 


aM? 
Oph, 


Adi, = —me. (5.43) 
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where the derivative is taken with respect to pj,, a primary variable of type y and at node number 


H. The derivative can be formed numerically by forward-differencing: 


MF (pi + Adi) — MG (Pi) 


Ady (5.44) 


where the amount Aw, is known as the shift, and IN?(~7, + Ay},) is known as the shifted variable. 


The two non-linear products gee ye 7 ’ and (D mal Avs *) /At, occurring on the right-hand side 
of Equation (5.2) require further study for the purpose of forming derivatives. Purely n-level terms 
are constant so, if identified, they can be discarded when forming the derivatives, perhaps saving 
some arithmetic. Each of the terms could be expanded into five simpler terms at time level (n+ 1). 
It turns out that approximately three times as much computational effort is required to form the 
derivative from the expansions than from the original terms. However, the F?” terms can be dropped 


when forming the derivative. Thus we can write 


ame ame’ 


where 
ge” = Soy Ph’ + poe! a Ome ly, (5.46) 


Although full expansion of the non-linear products does not result in saving arithmetic, selective 
expansion is desirable. Inspection of the definitions of the coefficients S,D,F also reveals work 


savings. This is elaborated in the following section. 


5.8 Algebraic reduction of the derivatives 


Two methods are available for reducing the amount of work to form the derivatives in the 
Newton-Raphson Jacobian matrix. One is the reduction of the non-linear products by partially 
evaluating the derivatives analytically, the other is by understanding the definitions of the coefficients 


S,D,F. These methods can be combined to save a substantial amount of computational effort. 


5.8.1 Derivatives of the coefficients S, D, F 


Consider a typical coefficient at time level (n+ 1), S, say, fora=1, B=1: 


sii= 33 Asx He Nx [NsNy]’ dQ. 1, J =[1.n]. (5.47) 
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The integral in this equation is independent of the variables ~},, y # 5,6, 7 (the displacements). The 
dependence on the displacements can be ignored for the moment. The presence of the multiplier 
As, is significant because it is by definition only affected by events at node K. Therefore, on taking 
the derivative of this expression with respect to a variable at node H, we only have a contribution 


to the derivative from node K = H. Thus 


OAs OC As.) 


where 5x is the Kronecker delta, so that 
11 
OS14 = aCe if Nx[NyNj]’ dQ. I, J = [ln]. (5.49) 


In other words, the right-hand-side expression in Equation (5.47) need only be evaluated for K = H, 
and there is only one term in the summation for each value of H. This is an important conclusion not 
merely because we do not need to sum over all K = [1..n]. It also permits us to evaluate derivatives 
at all the nodes by shifting a primary variable at all the nodes at the same time. If As,_,, was a 
function of the degree of freedom at other nodes K # H, then each node would have to be shifted 
in turn to evaluate a derivative with respect to ~7},. As all the properties must be re-evaluated after 
each shift, there is consequently a factor of eight saving in the amount of work to be done in finding 


the properties and determining the derivatives. The saving is therefore very substantial. 


Note that the definitions of Di; and F* are very similar to that of oy , and that the derivatives 
will be formed similarly also. In particular, for FP: 


OFP _ Aas) 


Dt = 


5.8.2 Derivatives of the non-linear products 


It was discussed earlier that a full expansion of the non-linear products to eliminate purely n- 
level terms was ineffective. Further inspection of the products shows that the terms can be reduced 
to forms requiring less work to evaluate numerically. The two non-linear products, in the short 
notation, are 


B® 
soe’ yh’ and Dee ee (5.51) 


Starting with the first term, we can partially evaluate the derivatives using the usual rules for 


products: 
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Now, 
ager - re) pn ap(nt+1) 
‘) ap(n+1) 
ou [esr] 
(n+1) 
aSty 
=0 avr (5.53) 
We also know that, in general, 
ap(n+1 
Sf" = (ax) [Ne INaNil” a0. (5.54) 
Thus 
(n+1) 
asry eat O(ax) Th 
“90, Neer pe Na Nel dQ 
O(ax) 2 
= py, (KAT Kr. (5.55) 


where Y x7, represents the integral in Equation (5.54). This follows from the work in the previous 


subsection. 


From Equation (5.52), and using the definition for Tee following from Equation (5.3), 


way) 8! 
gas’ Obs = S296 51,507 
= OST. (5.56) 


Again, the n-level term was constant and could be eliminated. The primary variables are orthogonal 
to each other so the value of the derivative is one for the same nodal point and type of degree of 
freedom, and zero for the rest. This condition is represented by the double-6 notation above. The 


term Sti is numerically equal to Sep ’’ but its use is governed by the different indices. 


Thus we can write for the derivative of the first non-linear product 
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Note that there j is now only one derivative to be evaluated in the expression: that of Sent ie ze This 


is evaluated numerically. 


The derivative of the second non-linear expression follows by a similar analysis to that of the 


first term: 


n ap’ n ap’ n 
a ( ap! AV5 )- ODT Avs | Dry AAvs ) (5.58) 


Ov aN ee AGE Jd LOWS Ata LAT SF On), 

De ’ is derived in the same manner as Soe ‘as the sum over the element nodes of products of a 
variable coefficient at each node and a constant integrand, thus 
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Now, because Aya" = ee - yr”, the second term in Equation (5.58) is given by 
a(avs") ) aya"? 


i Ob, 
= 577769". (5.60) 


Therefore the derivative of the second non-linear product becomes 
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[(1 - 9) Dey wr Org | (5.61b) 


Note that, as in the expansion of the derivative of the first non-linear term, there is now only one 


+1 
derivative to be evaluated in the expression: that of Dee & », 


Analysis of the derivatives has yielded algebraic expressions that appear simpler to evaluate 


than the original forms. The amount of work to evaluate the derivative has been determined in each 
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case, and these expansions require about one-half the number of operations needed by the original 


forms. 


5.9 Implementation of the discretized equations as a finite element computer program 


The finite elements used for this work are described completely in Appendix C. A full de- 
scription of the implementation of the finite element program is given in Appendix D. Flow charts 
are provided to help describe the model. A practical well model with many of the options used in 
current finite difference models has been incorporated into the finite element scheme, described in 
Appendix D. The other major portions of the program are outlined: forming the (Newton-Raphson) 
Jacobian matrix, assembling the set of global equations, and renumbering the global mesh. Em- 
phasis has been placed on the implementation of these algorithms for vector processing, commonly 
used to improve the time taken to perform the calculations. This has resulted in the development 
of a specialized Gaussian linear equation solver, and the use of pseudo-descriptors — a method of 
FORTRAN programming for vectors. Further description of the finite element program is found in 


the user manual contained in Appendix J. 


5.10 Discussion 


The finite element scheme developed here is a fully implicit approach which has not been 
presented before in the literature. The scheme describes a formal approach for assembling the 
equations of conservation of heat and mass in flow through a porous medium, and its subsequent 
coupling to a displacement model. The benefit of the totally finite element approach lies in the 
coincidence of the meshes for heat and fluid flow and the solid displacements, providing for complete 


compatibility of the solution domains. 


It turns out that the approach is possibly not suitable for the solution of highly non-linear 
problems of this type. The model was only able to run two or three small timesteps before the 
pressure solutions began to diverge. This behaviour severely restricts the usefulness of the computer 
program. The development of the equations is exploited in developing the combined finite element 
and finite difference model in later chapters. The contribution of this work lies in the description of 
the finite element approach to this problem and presenting the difficulty of pursuing this route for 


a coupled solution. The novel material includes 


(a) the description and preparation of the equations; 
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(b) the discretization in space of the equations; 

(c) the discretization in time of the non-linear partial differential equations; 

(d) the algebraic reductions of the derivatives used in the linearization scheme; 

(e) the development of new correlations of physical properties of steam, water, and bitumen; 
(f) the implementation of a practical well model for finite element reservoir simulation; 


(g) the development of many new programming techniques to make the program run faster, e.g., 
the vectorized approach to the linear equation solver and the general use of arithmetic through 


pseudo-descriptors. 


The formulation has been checked for errors and none was found, so the conclusion is that the 
method is not suitable for this class of problem. This is despite the use of upwinding techniques. 
However, the detailed formulation presented will be a groundwork for future discretization attempts 


using finite element methods. It is possible that the choice of time integration led to an unstable 


formulation. 
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Chapter VI 


FINITE DIFFERENCE - FINITE ELEMENT APPROACH 
TO THE COUPLED MODEL 


The large overhead in a fully finite element approach to the coupled problem of thermal fluid 
flow and solid deformation suggests that alternative approaches to the problem would be worthwhile 
to investigate. The natural progress of petroleum reservoir numerical simulation has been with finite 
difference rather than finite element discretization. However, finite differences have not been very 
successful for plastic deformation problems (e.g., Pyrah, 1987). A practical approach would be to 
combine solutions from a mixed discretization of finite differences and finite elements, even if it lacks 


the aesthetic aspects of a purely finite element scheme. 


In this chapter two numerical models are described: a highly implicit finite difference thermal 
reservoir simulator, and a finite element elastoplastic solid model incorporating incremental plasticity 
theory. Various degrees of coupling are proposed to provide analyses of differing degrees of complexity 
commensurate with the computing resources required to run the models. Detailed information 


regarding the discretizations is given in Appendices E and F. 


6.1 A finite difference thermal fluid-solid coupled model 


The starting point for the model is, the equations of continuity and accumulation for fluid flow 
and heat transport. The constitutive equations for flow — a molar balance — were already presented 


in Chapter IV, one for each component: 


Vv: (+ SS sabe SF La (+ »S sabeSe) = 0. (6.1) 


a=0,W,9 a=0,W,9 


There are two components in a dead oil system, where no gas exists except for water vapour. In order 
to model a three phase system (oil-water-steam) a third equation for the vapour-liquid equilibrium 


of saturated water vapour is used: 


T = f(p) (6.2) 


Neglecting the contribution of the kinetic energy, potential energy, and viscous dissipation terms, 


the constitutive equation for heat transport can also be shown to be equal to (Abou-Kassem et al., 
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1986) 


Vb) tapaVadala + (1 - bert + V- (knT) 


a=0,W,g 


0 A a — 
= Ot |. Se LiaPaSaHa at (1 a ¢) pr H, = 0. (6.3) 


a=0,W,9 


Given the assumption of a dead oil system, the equations can be rewritten in terms of mass 
densities as there is only one component per phase. Furthermore, as the finite difference method 
requires mass conservation within a specified element of volume, source terms can be added to the 
equations. One ends up with the following four equations: 


1. Energy equation: 


Vv: oy) dS PaVatalla + (1 ms Avett ate Vv: (knT) = qL we qu 


a=0,w,g 


) 

ae |. S> paSaHa +(1—-¢)prH-| =0. (6.4) 
a=0,W,g9 

where q7 is the rate of heat loss to the surrounding formations and qj, is the rate of production of 

enthalpy. 


2. Water equation: 
= \ * * ) 
V: [? (PwVwSw + PgVgSg)] — Tw Pw — IgPg + yo lPwSw + pgSq)| = 0. (6.5) 


3. Oil equation: 
V- ($PoVoSo) — 95Po + By PlPoSo] = 0. (6.6) 


where qi,, 93, and q5 are respectively the rates of production of water, steam, and oil. 


4. VLE equation 
T= pa) (6.7) 


The fluid velocities, v,, in these equations comprise two parts: the fluid velocity, Vo, with 
respect to the rock or soil skeleton, and the rock or soil velocity, v,, with respect to a fixed reference 
point. As was shown in Chapter IV, this relation can be expressed by writing the microscopic 


velocity of a fluid phase a relative to the fixed frame of reference: 


Va Vr (6.8) 
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Va = $Sa(Va — Vr) (6.9) 
where V, is the Darcy (bulk macroscopic) fluid velocity with respect to the soil skeleton, and v, is 
the microscopic soil velocity. The Darcy velocity is given by 


Va = —Aak - (Vpa + Pag) (6.10) 


The heat and flow equations can now be rewritten as: 


1. Energy equation: 


Vv. Ds Pal Va au $SaVr) Ha + (1 7 Pere st Vv: (k,T) = qd = qH 


a=0,w,g 


) 
aay |. 3 PaSaHa + (1 — ¢)prH,| =0. (6.11) 


a=0,W,g 


2. Water equation: 
= * * 0 
V- [Ppw(Vw + PSwVr) + Pg(Vg + d5gVr)] — Gy Pw — IgPg + at [P(PwSw + Pg So] = 0. (6.12) 


3. Oil equation: 
a E oe) 
V- [Po(Vo + $SoVr)] — 95 Po + By (PPoSo) = 0. (6.13) 


All three equations can now be expanded so that the terms containing soil velocities can be separated 
out. The time rate of change of porosity is actually related to the solid velocity (see later sections), 
and is considered to be a “solid” term. The following sections extract the solid terms from each 


equation and expand them so that they can be incorporated in the finite difference discretization. 


6.2 Solid terms in the heat equation 


_ The solid terms are considered separately for the convection and accumulation portions of the 


equation. 


6.2.1 Convection terms 


The general convection term of the heat equation is given by: 


V-| 3° pal(Va t+ $SaVr)Ha + (1 - ¢)prVr Hr (6.14) 


Aa=0,W,g 
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Two terms contributed by the solid phase can be identified as: 


Vv: ( ae publ) + V- [(1 — ¢)prvr Hr] (6.15) 


A=0,W,9 


These terms can be each further expanded to give three new terms, by selective differentiation. For 


the first term one can write 


ove 9 ( ae PoSaHt) (6.16a) 


a=0,W,g 
d ( Ds peSate Vay, (6.16b) 

a=0,wW,g 
( De paSate) v,: Vo (6.16c) 

a=0,W,g 
and the second term: 

(1 —¢)v, - W(o,H,) (6.17a) 
(1 — ¢)pr-H,V- vr (6.17b) 
— pp-H,v, - Vo (6.17c) 


It should also be noted that the term p,H, can be expanded in terms of the specific heat capacity 


of the rock, assuming cp, is constant in the range of AT, 


6.2.2 Accumulation terms 


The general accumulation term in the heat equation is given by 


0 


ao D2 PaSatla + (1— $)prHe (6.19) 


a=0,w,g 


The two main terms contributed by the solid matrix to this expression are: 


0 0g 
x -o)erHrl+ D1 PoSabla se (6.20) 


a=0,W,9 


Traditionally, ee is taken care of through a lumped parameter known as pore compressibility. This 


is essentially the calculated elastic response of the matrix to a given change in confining stress, 
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resulting from a change in the pore pressure. It will now be handled directly from the calculated 


volumetric strains. 


The first term is now expanded into two further terms: 


(6) (6) 
(1 - 8) 5 (or Hr) — pr He (6.21) 


The term including the time derivative of p-H, can be expanded considering Equation (6.18), as- 
suming that cp, is a constant and that the solid grains are incompressible. The latter assumption 
implies that p, is constant with changing pressure, a common assumption in soil and rock mechanics 
(Huyakorn and Pinder, 1987). The individual solid grains change volume with a change in temper- 
ature, which can be accounted for using the isobaric bulk coefficient of thermal expansion (assumed 


constant), where 


my ada (6.22) 


A first order expansion of the derivative with respect to T yields the following expression relating p 
to some reference value po(To). 


Pp = po(1 — aAT) (6.23) 
This approximation is now differentiated with respect to T to find: 


Thus one can write: 
a oH, Opp 
(1-4) 5 (6rHr) = (1-9) oe Ma ad 
OT Op, OT 


oT 
= (1 — $)(Prcpr — Hr pra) (6.25) 


The term containing the time derivative of porosity, ae can be expanded using the expression 


for porosity terms found in §6.4.1. A direct method is found as 


(6.26) 
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A general expression for porosity as a function of some reference value ¢o(po, To) is also presented 


from §6.4.1: 
Go Pest gear — Ip) 
1+ept! 


where e”t! is the incremental volumetric strain since the departure from the initial condition of ¢o. 


grt) x (6.27) 


Whence one can solve the difference expression 


Od . grt a= gr 
Gia igh oe) 


6.3 Solid terms in the fluid flow equations 


The solid terms are considered separately for the convection and accumulation portions of the 


equation. 


6.3.1 Convection terms 


The general convection term in any of the fluid equations is given by: 
V- [pa(Va + $SaVr)] - (6.29) 


where a is the phase in question. There are two such terms in the water equation (one each for 
water and gas) and one in the oil equation. The term contributed by the solid phase is identifiable 
as: 

F: (bpeSaVr)- (6.30) 


This space derivative can be expanded to 
V- (bpaSaVr) = Vr» V(paSa) + bPaSaV: Vr + PaSavr : Vo. (6.31) 
Each of these terms can now be found as follows. The first term is 
Vr: V(paSa) = [Uz Az(PaSa) + yAy(PaSa) + U2Az(PaSa)] (6.32) 
where A,, A,, A, are the appropriate difference operators. The second term is 
Aéy 


bpaSaV: Vr = bPaSaz (6.33) 


where the expansion of V- v; is given in a later section. The third term is given by 


PaSaVr : Vb = paSa(vzdad + vyAyd + vzAz9) (6.34) 
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81 
where the expansion is as before with difference operators. 


6.3.2 Accumulation terms 


The general accumulation term for phase a in the flow equations is 


S (60aSa) (6.35 


There are two such terms in the water equation (one each for water and gas) and one in the oil 
equation. The term is simply expanded as 

6) ) Og 

= Sa) = o=(PaS. Sam 6.36 

at (dPaSa) ron (PaSa) + PaSa Ot ( ) 
This second term is effectively a solid term, as the change in porosity is a function of the volumetric 
strain. Traditionally in reservoir simulation it is handled through a pore compressibility term which 
relates change in pressure to change in porosity. The pore compressibility is sometimes confused 
with the bulk rock compressibility, a point discussed by Geertsma (1957) and reviewed by Settari 
(1989). A rigorous definition of change in porosity as a function of volumetric strain can be derived 


as shown later in §6.4.1, from which an equivalent pore compressibility term can be extracted. 


6.4 Evaluation of the solid terms 


The solid coupling terms were presented in. the preceding section. The question remains how 


the expressions to evaluate them were obtained. These are presented here. 


6.4.1 Porosity terms 


The definition of porosity is 
se, Vy = V, 


o= > (6.37) 


where V, is the bulk volume of the rock and V, is the rock (matrix) volume. After some change 


in pore pressure and temperature to (p,T) from the initial conditions of ¢o0(po, To), incurring an 
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increment of volumetric strain €,, one obtains a new porosity, 


a (V, + Vier) — (V,- + AV,) 

2 ae ety er 

_ 1 [O+e)Y—-(V-+AV,) 
=| Vy | 
ee ee AV, 
=| = +e- S| 


d 


Ve 


ee c + €y — | (6.38) 


where AV, = Ve, was implied. The change in rock volume can be attributed entirely to thermal 


expansion if the rock grains are considered incompressible. 


AV, = V,a(T — To) (6.39) 
Furthermore, 
Vv, i 4 V, 1 V, 
Vo bah V5 
= ¢ -1 (6.40) 


Using these last two relationships in Equation (6.38), one obtains 


1 


a 1+é, 


[40 + €v — (1 — ¢o)a(T — Tp)] (6.41) 


For small changes in porosity, the derivative with respect to time can be found using the forward 


difference 
86 = 40 
ot t 
ib 1 do + Ey -(1 — ¢o)aAT — go(1 + Ey) 
1+, At 
1 — go €y — AAT 
= 6.42 
heres At eee 
where AT = T — To. 
6.4.2 Relating pore compressibility to material changes 
Pore compressibility is rigorously defined as: 
10 
Cp = we (6.43) 
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Note that this is not the same as the bulk rock compressibility, or the individual grain compressibil- 
ities which are considered negligible in this work. The appropriate integration, assuming cy to be 


constant over the interval, leads to the following expression for porosity: 

d = do exp’? (P—Po) (6.44) 
A first order approximation to this expression is given by 

$ = do[1 + cgAp] (6.45) 


where Ap = p— po. This expression can now be compared to the earlier expression for porosity, 


Equation (6.41), and solved for cg: 


sk (1 — $9) (Ae, — aAT) 
G+ Aey)ohp sal 


Beattie et al. (1991) pointed out that for relatively large deformations the first order approximation 
for the pore compressibility as a function of pressure would be inaccurate. Accordingly, an expression 
for cg obtained from the full solution is given by 


= E + Aéy — (1 — ¢0)aAT 


6.4.3 Relating dilation to changes in permeability 


Amyx, Bass and Whiting (1960) presented an expression for permeability as the Kozeny equa- 


tion, from the analysis of a bundle of capillaries: 


Piece (6.48) 


where kz = 5 is the Kozeny constant (actually a function of the shape factor and tortuosity of the 


porous medium), and S, is the specific surface area (per unit volume of pore space): 


A, 


The Kozeny relation is not necessarily the best approach to finding an expression for perme- 
ability, but it provides a means to examine the relation between the deformation of a rock skeleton 
and changes in the permeability. It will be incorporated in the model as the relation between 


changes in volumetric strain and permeability, but the model will not be restricted to this particular 
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relationship. A real study would demand laboratory determination of the changes in permeability 


associated with deformation of the sand. 


Consider a change in conditions from ko, S,,, As, at (po, To) to some arbitrary state (p,T). 
There will be a change in the bulk volume and the cumulative volume of the individual grains. 
There will also be change in the surface area of the grains. The changes in grain volume and area 
are assumed to result only from thermal expansion or contraction, so that the grains are considered 
to be incompressible. The change in surface area can be found by considering the grains to be 
spherical and calculating the change in the radius as a result of thermal expansion or contraction: 


AA, = naar?oAT (6.50) 


where the grains are assumed to have a uniform and constant initial radius r and there are n grains 


per unit volume of pore space. The increment of specific surface area AA, will be denoted by £: 
A, = Ag, (1 aF B) (6.51) 


The £ term will be carried through the analysis, but is not actually considered in the final imple- 
mentation, as it is assumed that 6 can be neglected because of the lesser order of change compared 


to the change in volume. The change’ in volume can be represented by 
AV, = V-aAT (6.52) 


where V, is the rock grain volume. Therefore any change in rock bulk volume, less the thermal 


expansion term, will represent a change in the void volume: 
AV, = AV — AV, (6.53) 


Thus the new porosity will be given by 


a Vo + (AV ee AV,) 


= 6.54 
The new value of S, is given by 
Ai ata B) - 
= a ae 6.55 
Steen AVENAY) , 
Thus the ratio of the new to original permeability is given by 
k_ ¢S 
ko do 3? 
2 2 
_ |%+4% 2 a ES (6.56) 
Vet AV, AZ(1+ 8)? | LV; 
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Now, the change in bulk volume is found directly from the volumetric strain: 
AV, =eyV (6.57) 


Hence one can write 
__ (Vp + AV)? Ve 
Vil +e) +A Vs 


1 1 Vien \s 
eee as ie 


aaageer 
ko 


Now, expanding the change in pore volume: 


AV, = AV - AV, 
= €,V, — V;aAT 
= €,V4 — (Vs — Vp) AT (6.59) 


Therefore, 


V, + AV, = V>(1 + aAT) + Vi(e, — aAT) (6.60) 
and, 


Vp + AV, éy — aAT 
0 (NG 
yo (1+ aAT) i 

_ €y +t aAT( do — 1) + $0 
Po 
éy _aAT(1— $0) 


= Il 
65 go 


(6.61) 


Use this result in the expression for the change in permeability; 


éy _ aAT(1- ¢o)]° 
ee {Figs SRS EN (6.62) 
ko (1 + €y)(1+ 8)? 


which includes the thermal effects. If one assumes that change in grain surface area is small compared 


to the volumetric changes, the expression simplifies to 


é f +e 2AT(1 = ta)" 


rrr (6.63) 
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Ignoring the thermal effects entirely leads to the following relatively trivial expression: 


ap PES (6.64) 


Porosity 
-a- 25.0% 


Figure 6-1 


Permeability ratio as a function of volumetric strain according to Kozeny-Poiseuille model. 


This expression is a first attempt at systematically incorporating volumetric strains into the 
(absolute) permeability. The relation between changes in permeability as a function of volumetric 
strain and porosity, calculated from Equation (6.64), is shown graphically in Figure 6-1. In a sand 
body with a normal distribution of sand grain sizes, however, the permeability could go down with 
increasing deformation. This would be due to the mobilization of the smaller particles and their 


subsequent bridging and plugging of pore throats. 
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6.4.4 Evaluation of the space derivative terms 


Various space derivatives must be evaluated to complete the solid terms. The term V-v; is 


found directly as follows: 


2s Ovho Bea 
V- Vr — (Fe =) : (vz, Vy, Vz) 
O Ouz fo) Ouy 0 Ou, 


‘Dz Tot og On On OF: 


ts) 


0 
=r [Tr(€:;)] 
x OE 


Obs 
Ley 


At 


= 
~~ 


(6.65) 


Other terms must be evaluated using finite differences. Where possible, central differences are 
used, where the first derivative u’(x) with respect to z is found as 


, — 


where the i-3 and i+} locations are the block boundaries in the —z and +z directions respectively, 


and 

Az; + Azisi 
- 

In other words, Az,, 1 is the distance between the current and neighbouring block centres. A similar 


approach is taken with the y and z directions. On boundaries, the appropriate forward or backward 


difference formulation must be used: 


wis\e oe (6.68a) 
ul (x) © — (6.68b) 
ety 


6.5 A finite element model for evaluating elastoplastic deformations 


The development of the elastoplastic finite element model PLAST-PTS3 is described more fully 
in Appendix F. The main outline of the model is provided here, as well as some detailed descriptions 


of novel features. 
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6.5.1 Formulation and statement of the equations of equilibrium 


By convention in continuum mechanics, stresses are positive when in tension and negative when 
in compression. The convention in applied geomechanics is to reverse this notation, as the majority 
of stresses in this field are in compression. This work will retain the tension-positive convention of 
continuum mechanics due to the extensive algebra used. Furthermore, tensor (Einstein) notation is 


used extensively. 


Figure 6—2 


Forces acting on an arbitrary body. 


Effective stress is given by 


Oi; = Fiz + Oi5p (6.69) 


where the Biot parameter a’ has been dropped as it is considered to be equal to one in systems with 
incompressible particles. (See assumption in earlier sections.) Consider now an arbitrary body 2, 
shown in Figure 6-2, subject to boundary tractions T; on some portion of the surface I’, internal body 
forces F;, and a resultant stress field o,; and strains €;;. In any system, energy must be conserved, 
and in the absence of any other energy equivalents, there must be an equivalence of internal and 


external work, which can be stated as 


J estes an = [ Fibu d+ | Tbs dP (6.70) 
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where 6u,; are the displacements arising from the applied loads. This statement can be rewritten in 
terms of effective stress 


Oij = Oi; = 6:3 (6.71) 
Whence: 
fois8e dQ = | rdw an+ | Touar+ | F655 pei; dQ (6.72) 
Q 


These equations can be recast in vector form, using the symmetric nature of the stress and strain 


tensors. Given the full form of the stress tensor 
Orz Ory xz 
Cig = | Cyz Tyy Fyz (6.73) 
Ozzr Oz Azz 
and that ogy = Oyz, Oyz = zy, and 0zz = Ozz, then the vector form is given by 


ae, 
(on (xx, Syy;Cxx, Tyx: xz, Oxy) (6.74) 


The vector form of the strain tensor is found similarly. Note the relationship between stress and 


strain: 
a’ =Ce (6.75) 


where C is the constitutive matrix, and the strains are related to the nodal displacements a: 
ex Lu (6.76) 
where L is the matrix of space derivative operators. The Kronecker delta is written as: 
645 =m = (1,1,1,0,0,0)” (6.77) 
The equilibrium equation can now be written in vector notation as 
fo stedn= f e-dudns | r-suar+ | pss an (6.78) 
2 2 r Q 


Now make the following substitutions for the incremental displacements and strains. For a finite 
element, the displacements can be approximated by the product of the shape functions and the 


incremental displacements at the nodes: 
bu = Nba (6.79) 


and 
be = Bou (6.80) 
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where B is the matrix of space derivatives of shape functions, B = LN. On insertion of these terms, 


Equation (6.78) becomes 
fc:p:apsuan= / e.nodns [r-noaar+ f pmBsaan (6.81) 
2 2 r 2 
The values of 6u are arbitrary and may be cancelled through Equation (6.81), giving 
if B’CB aa i= i; NT FdQ+ i N’T dr +/ mBp dQ (6.82) 
2 2 r Q 


which is an effective stress formulation of the equilibrium equations. This can also be expressed as 


the equilibrium of named loads: 


[K] u= { Fooay} + 1 Pivactiony aa {Pgore} (6.83) 


Thermal expansion is incorporated as an initial strain, generating the stress counterpart, an 


initial stress: 


2 = Céy (6.84) 


Thus the total effective stress is given by 


a’ =0,)+ Ad’ (6.85) 


and one can define a new load term for the initial strain: 
F,,6u = i 2) Bdu dQ (6.86) 
Q 
or 
F,, = A B? a) dQ (6.87) 
Q 


which is part of the sum on the left-hand side of Equation (6.82). Thus, the equilibrium equation 


becomes 


[K] u= { Fhody} + { Ftraction} ote {Fore } fan {Foo} (6.88) 


The incorporation of plasticity into the stiffness matrix [K] is discussed in detail in Appendix F. 


6.5.2 Smoothing data to mesh nodes 


Most parameter values in a finite element model are found at the Gauss quadrature points 
so that the integrals can be evaluated. The only variables found at the nodes are the primary 


solution variables, the displacements (u,v, w). However, other parameters are required to quantify 
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the behaviour of the deformed structure, such as the stress tensor, volumetric strain, and effective 
plastic strain, and to relate them to the fluid model. In particular, the principal stresses and their 
directions are of interest as they indicate when and where a hydraulic parting might occur, and its 
orientation. Two methods were investigated for smoothing values at the Gauss (quadrature) points 


to the mesh nodes: a global and a local scheme. 


Both smoothing approaches treat the problem as one of finding an approximation to a known 


function, ¢. Let the approximation be ¢, then the residual over the domain 2 can be written as 
Ra=¢-¢ (6.89) 
The weighted residual statement (see Appendix C) can then be written, such that 


if W.(¢ — ¢)dQ= | WRq dQ 
2Q 2 
=0 (6.90) 


Let the approximation be made from a combination of trial functions N,, and constant parameters 


Am, the latter chosen to optimize the approximation, i.e., minimize the residual: 


¢ m=1,...,M (6.91) 


x 
ass 
I 
I 
- 


Note that index notation is used, and repeated indices indicate summation is to take place. Inserting 


this approximation: 


[wee ~4)40 = [Wild ~ amt) 


=0 (6.92) 
On rearrangement, this becomes: 
ip WaeN d= / Web dO (6.93) 
2 Q 
or, simply, 
Ka = f. (6.94) 


where 
kim = i WiNm dQ 
Q 


(a) = (ay, Q2,+-++; Am) (6.95) 
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Let ¢ represent the smooth curve, surface, etc., of values of o, €,, or &». These values are 
only actually known at discrete positions — coinciding with the quadrature points used for the solid 
model integrations. If the same quadrature scheme is chosen for solving this new approximation 
problem, the problem can be solved because the function ¢ is known at these points. Whence the 


right-hand side of the equation can be found, and thus the values of a,,, which can be nodal values. 


This scheme has been shown for a single domain. For the global smoothing approach, the 
usual discretization into subdomains and approximations by piecewise trial functions, and element 


assembly, can be made: 
E E 
Na i WeamNm dQ = >> i Wo dQ (6.96) 
e=1 7 2° e=1 9 2° 


The choice of weighting function W, is important because only a limited number of data points 
are known on the surface being fitted. The known points would ideally coincide with the positions 
of the required quadrature points. The main choices — point collocation, subdomain collocation, 
Galerkin method, and least squares method — are described in Zienkiewicz and Morgan (1983). The 
Galerkin method was chosen because of the use of one function for both interpolation and weighting 


and the resultant symmetry in the coefficient matrix. The assignment Wz = Nz is made; thus 


kem = / NeNm dQ 
(6.97) 


fe= | Neoan 


This method has coefficients requiring straightforward integration over the domain 2. The values of 
a, found are the nodal values of a, €,, or &p satisfying the weighted residual statement. The least 
squares approach returns the same values, as is the result reported by Hinton and Campbell (1974), 


who bypassed the weighted residual statement. 


Tests on the global smoothing method showed that it gives quite unrealistic values at the 
boundary nodes, requiring some correction. Instead, a series of local approximations can be made, 
and the average value at each node can be taken. The approach, using the weighted residual 
statement and the Galerkin method, remains the same. However, the approximation is now confined 
to each element, which is solved for in each case, rather than an assembly of elements. Now one 


must solve every element equation separately: 


The solution of this system of equations is trivial for a single element, compared to an assembled 


system. In the linear brick (L8) elements used in this study, an 8 x 8 linear equation system is solved 
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for. The values found for a given node from surrounding elements are then averaged to yield the 


final interpolated value. 


6.5.3 Reported results 


The elastoplastic finite element model PLAST-PT3 is a displacement formulation, in which the 
displacements are the unknowns to be solved for. However, the solution requires the calculation 
of stresses and strains at the quadrature (integration) points within each element, with residual 
force computations to ensure that the stress state remains within or on the plastic yield surface. 
Thus a great deal more information about the material state is actually available. In particular, the 


following parameters are found as a routine part of the calculation at the quadrature points: 
(i) the effective stress vector, a’; 
(ii) the strain vector, é; 

(iii) the effective plastic strain, &,; 

(iv) the Lode angle, 6. 

Furthermore, the reactions R are found at the fixed nodes. 


Moreover, the magnitude and directions of the principal stress vectors can be calculated from 


the stress tensor, and the volumetric strain is found from the strain tensor simply as 
Ey = €4 = Tr(éi;) (6.98) 


The parameters listed above are found by default at the quadrature points, but they can be inter- 
polated to the nodes (which coincide with the finite difference block centres in the coupled model) 


using the smoothing techniques discussed in the previous section. 


The Lode angle, 0, based on the parameter described by Lode (1926), is a measure of the value 
of the intermediate principal stress relative to the minor and major principal stresses (Naylor, 1978), 
i.e., as the intermediate stress varies linearly from a2 = 03 to 02 = 0}, @ varies linearly from +30° 


to —30°. The Lode angle is found explicitly from the expression: 


0, — 202+ 03 


V(e1 ~ 63) ide 


tan@ = 


It can also be found in terms of the deviatoric stress invariants (see Appendix F), which is compu- 
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tationally much simpler than finding the principal stresses: 


ie D 
disp es (6.100) 
2 yes 
2 


The Lode angle is used as a stress invariant when describing the yield surface, but is also useful 
when tracking the stress state of a point in the material. The change in @ from +30° to —30° is 
usually an indication of principal stress rotation, which to determine otherwise would require the 


extensive calculations of the principal stresses. 


A stress ratio, K,, is defined in two-dimensional stress analysis as the ratio of horizontal to 
vertical stresses, viz., 


kee (6.101) 


This is a useful definition for the initial stress state as the principal stress directions will coincide 


with the z and z axes. A three-dimensional version of K, can be defined as 


Kien (6.102) 
Ov 


where oy,,,, = max(oH,,0H,), and is the smaller of the two values, given the tension-positive 
convention of continuum mechanics, so long as a compressive stress field prevails. If the system goes 


into tension, the statement about the relative size of the two horizontal stresses is no longer true. 


A hydraulic fracture or parting in an oil sand is a tensile failure of the material. The parting 


plane will orient itself such that it is normal to the least principal stress. 
Now, assuming that the system remains in a compressive stress regime, 
(i) Ko <1 indicates |ox,,,.| < lov], i-e., that a vertical parting is anticipated. 


(ii) K, > 1 indicates |joy| < |oy,,.|, i-e., that a horizontal parting is possible, provided that 


is also true. 


lov| < lon nin 


- If this information is combined with the Lode angle and knowledge of the initial stress state, 
one can determine whether the intermediate stress is the vertical stress or one of the horizontal 
stresses. If the horizontal stresses are initially equal and the minor principal stresses (o2 = o3) then 
the Lode angle will be +30° and K, will have a value less than one. If the stress state changes 
due to the accumulation of axisymmetric horizontal loads, then the horizontal stresses will become 
the major principal stresses (02 = 0), the Lode angle will become —30°, and K, will have a value 
greater than one. By observing the Lode angle, one has verified that the vertical stress has become 


the minor principal stress. These statements can be summarized as: 
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If the horizontal stresses are equal, then, if 


(i) Ko < 1 and @ = +30°, then oy, = oy, = 92 = 03 and a vertical hydraulic parting is most 


likely; 


(ii) Ko > 1 and 6 = —30°, then o4, = oH, = 72 = 9 and a horizontal hydraulic parting is most 


likely. 


This presentation of data is useful because it avoids one having to evaluate the principal stresses 
directly, and because one is normally only interested in whether the parting will be horizontal or 
vertical, for the purpose of steam stimulation operations. It is predicated on two assumptions, not 


always true, that 
(i) the horizontal stresses are equal; and 
(ii) the vertical and horizontal stress directions coincide with the principal stresses. 


If it is suspected that the principal stresses will not be aligned with horizontal and vertical 
planes, then it will be necessary to evaluate them explicitly to be certain of their relative values 
and directions. If only the values of the principal stresses are required, then they can be found by 


solving the characteristic polynomial formed by the stress invariants (e.g., Mase, 1970) 
a. —J,07%.—JIo0.—d3, = 0 (6.103) 


This cubic equation is easily solved using Cardan’s method (e.g., Bronstein and Semendyayev, 1985). 
If the directions are required, then an eigenvector calculation must be made. This is most easily 
done using one of the EISPACK routines available from IMSL, or in the case of this work, the NSWC 
mathematical library (Morris, 1990). The problem now arises of presenting this information without 
confusing the reader. There are three direction components and one magnitude for each principal 
stress. In two dimensions, this information is best presented as an arrow with the correct orientation 
on the paper and a length proportional to the stress magnitude. In three dimensions the task is 
much more difficult without the latest specialized software and hardware. This work presents a 
method not seen previously for providing a quick look interpretation of the principal stresses. In 
this work, we are particularly interested in which principal stress is closest to the vertical, and the 


tilt with respect to the vertical of the defining plane of this principal stress. 


To find the principal stress closest to the vertical, take the dot product of the first principal 


stress eigenvector A = (az,ay,a,) with the unit vector in the z-direction, k = (0,0, 1): 


A-k= |A| |] cos 0. ¢ (6.104) 
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where @ is the angle made between the two vectors. Whence 
1 az 
+,/a2 +2 + a2 


Note that this expression does not guarantee a unique direction for the eigenvector because of the 


@= cos” (6.105) 


two solutions to the square root. This calculation is repeated with the two other eigenvectors B 
and C. The value of @ closest to zero is the one closest to the z-direction. It is better to find the 
value of cos @ closest to one, to avoid evaluation of the cosine. This calculation can be repeated with 
the z-direction, after which the direction of the remaining eigenvector can be inferred because it is 
normal to the plane specified by the previous two eigenvectors in three dimensions. The principal 
stress information is then provided as the values of each of the principal stresses, followed by two 


sets of ordered pairs of numbers: 


1. the principal stress number closest to the z-direction, and the cosine of the angle between it 


and the z-direction; and 


2. the principal stress number closest to the z-direction, and the cosine of the angle between it 


and the z-direction. 


Then the numerical output can be scanned quickly to see which direction is closest to which 
principal stress, and statements about probable parting planes can be made quickly. A cautionary 
note should be made about the eigenvector calculations — it is possible to generate the conjugate 
direction rather than the true direction from the eigenvector routines. In other words, there is no 
guarantee of correctness of sign. It is therefore necessary to monitor changes in the principal stresses 


and to interpret sudden reversals of direction carefully. 


6.6 Coupling schemes between the models 


_ Various options exist for coupling the solid and fluid models. For each variation, it is stipulated 
that the block centres in the finite difference model coincide with the mesh nodes in the finite element 


model. The options are broadly as follows: 


1. The models are explicitly coupled at the level of the Newton-Raphson linearization steps of 
the fluid model, where the increments of pressure, temperature, and saturation, are applied as 
loads to the material. The material response as €, and v, is then supplied to the fluid model 
for solving the next Newton-Raphson iteration. The problem has converged to a solution when 


the fluid model converges. A stricter convergence requires the solid response to be found to 
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this last (converged) iteration, and the fluid model rechecked for convergence. Two different 


approaches are possible in this method: 


a) the solid terms are evaluated directly and mostly added to the right-hand-side vector in 


the equations; and, 


b) a pore compressibility term is found which replaces the pore compressibility used in the 
original finite difference model, while the remaining solid terms are added to the right- 


hand-side vector in the equations. 


The second approach contains a greater degree of implicitness in the solution, but might induce 


too great changes. 


2. The models can be run in a staggered mode, where the solid model provides information to the 
fluid model with a lag of one time step. Thus the fluid model incorporates solid parameters 
which reflect changes to the distribution of pressure, temperature, and saturation at the pre- 
vious time. The solution can also be found by incorporating a pore compressibility derivative 
with respect to pressure, which is found from the preceding time step, and is used to predict 


the pore compressibility in the current time step. 


3. The models are run so there is no feedback to the fluid model, and one sees the uncoupled 


response of the solid model to the changes in pressure, temperature, and saturations. 


6.6.1 Explicit coupling in Newton-Raphson iterations 


The finite element model is explicitly fully coupled to the finite difference thermal fluid model. 
This is achieved by stepping through the models at the Newton-Raphson iteration level of the finite 
difference model. First, a satisfactory solution is found for the finite difference model, without 
calling for the solid solution. Thus the finite difference model will select an appropriate time step 
which provides convergence. At that time, the successful time step is re-run, but now, after each 
successive Newton-Raphson iteration, the increments of pressure, temperature, and bulk density are 
applied as loads to the finite element model. The resultant solid velocity v, and the volumetric 
strain €, = Tr(é,;) are returned to the finite difference model to generate the solid coupling terms. 
Thus the solid model lags behind the fluid model by one Newton-Raphson iteration. Strict coupled 
convergence is considered to have been achieved when the fluid model has converged on two successive 
Newton-Raphson iterations, confirming that the last increment of load had a negligible effect on the 
material. It is also permissible to pass over the confirmatory iteration. If coupled convergence is not 


achieved within the allotted number of Newton-Raphson iteration steps, the time step size is reduced 
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Figure 6-3 


Coupling models at level of Newton-Raphson iterations. 
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and the problem re-run for the new, smaller, time step. Figure 6-3 is a flow chart illustrating the 
procedural logic of the coupled problem (see the next section for a description of the subroutines 


used in this program). 


Due to the irreversible nature of accumulated plastic strain, it is important to ensure that 
the loads applied each (fluid) Newton-Raphson iteration step do not change direction significantly. 
The Newton-Raphson linearisation scheme is a tangent search method, and it is possible for the 
true (fluid) solution to be overshot so that subsequent iterations push the incremental solution 
vectors in the other direction. Overshoot of the solution can be controlled by retarding the size of 
the incremental solution vectors—achieved using under-relaxation. If overshoot is recognized as a 


problem, under-relaxation can be applied during a specified number of the early iterations. 


Several options are available to adjust the method. One is to hold the solid velocity terms at the 
values from the previous time step, another is not to update them after the first n Newton-Raphson 


iterations. 


A bigger variation on this method permits the solid response to be more implicitly coupled 
to the fluid model, and, in theory, be a more stable formulation. The approach here is to take the 
terms containing the time derivative of porosity, and treat them as in the classic finite difference 
reservoir simulator formulations, viz., with a pore compressibility term. Thus one can write, for the 


first order approximation of the pore compressibility relation, 


0¢ 86 dp 


dt * Op Ot 
re) Op 
OF [go(1 + cgAp)] 3 
es OR 


zB 6.106 
(gocg + Ap) Op at 
or, for the full pore compressibility relation, 
a6 _ 960 
Ot Op At 
O dp 
=— (cgAp)| SP 
Op |¢o Sa at 
= go |¢g exp (ce?) Senge exp(c#4P) Op 
Op at 
Ocg Op 
a (« ¥ ars) Ot (6.107) 


Note the difference between the two results. The above analysis put the pore compressibility as 


a function of pressure. This refutes the assumption that pore compressibility is a constant when 
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integrating the equation defining it. This inconsistency can be resolved by considering pressure 
dependency when integrating. A relation with pressure can be assumed, lacking any experimental 


information. Assume, then, a linear function of pressure for the pore compressibility: 


Cp = ap (6.108) 
Integrating, 
Pi $1 
/ Sipe f dg (6.109) 
Po 0 ¢ 
whence, 
a p1 
3 (p? — p6) shales (6.110) 
and, 
$ = do exp(2/2)(Pr Pa) (6.111) 


from which we extract a value of a and then cg, using the relation between volumetric strain, thermal 


expansion, and porosity change. At present, this has not been implemented in the model. 


When using the pore compressibility coupling formulation, the changing values of pore com- 
pressibility over each time step require that the porosity be found in an incremental manner from 
time step to time step, rather than from some arbitrary base value, i.e., 


grt} = ¢” exp(s Ae 


P) (6.112) 
where A"p = p™*+!_p”. Pore compressibility is found from A”e, and A”T, and therefore represents 


an average value for the time step. The derivative 


ba 


2p = grt! Cee + A™p — 


(6.113) 
n+l 


is approximated as 


Cp rnmass (ones n, A™cg 
ap ~? (3 TOP At 


= grt an ~ <3) (6.114) 


When the fluid solution is found for the first sequence of the time step, the previously found 
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values of volumetric strain are projected using the approximation: 


Oe 
aaa nbd 
Nae 
wer + xe 7, Ae 
n ey —en} +1 
Tl Tr 
= 6, amare —t ) (6.115) 


This approximation ensures that a smooth change in é, is felt in the initial solution for pressure. 
An approximation using a user-input value of pore compressibility is made for the first iteration of 


the first time step. 


6.6.2 Staggered coupling (solid solution lagging) 


A simplified solution scheme is proposed where the solid solution is made to lag behind the 
heat and fluid solution by one time step. Its principal advantage is that only one call need be made 
to the solid program per time step. The values of Ae, are then always at the previous time level. 
The influence of the solid solution can be extended to the n+1 time level by calculating a new pore 
compressibility from the time-lagged solution for volumetric strain, and then forming a numerical 


derivative d 
“ 
Ocg _ G —% 


Op pa p” — pri 


This derivative can then be used to make pore compressibility a pressure-dependent variable when 


(6.116) 


solving for pressures, saturations, and temperatures at the n + 1 time level. 


6.6.3 No feedback to fluid model 


The simplest level of coupling is to remove any feedback from the solid model into the finite 
difference thermal fluid model. This form of analysis is useful for gauging the extent and degree of 
plastic deformation as a result of hot fluid injection. While they do not influence the fluid solution, 
the results permit conclusions to be drawn and inferences made about the likely outcome of hot fluid 


injection into such a material. 


6.7 Description of subroutines in coupled finite-difference and finite element models 


The subroutines constituting the implementation of the two models are described here. The 
fluid model is a proprietary model and full source code may not be given. However, adequate 


description is given considering the equations and the purpose of the routines. 
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6.7.1 Solid model routines 


The following subroutines describe the implementation of the finite element elastoplastic solid 


model. The file in which the subroutine appears follows the subroutine name in brackets. 
ALGOR (algor.f) 


This subroutine sets the equation resolution index, which governs whether the element stiffness 


matrix is updated. 

BMATPS (bmatps.f) 

This subroutine evaluates the strain-displacement matrix, B. 
CHCKRST (restarts.f) 

This subroutine checks to see whether the restart data is consistent with the main data file. 
CHECKO (check0.f) 

This subroutine checks the initial control data for valid ranges. 
CHECK 1 (check1.f) 

This subroutine checks the main control data for valid ranges. 

CHECK2 (check2.f) 

This subroutine checks the remainder of the input data. 

CONVER (conver.f) 

This subroutine checks for convergence of the iteration process. 

DBE (dbe.f) 

This subroutine returns the product DB. 

DIMEN (dimen.f) 

This subroutine presets variables associated with dynamic dimensioning. 
DIR3D (pstress.f) 


This subroutine provides abbreviated directional information from the eigenvectors eigv(), with 


respect to each of the z- and z-directions in turn. 


ECHO (echo.f) 
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If data errors have been detected by subroutines CHECK1, CHECK2, or CHECK3, this subroutine 


reads and writes out the remaining data cards. 

ELGLOB (faceinfo.f) 

This subroutine returns the local (element) node number from the global node numbers. 
FACES (faceinfo.f) 

This subroutine returns the element face number defined by the local nodes supplied. 
FECHEK (fdcpl.f) 

This subroutine equates PLAST-PT3 convergence to a global variable. 

FEFDINIT (fdcpl.f) 

This subroutine initialises related parameters common to both FE and FD modules in program. 
FEREADY (fdcpl.f) 

This subroutine initialises applied loads to zero and to revert values if required. 
FLOWPL (flowpl.f) 

This subroutine evaluates the plastic stress-strain constitutive D vector. 

front (front.f) 

This subroutine undertakes equation solution by the frontal method. 

GAUSSQ (gaussq.f) 

This subroutine sets up the gauss-legendre integration constants for 3-D L8 and L6 elements. 
INCREM (increm.f) 

This subroutine increments the applied loading. 

INIPLST (plinit.f) 

This subroutine initialises variables for PLAST-PT3. 

INITST (initst.f) 

This subroutine calculates the equivalent nodal forces for the cumulative initial stresses. 
INPUT (input.f) 


This subroutine accepts most of the input data, plus any initial stresses. 
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INVAR (invar.f) 

This subroutine evaluates the stress invariants and the current value of the yield function. 
JACOB3 (jacob3.f) 

This subroutine evaluates the Jacobian matrix and the Cartesian shape function derivatives. 
LCLAVG (Iclavg.f) 


This subroutine prepares and calls for the solution of nodal averages using Galerkin method — local 


averaging only. 

LINEAR (linear.f) 

This subroutine evaluates stresses and strains assuming linear elastic behaviour. 

LOADPS1 (loadps1.f) 

This subroutine evaluates the consistent nodal forces for each element — initial loadings. 
LOADPS2 (loadps2.f) 

This subroutine evaluates the consistent nodal forces for each element — incremental loadings. 
MODPS (modps.f) 

This subroutine evaluates the elastic constitutive D matrix. 

NEWLOAD (newload.f) 


This subroutine sets up the values of change in pore pressure, temperature, and bulk density, for a 


given instant in time. 
NODEXY (nodexy.f) 


This subroutine interpolates the mid-side nodes of straight sides of elements and the central node 


of 9 noded elements. 

OUTPUT (output.f) 

This subroutine outputs displacements, reactions and stresses. 
PLASTPT3 (plastpt3.f) 

This is the main controlling routine of the finite element program. 


PRSTIN (restarts.f) 
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This subroutine reads the current variables from the restart file according to the appropriate time 


step number. 

PRSTOUT (restarts. f) 

This subroutine prints the current variables to the restart file. 
DIR3D (pstrclc.f) 


This subroutine provides abbreviated directional information from the eigenvectors eigv(), with 


respect to each of the z- and z-directions in turn. 

PSTPREP (pstrspr.f) 

This subroutine returns the principal stresses and their vectors. 

RESIDU (residu.f) 

This subroutine reduces the stresses to the yield surface and evaluates the equivalent nodal forces. 
SFR3 (sfr3.f) 


This subroutine evaluates shape functions and their derivatives for L8 linear brick elements and L6 


linear triangular prism elements (both 3-D). 
SJACOB3 (sjacob3.f) 


This subroutine evaluates the surface multiplier for Gauss integration, equivalent to the Jacobian 


for 3-D integration. 

STIFFP (stiffp.f) 

This subroutine evaluates the stiffness matrix for each element in turn. 
TOFD (fdcpl.f) 


This subroutine converts parameters from the FE model to ordering that the FD model uses. It 


passes the latest values in volumetric strain and displacement velocities. 
TOFE (fdcpl.f) 


This subroutine converts parameters from the FD model to ordering that the FE model uses. It 


passes the latest changes in temperature, pressure, and density. 
TOFE1 (fdcpl.f) 


This subroutine converts parameters from FD model to ordering that the FE model uses. It passes 
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the initial values in temperature, pressure, and density. Note that an initial density was used for 


the initial stress calculations, so that this is altered for use with PLAST-PT3. 

V2MAX (loadps2.f) 

This subroutine finds the maximum absolute value of a 2-D array. 

VITABLE (newload.f) 

Routine to write out the reservoir parameters for perusal (integer version). 

VTABLE (newload.f) 

Routine to write out the reservoir parameters for perusal (real version). 

YIELDF (yieldf.f) 

This subroutine evaluates the flow (rule) vector for three dimensions. 

ZERO (zero.f) 

This subroutine initialises various arrays to zero. 

ZEROEV (fdcpl.f) 

This subroutine zeros the volumetric strain vector before applying loads from injection or production. 
A small number of function subroutines are used in the finite element model: 
INSET (faceinfo.f) 

This function tells whether the input vector I, is equal to the set {11, 12,13, /4}. 
INSUBD (pstrspr.f) 


This function checks whether the point IPOIN is in the fluid flow subdomain; location ILOC is the 


permutation vector index. 


6.7.2 Fluid model routines 


The following subroutines describe the implementation of the finite difference thermal fluid 
model. The file in which the subroutine appears follows the subroutine name in brackets. 


CALCNEW (couplings.f) 


This subroutine calculates the new terms used in the fluid model when it is coupled to the solid 


model. 
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CALCOEF (calcoef.f) 


This subroutine prepares the coefficient matrix and constant vector for the primary variable solu- 


tions. 
CLCTRANS (couplings.f) 


This subroutine prepares the constant part of the transmissibility term using the permeability mod- 


ifications. 

CPLOUT (couplings.f) 

This subroutine prints out coupling parameters for debugging. 

DOMOL1 (smfa_units.f) 

This subroutine makes a molar quantity out of a mass-based one. 

DTUPDATE (updates.f) 

This subroutine updates variables preparatory to performing a new time step. 

FDFESPS (fdfesps.f) 

This is the main program header, and invokes the type of simulation requested by the user. 
FELOADS (couplings.f) 


This subroutine prepares the changes in pressure, temperature and bulk density to be used as loads 


in the finite element model. 
FELODS1 (couplings.f) 


This subroutine prepares the first set of changes in pressure and bulk density to be used as loads 
in the finite element model. The initial temperature field is the departure point for temperature 


changes, so it is not applied as a separate load during initialization. 
FEPOUT (couplings.f) 

This subroutine prints out pore compressibility data. 

FEPRJCT (couplings.f) 

This subroutine projects €, and v, values from the previous time step. 
FEPROP (couplings.f) 


This subroutine calculates the new terms used as basic properties (porosity, absolute permeability). 
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GOPLAST (sim3d3p.f) 

This subroutine executes PLAST-PT3 for latest Newton-Raphson iteration. 
INICOEF (initial.f) 

This subroutine calculates the heat loss to the overburden. 

INITL1 (initial.f) 

This is a parameter initialisation routine run once at the start of the simulation. 
INITL2 (initial.f) 

This is a parameter initialisation routine run once at the start of a new time step. 
INPUT1 (ins.f) 

This routine reads in the main data for the fluid model. 

INPUT2 (ins.f) 

This routine reads in well data for the fluid model. 

INUSER (smfa_units.f) 


This routine reads in user defined input units and sets up the vector of constants to convert them 


to internal (SI) units. 

IOUSER (smfa_units.f) 

This routine controls the units routines and prints the final table. 
NRUPDATE (updates.f) 


This subroutine does NR iteration check, followed by updating or reverting for a repeat series of 


cycles. 

OUTCUP (outs.f) 

This subroutine outputs coupled data at the same times as does OUTS2. 
OUTS1 (outs.f) 

This subroutine outputs the initial report at the start of the simulation. 
OUTS2 (outs.f) 


This subroutine outputs reports at user defined times. 
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OUTUSER (smfa_units.f) 


This routine reads in user defined output units and sets up the vector of constants to convert them 


to internal (SI) units. 

PRJCTN (sim3d3p.f) 

This routine controls the prediction of approximations to solid parameters at start of a time step. 
SETFEFD (couplings.f) 

This subroutine sets shared values for the solid and fluid models. 

SIM3D83P (sim3d3p.f) 

This subroutine starts the entire simulation. 

SIMCTL (sim3d3p.f) 

This subroutine controls the entire simulation for every time step. 

SMFUNITS (smfa_units.f) 

This subroutine converts unit scales from pure S.I. to those originally used in SIM3D3P. 
STRTPLST (sim3d3p.f) 


This subroutine starts PLAST-PT3 by initialising all stresses and reactions. 
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Chapter VII 


PREPARATION AND ANALYSIS OF DATA: 
PRE- AND POST-PROCESSING 


A basic problem with the interpretation of data is the appropriate presentation for analysis. 
Arranging the data for convenient access and graphing is of the utmost importance, and where 
possible, the use of animation permits the overview of a sequence of events in a short time. The 
presentation of three-dimensional data has the additional problem of portraying a third dimension 
on a planar display. Several tools have been developed to aid in the preparation and analysis of data 


from the numerical models described in this thesis. 


(i) A grid generation program, grid, assists in describing the three-dimensional mesh for the finite 
element program, giving a convenient method for describing element connectivities (incidence 
matrices), nodal fixities (prescribed displacements), and the permutation vector describing the 


position of the fluid flow domain in the global mesh. 


(ii) An element connectivity program, create_conns, processes the three-dimensional finite ele- 
ment grid to produce polygon vertex sets which can be input into a three-dimensional display 


program such as Mathematica. 


(iii) A program, dvar, processes pressure and temperature data from the fluid flow model prepara- 


tory to input to the solid model as loads. 


(iv) A post-processing program for the main output file from the finite element model, postp, 


extracts user-specified data from otherwise unwieldy files (frequently in excess of 50 Mbytes). 


(v) A program, conprep, processes data summarized from either the solid model by postp or 
directly from one of the output files from the fluid flow model. The data is stored to the public 


domain HDF file format for later use. 


(vi) A program, conslice, takes three-dimensional HDF data and extracts a slice or plane of values, 


| saving either to an ASCII table or to another HDF file, or both. 


(vii) Two public domain programs, fp2hdf and Image3, are used to generate raster images of the 
planar data from the files made by conslice, and then to create animated sequences of the 


raster images. 
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7.1 Using the pre-processing routines 


The pre-processing program, grid, is required to generate the finite element mesh for PLAST- 
PT3. If the flow model is run separately from the solid model, then the output file IPLAST from the 
flow model must be pre-processed by dvar to provide suitable input to PLAST-PT3. The preparation 


of data for and the use of these programs is discussed below. 


7.2 grid 


grid is a FORTRAN77 program for finite element generation. The program is compiled by Sun 
£77 using the following command: 


sii -u_-g =f£68881 -o grid grid.f 


The grid program can generate 3-dimensional rectilinear meshes using 8-noded brick elements. The 
output information includes the element connectivity matrix (relating element nodes to global node 
numbering) complete with identification of element material, the coordinates of the nodes, a table of 
nodal fixities (constraints on displacements in any combination of the z-, y-, and z-directions), and 
the permutation vector identifying a specified subdomain where the flow model operates. Totals in 
all categories are also provided as comments. The data can be used directly with PLAST-PT3 as 


input. 


The grid program is simple to run, using only standard input and output: 


grid < grid_input > grid_output 


A typical input file for grid generation is as follows: 


comment character 
mesh generation 


x, y, Z number of nodes 
8 8 14 


# coordinates of first node 
tx y z 
0.0 0.0 =535.4 


# x-lengths from the start position 

40.0 40.0 4.0 10.0 20.0 40.0 100.0 
w 

# y-lengths from the start position 

40.0 40.0 4.0 10.0 20.0 40.0 100.0 


r ca 
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# 
# z-lengths from the start position 


40, 0m20.0 21050) 4:08 (3.47, 2.5.7 34.0. 610.0. °20.0. 40.0 80.0. 150.0 .150.0 


# 

# plane in which nodes are numbered (x,y,z) == (1,2,3) 
3 

# 

# start node numbering in which direction (x,y,z) == (1,2,3) 
1 

# 


# fixities are additive: only worry about those acting on whole face! 
# fixities can exist on all six outside faces of domain. Note the 
# fixity code (bbb) where b = O or 1, and corresponds to positions (xyz). 
# 
# x+ plane fixities 
100 0.0 0.0 0.0 
# x- plane fixities 
1C0 F*-OL0"* 7O70% 87030 
# 
# y+ plane fixities 
v10> 0.0 0,0" *0.0 
# y- plane fixities 
010" 0.6. 0,04 0.0 
# 
# z+ plane fixities (top surface is free surface) 
900 0.0 9.0 0.0 
# z- plane fixities 
B01 460.0) 10.0, 4020 
# 
# number of supplementary material types to associate with elements 
# (i.e., above default number 1, which the main body takes) 
2 
# numbering is by element in the same (x,y,z) directions as for the nodes 


# note that the numbers can overwrite previous definitions 
# matno xmin, xmax, ymin, ymax, zmin, zmax 
2 1 7 1 tf 7 13 


3 1 tf 1 7 1 4 


# subdomain origin in global domain 
# xmin, ymin, zmin 

1 | re 
extent of subdomain, relative to global domain 
note that we chose z +ve upwards, opposite to typical reservoir 
simulator for which the permutation vector is intended 

snx, sny, snz 

3 3 -3 


# # # 
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7.3 dvar 


When running the fluid flow and solid models separately, the output from SIM3D3P can be 
processed to give loads that PLAST-PT3 can read as input. The condensed output file IPLAST 
generated by SIM3D3P can be processed by dvar to give the changes in pore pressure and temperature 
for each time step, which are then used as loads. Note that at the zeroth time step, there is an initial 
pore pressure loading to be applied, while there is a zero temperature field to be imposed (initial 
temperature). The units are also changed to kPa and °C, which are required by PLAST-PT3. dvar 
can also generate tables of data with coordinate information, information which must be supplied 


in the header file. 


dvar takes one file as input: the output file IPLAST from SIM3D3P with a header prepended 
to it. Only the short header will be described. Two important lines at the end of the header inform 
the program which data are present in the file, and which data should be processed. dvar is simply 
invoked using standard input and output: 


dvar < data > dpdt_output 


A typical header segment is as follows: 


# start with comment character 

# 

# PROBLEM: 0: do incremental values between each time step 
cc 1: do total change since start. 

# COLS: 1: sort data into cols ‘with (x,y,z) coordinates 
# UCONV: 0: do no units conversion 

# UCONV: 1: do default units conversion 

# problem, cols, uconv 


OF 5a 


# start of data from FDFESPS 

# Started analysis on Wed Jun 26 13:35:31 1991 

# 

# all data written out as NX, NY, NZ 

5 5 3 

# 

cd 

# read in: 

#p T So Sw Sg den_b phi kfact 
1 adi2 3 4 5 0 0 0 

# write out: 

#p T So Sw Sg den_b phi kfact 
14°52 0 0 0 0 0 0 
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7.4 create_conns 


create_conns is a C program to create (z, y) connectivity lists from the element connectivity 
matrix. The purpose is to re-describe the original matrix connectivity list in terms of either the 
element edges (lines) or faces (quadrilaterals). The program produces the minimum set of objects 
required to draw the domain with the element boundaries, either as a complete set with internal 
elements, or merely the exterior faces. This information can then be input to a program capable of 
generating three-dimensional images for fast processing into such an image. The procedure will be 
described for using Mathematica®, a commercially-available program. create_conns requires two 
input files if only the exterior surface need be rendered, or one if the entire domain will be described. 
In both cases an input file will be required with information defining the problem and the element 
connectivity matrix, and is supplied as standard input. The second file, if required, is a list of nodal 
coordinates and is read in using a file name given in the first data file. The order of the output 


reflects the order of the elements of the original input file. 


The program is normally invoked directly: 


create_conns < my_input > my_output 


The main input file takes the following format: 
1. ‘debug’ 
This optional word indicates that visual feedback is provided as the elements are processed, in 
the form of a dot every ten elements that are passed through. 
2. data_type 
data_type = ‘line’: generate connectivities as lines joining the element vertices to define 
the element edges. 
data_type = ‘poly’: generate connectivities as quadrilaterals defining the element faces. 
3. datatype coord_fname xface yface zface xmin xmax ymin ymax zmin zmax 
Place a ‘#’ at the start of this line if it is desired that the entire domain, including the interior 
- elements, be rendered. 
data_type = ‘limits’: generate data only for the exterior faces of the domain. 
xface yface zface: these data indicate which faces will be defined in each of the z, y, z 
directions. One flag is provided for each coordinate: 
xface = 0: negative z-direction, 
xface = 1: positive z-direction, 
xface > 1: both z-directions, 


xmin xmax ymin ymax zmin zmax: these data indicate the limiting values in each of the z, y, z 
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directions, being the extremes in the negative and positive directions for each coordinate. 
xface yface zface: these data indicate which faces will be defined in each of the z, y, z 
directions. One flag is provided for each coordinate: 

4. i mat ni n2 n3 n4 n5 n6 n7 n8 
This is the list of element incidence matrices where i is the element number, mat is the material 
ID number (superfluous, any integer will do), and ni to n8 are the global defining node numbers 
for the element. There will be as many lines of data as there are elements constituting the 


domain. 


If the file of nodal coordinate data is required, it takes the simple form of : 


1. x_coord y_coord z_coord 


where the nodes are implicitly numbered sequentially. 


7.4.1 Using Mathematica(R) with output from create_conns 


Mathematica has powerful drawing capabilities, and can easily render a three-dimensional 
object that is adequately defined. The object can then be viewed from any desired angle and 
distance using the interactive tools available in the application, and can be exported as an EPS file 
for annotation and embellishment before using it as an illustration. The output from create_cons 
is used with the same file of nodal coordinates mentioned in the previous section. The following set 


of Mathematica command lines will input the required data and draw the solid body: 


xyz = ReadList ["nodal_coords", {Number , Number, Number}] ; 
connpoly = ReadList ["test_ext_polys", 

{Number ,Number, Number ,Number}]; 

graphpoly = Table[ Polygon[{xyz[[ connpoly[[i,1]] ]], 
xyz({ connpoly[[i,2]] J], xyz{{ connpoly[{[i,3]] J], 
xyz(({ connpoly[[i,4]] ]] } J], {i, Length[connpoly]}]; 
polydiagram = Graphics3D[ {graphpoly} ] 
SetOptions(Graphics3D, Shading->False, Boxed->False] 
Show[ polydiagram ] 


7.5 Using the Post Processing Routines 


The post-processing programs postp, conprep, conslice, and fp2hdf, plus the Image3 pro- 
gram for the Macintosh, are required for the appropriate analysis of output from PLAST-PT3 and 
SIM3D3P. The preparation of data for and the use of these programs is discussed below. 
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7.6 postp 


postp is a C program to extract data from the main output file generated by PLAST-PT3. The 
program is compiled using the following command: 


gcc -O -g -o postp postp.c 


The amount and type of data extracted from the main output file is governed by a short header 
file which is prepended to the main output file. On a Unix system this is easily achieved by the 
following pipelined command: 


cat header_file main_data | postp > result_file 


A typical header file is as follows: 

TYPE METHOD (integer codes) 

VARIABLE_SOUGHT (character data, e.g., displacement) 

OTHER_CODES (integer codes, such as: the number of nodes or Gauss points, the node or element 


numbers, the time step number, ranges to be ignored.) 


No comment markers are currently supported. The currently supported options are listed in 


the following subsections. The marker | is used to denote the binary OR operator. 


The following is a list of the routines other than main which are called in the program: 
search11() 
search12() 
search2() 
search3() 
search4() 
search61() 
search62() 
search71() 
' search72() 


The first digit at the end of the routine name corresponds to the TYPE number, and the second 
digit corresponds to the METHOD number. The formats of the data files are now explained for each 
TYPE number. 


1.6.1 TYPE= J 


Presents displacements or reactions at specified nodes for every time step. The directions of 
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the data depend on the METHOD chosen. dz, dy, and dz data are presented for one specified node 
if METHOD = 1. Only one of the three directions is presented if METHOD = 2, but for several node 
numbers specified in ascending order. Example header files are: 

ot ral 

displacements|reactions 

NODE_NO 

LEZ 

displacements|reactions 

x|y|z-direction 

NDATA 

NODE_NO_1 

NODE_NO_2 


420.2) LYPE.=2 


Presents effective plastic strain €), volumetric strain €,, the stress components ozz, Oyy, OF 
zz, or Lode angle @ at selected Gauss points and elements at each time step. Only METHOD = 2 is 
permitted. An example header file is: 

Pare 

EPS|Ev|Sxx|Syy|Szz|Lode 

NDATA 

ELEM_NO_1 GAUSS_PT_1 

ELEM_NO_2 GAUSS_PT_2 

ELEM_NO_3 GAUSS_PT_3 


7.6.3. TYPE = 3 


_ This type will generate an echo of all the output data for a specified time step. The method is 
necessary but irrelevant. An example header file is: 
31 
TIMESTEP_NO 


7.6.4 TYPE = 4 


Presents, for all time steps, all non-zero values of €, (for METHOD = 1) or negative values of the 


stress ratio K, (for METHOD = 2). A specified number NRANGE of groups of elements can be excluded 
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from the report, and must be specified in ascending order. Each group is identified by the range MIN 
to MAX. Thus the growth of the sheared zone can be identified, or the development of either vertical 
or horizontal positive (tensile) stresses. The number of expected Gauss points must be provided 
(generally eight). An example header file is: 

4 1/2 | 

NGAUS 

NRANGE 

MIN[O] MAX[0] 

MIN(1] MAX(1] 

MIN[2] MAX[2] 

MIN[NRANGE] MAX [NRANGE] 


7.6.57°7DYPE=S 


Presents, for all time steps, all tensile (positive) stresses. A specified number, NRANGE, of groups 
of elements can be excluded from the report, and must be specified in ascending order. Each group 
is identified by the range MIN to MAX. Thus the development of positive (tensile) stresses can be 
identified. The number of expected Gauss points must be provided (generally eight). The METHOD 
identifier is necessary but irrelevant in this case. An example header file is: 

al 

NGAUS 

NRANGE 

MIN[O] MAX[0] 

MIN[1] MAX[1] 

MIN(2] MAX[2] 

MIN[NRANGE] MAX [NRANGE] 


7.6 6.0 VER 6 


Presents all values of one variable within one time step. Nodal variables such as displacements 
and reactions are generated for METHOD = 1, and values at Gauss points such as &), €y, Ozz, Tyy; 
Ozz, or Lode angle @ for METHOD = 2. In the latter case, the number of Gauss points to be reported 
must be specified after the time step number. Example header files are: 

61 


Displacements|Reactions 
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TIMESTEP_NO 

6 2 
EPS|Ev|Sxx|Syy|Szz|Lode 
TIMESTEP_NO NGAUSS_PTS 


7.6.40 (1 YPE = 7 


Presents all values of one variable for all time steps up to a specified time step. Nodal variables 
such as displacements and reactions are generated for METHOD = 1, and values at Gauss points such 
as Ep, Ey, Oxrz, Syy, Ozz, Or Lode angle @ for METHOD = 2. In the latter case, the number of Gauss 
points to be reported must be specified after the time step number. Example header files are: 

tf 3k 

Displacements|Reactions 

TIMESTEP_NO 

a2 

EPS|Ev|Sxx|Syy|Szz|Lode 

TIMESTEP_NO NGAUSS_PTS 


7.7 conprep 


conprep is a FORTRAN77 program to create an HDF (hierarchical data format) file from 
either the PLAST-PT3 data, via the postp program, or from the IPLAST or SPLAST output files 


from SIM3D3P, the reservoir simulator. conprep is a multi-purpose program: 


(a) it will generate a 3D HDF file from the output created from postp (typically TYPE = 7 and 
METHOD = 1 or 2) for a specified subdomain, and for all time steps; 


(b) it will generate a 3D HDF file from the output file IPLAST created from SIM3D3P, for a specified 
subdomain, and for all time steps. The data presented can be in terms of the actual values, 


changes over a time step, or the cumulative change since the start of the time steps; 


(c) preparation of tables of data from postp output. The program can generate data according to 


several options: 
(i) a table of nodal data with ,j,k coordinates; 
(ii) a table of nodal data with z,y,z coordinates; 


(iii) a table of Gauss point data with z,y,z coordinates; 
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The program will only process one value of data in space, and when considering displacements or 


reactions, the z, y, or z direction of the variable must be selected. 


ptnodl.f 


conprep 


coninit 
ndatmat 
edatmat 


getcmmt 


getstring 
nodals 
elems 

loctable 


ptnodl 


pstnodl 


setup.f setgpos 
setgeom 


getcods 


Table 7-1 


Source files and routines constituting CONPREP 


echocmmt 


sdsprep.f findMaxMin3 
sdsprep 


Data can be extracted on a plane or along a line, and then tabulated. 3D data can be extracted 


only when creating the HDF file. The hierarchical data format is a versatile binary storage scheme for 


scientific data placed in the public domain by the National Center for Supercomputer Applications, 


University of Illinois at Urbana-Champaign, IL, U.S.A, commonly referred to as the NCSA. A group 


of floating point data, called a scientific data set (SDS), is combined as an HDF file, to which more 


SDSs can be appended. This is used to add data for each time step from a simulation. Various 


visualisation tools are available which require HDF files as input. The format is also convenient 


wv? 


fuwmnastow bd mao aba TAB Moreland: ssc Syma ands pauls a a) besten eh nay sil 
Sal sine 
re wR qu wa wD leek of3 yi aiaenad xildeg <4. ai hoowiq aieb viliineins 
iytery A ATOM. saben ext heristor qhe corse ral Al praia wend 3a. sind To vgieroidt3 
sider iw ot MATER oe ws tonkine a, ARR 
susea nciiwbimin ¢ mot ques oni’ dose <a} ay tbs. of boats aia? habregge. of mam a2 
_feikmgece ody af dard oT silt oi a el te ois root mokiaaliaty 


aan 
Fn 


j 


vers a ait fou ¢ 


sata arde > 
wiht an 


(Paha 


how Rat: 
| Ss potas ins a i 


=~ 


ae 
7 in = : i 


= A , r 


1 et 


tots cana sit antes a 2} tape «Si bdo aro Oe olf 4H ari? yriswore nactw vio 


os a 


p Siiinsinn 2 hotleo .o2uh suing yaiteat bo 


a ae oe a_i 


121 


and compact for general storage and extractions. The details of the HDF support are available by 


anonymous ftp from the Internet archive site zaphod.ncsa.uiuc.edu [128.174.20.50]. 


The table of data generated by conprep is a matrix suitable for input into contouring programs 


which cannot resolve data in a simple (z, y, z) column format, which is also produced. 


The program consists of the files and subroutines listed in Table 7-1. The program can be 
easily compiled on a Unix system by typing make prep in the presence of the source files and the 
supplied makefile. The program is run two slightly different ways, depending on whether the output 
being processed comes from PLAST-PT3 or SIM3D3P. Both cases require a shell script to start the 


process. 


7.7.1 Scripts MKSDS and MKSDSRUN: for PLAST-PT3 output 
This script is run using the command: 
mksds postp.hdr plast.out conprep1.hdr conprep2.hdr coords grid rows.cols SDSfile 
The script parameters are explained below. 
(i) postp.hdr is the header file for the postp program (TYPE = 7 and METHOD = 1 or 2). 
(ii) plast.out is the main data file output from PLAST-PT3. 


(iii) conprep1.hdr is the first part of the control data for conprep. The type of information 


depends on whether one is extracting nodal or Gauss point (element) data. 
(iv) conprep2.hdr contains data for labelling and initialising the HDF file. 
(v) coords is a file of nodal coordinate data in the form NODE_NO, X, Y, Z. 


(vi) grid is a file containing different connectivity data, depending on whether one has nodal or 


element data. 


(a) Nodal data. The table is a connectivity table relating (7,7, k) locations to node numbers. 
Node numbers are read in such that the left-hand index varies fastest, i.e., 7, then 7, and 


lastly k. 


(b) Element data. Two sets of data are required. First, a connectivity table relating (7, 7, k) 
numbering of elements to element number, read in in the same manner as for node 
numbers. Second, an incidence matrix defining the local node number in each element in 


terms of the global node numbering, in the form ELEM_NO, NODE_1, ..., NODE_8. 
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(vii) rows.cols is a short file containing the number of rows and columns of numeric data output 


from postp in each time step. 
(viii) SDSfile is the name of the SDS file to be created and written to. 


If a constant PLAST-PT3 output file is used, and postp and conprep header files have been 
set up, a simpler script can be used: 


mksdsrun elem|node xx 


where xx is the data of interest (e.g., K,, displacements, etc.) and either NODE or ELEM is specified. 


This script simply invokes the other script, mksds. 


7.7.2 Preparing the header files for conprep 


It is already assumed that the main PLAST-PT3 output file has been postprocessed using 
postp, to generate single value data for all points and time steps (using TYPE = 7 and METHOD = 1 


or 2). The examples are divided into nodal and element data. 


(1) conprep1 for nodal data. Comment lines are permitted, where the comment character appears 
in the first position in the file, (typically, ‘#’). Four lines of data must appear in the following 
order: 

1. TYPE, SDSFLAG, EORN (integer) 
TYPE = 0: only generating a table of locations, e.g., z, y, z. 
TYPE = 1: obtaining data as well as locations. 
SDSFLAG < 0: no SDS file. 
SDSFLAG = 0: new SDS file. 
SDSFLAG = 1: old SDS file with new attributes and labels. 
SDSFLAG 


2: add data with existing attributes and labels. (Usually SDSFLAG <= 0, no HDF 
file or a new one.) 

EORN = 1: nodal data. 

2. IMIN, IMAX, JMIN, JMAX, KMIN, KMAX (integer) 

Gives ranges of nodes defining subdomain of dataset output from postp. One pair must be 
equal to define a plane, and two pairs must be equal to define a line. If an SDS file is being generated, 
the IMIN, JMIN, KMIN values are used to annotate the file, providing a reference frame for offsets 
in future requests for data from the file. 

3. XSCALE, YSCALE, ZSCALE, VSCALE (real) 
The first three factors modify the values of the scales, and VSCALE modifies the values of the 
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data. 

4. NCHOICE, NDIR (integer) 
NCHOICE = 1: print nodal coordinates as (i,j,k). 
NCHOICE = 2: print nodal coordinates as (z,y,z). 
NDIR 
NDIR = 2: choice of y-direction for data. 


1: choice of z-direction for data. 


NDIR = 3: choice of z-direction for data. 


(2) conprep1 for element data. Comment lines are permitted, where the comment character 
appears in the first position in the file, (typically, ‘#’). Five lines of data must appear in the 
following order, followed by NGAUS lines of Gauss point coordinates. 

1. TYPE, SDSFLAG, EORN (integer) 
TYPE = 0: only generating a table of locations, e.g., z, y, z. 
TYPE = 1: obtaining data as well as locations. 
SDSFLAG < 0: no SDS file. 
0: new SDS file. 
SDSFLAG = 1: old SDS file with new attributes and labels. 
SDSFLAG = 2: add data with existing attributes and labels. (Usually SDSFLAG <= 0, no HDF 


SDSFLAG 


file or a new one.) 

EORN = 2: element data. 

2. IMIN, IMAX, JMIN, JMAX, KMIN, KMAX (integer) 

Gives ranges of nodes defining subdomain of dataset output from postp. One pair must be 
equal to define a plane, and two pairs must be equal to define a line. If an SDS file is being generated, 
the IMIN, JMIN, KMIN values are used to annotate the file, providing a reference frame for offsets 
in future requests for data from the file. 

3. XSCALE, YSCALE, ZSCALE, VSCALE (real) 

The first three factors modify the values of the scales, and VSCALE modifies the values of the 
data. 

4. GLYR1, GLYR2, GLYR3 (integer) 

Assuming a 2 x 2 x 2 integration scheme, these values indicate the upper or lower Gauss points 

in the i, 7, and k directions respectively. These values are ignored when 3D data is being 

extracted. 
GLYRn = 1: lower layer in direction n. 
GLYRn = 2: upper layer in direction n. 
5. NGAUS (integer) 
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This is the number of Gauss points in any element (8). 
6. GP_NUM, XI, ETA, ZETA 


NGAUS lines with the Gauss point number and local (element) coordinates. 


(3) conprep2 — second and final header file for both nodal and element data. Comment lines are 
permitted. This file contains the label information used by the HDF files. The entry of data is 
governed by the first non-comment line in the data. All text data is limited to a maximum of 
256 characters. The first line contains data for the logical array LABELS(4). 

If LABELS(1) is true, then three lines of text information are expected: 

1. data label; 

2. data units; 

3. data format for output, e.g., G16.5. 
The remaining three array entries in LABELS refer to the character data for each of the axes or 
dimensions of the data. LABELS(2), LABELS(3), LABELS(4) respectively indicate the pres- 
ence of three lines each of data for each axis direction (x,y,z). This data is given on three 
lines for each case: 

1. axis (dimension) label; 

2. axis units; 

3. axis format for output, e.g., G16.5. 
The data labels are modified by the program according to information generated by postp, 
yielding information for this output on the type of data, the time step number, and the simu- 


lation time. 


7.7.3 Scripts MKSDSPT and MKSDSPTRUN: for SIM3P3D output 


This script is run using the command: 


mksds iplast|splast conprepi.hdr conprep2.hdr coords var_num SDSfile 
The script parameters are explained below. 


(i) iplast|splast are the output files produced by SIM3D8P, slightly modified at the start with 
a permutation table and option flags. iplast contains pressure, temperature, fluid saturation, 
porosity, bulk density, and permeability modifier data for each time step. splast contains 
principal stress values and the principal stress number closest to the z- and z-axes respectively, 


and their actual proximities (as cosine of the angle). 


(ii) conprep1.hdr is the first part of the control data for conprep. The type of information depends 
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on whether one is extracting nodal or Gauss point (element) data—this data is always nodal 


from SIM3D3P. 
(iii) conprep2.hdr contains data for labelling and initialising the HDF file. 


(iv) coords is a file of nodal coordinate data in the form NODE_NO, X, Y, Z. Explained in the 


previous section. 


(v) var_num is the identification number of the variable being extracted. The current selection of 


variables is shown in Table 7-2. 


pressures (p) major principal stresses (01) 

temperatures (T) intermediate principal stresses (a2) 

oil saturations (S,) minor principal stresses (03) 

water saturations (S,,) (40) principal stress no. aligned closest to z-axis 
(41) actual proximity as cosine of angle to z-axis 

gas saturations (S,) (50) principal stress no. aligned closest to z-axis 
(51) actual proximity as cosine of angle to z-axis 

bulk densities (pour) 

porosities (¢) 


permeability ratios (E) 


Table 7—2 


Selecting data from the IPLAST and SPLAST files 


(vi) SDSfile the name of the SDS file to be created and written to. 


If a constant IPLAST or SPLAST output file is used, and the conprep header files have been 
set up, a simpler script can be used: 


mksdsptrun var_num var_name 


where var_num is the identification number of the variable, as above, and var_name is the preferred 
name for that variable (e.g., pressure, prs, dP, dP_cum), and is used as a subscript on the output 


files. This script simply invokes the other script, mksdspt. 
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7.7.4 Preparing the IPLAST file for conprep 


The IPLAST and SPLAST files generated by SIM3D3P must be slightly modified. The data 
must appear in the following order: 
1. UCONV, DCUM, DRSEP (integer) 
UCONV > 0: perform default units conversion on data. 
DCUM = 0: return absolute values. 
DCUM = 1: return changes over the last time step. 
DCUM > 1: return cumulative change since the first time step. 
DRSEP = 0: return principal stress numbers only. 
DRSEP > 0: return cosines of angles only. 
2. NX, NY, NZ (integer) 
NX, NY, NZ are the ranges in the z-, y, and z-directions respectively. These are output by 
SIM3D3P automatically. 
3. K, PERMUT(I) (integer) 
K: node number of the permutation vector entry, 1 < I < (nz * ny * nz). 
PERMUT: permutation vector relating the fluid and heat flow subdomain to the solid model for 
which the coordinate data was generated. The permutation vector is available in the output 
from grids, the grid generation program. This line is repeated nz * ny * n, times. 
4. IISVAR(1), IISVAR(2), IISVAR(3), IISVAR(4), IISVAR(5), (integer) 
IISVAR > 0: indicates the inclusion of this variable in the following data set, using the identi- 
fication scheme outlined in the earlier subsection. This is automatically produced by SIM3D3P. 
5. TIM (real) 
This is the simulation time for the following data sets, which constitute the bulk of the IPLAST 
or SPLAST file. 
6. DATA (real) 
Each data set is written as a vector from SIM3D3P using the ordering (((p(i,7,),7 = 1, nz), 
j =1,ny),k =1,nz). Any node number can be then found from an (i,j,k) reference through 
the expression (k —1)*ny*nz+(j—1)*nz+1. Note that the principal stress direction data 
is written as (o;, cosa), where 7 is the principal stress number with its direction closest to the 
z-axis (varnum = 4) or z-axis (varnum = 5), and a is the angle it makes with the respective 


axis. 
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7.7.5 Preparing the header files for conprep 


(1) conprep1 header file. As all the variables for SIM3D3P are found at the nodes corresponding to 
the block centres or point centres, depending on the type of finite difference grid, only one form 
of the conprep1 header file is necessary. Comment lines are permitted, where the comment 
character appears in the first position in the file, (typically, ‘#’). Four lines of data must appear 
in the following order: 

1. TYPE, SDSFLAG, EORN (integer) 
TYPE = 0: only generating a table of locations, e.g., z, y, z. 
TYPE = 1: obtaining data as well as locations. 
SDSFLAG < 0: no SDS file. 
SDSFLAG = 0: new SDS file. 
SDSFLAG = 1: old SDS file with new attributes and labels. 
SDSFLAG = 2: add data with existing attributes and labels. (Usually SDSFLAG <= 0, no HDF 


file or a new one.) 

EORN = 3: IPLAST data. 

EORN = 4: SPLAST data. 

2. IMIN, IMAX, JMIN, JMAX, KMIN, KMAX (integer) 

These parameters indicate the ranges of nodes defining subdomain of dataset output from 
postp. One pair must be equal to define a plane, and two pairs must be equal to define a line. If an 
SDS file is being generated, the IMIN, JMIN, KMIN values are used to annotate the file, providing a 
reference frame for offsets in future requests for data from the file. 

3. XSCALE, YSCALE, ZSCALE, VSCALE (real) 
The first three factors modify the values of the scales, and VSCALE modifies the values of the 
data. 
4. NCHOICE, NDIR (integer) 
NCHOICE = 1: print nodal coordinates as (i,j,k). 
-NCHOICE = 2: print nodal coordinates as (z,y,z). 
NDIR = 1: choice of z-direction for data. 
NDIR = 2: choice of y-direction for data. 


NDIR = 3: choice of z-direction for data. 


(2) conprep2 — second and final header file for all data. Comment lines are permitted. This file 
contains the label information used by the HDF files. The entry of data is governed by the first 


non-comment line in the data. All text data is limited to a maximum of 256 characters. The 
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first line contains data for the logical array LABELS(4). 
If LABELS(1) is true, then three lines of text information are expected: 

1. data label; 

2. data units; 

3. data format for output, e.g., G16.5. 
The remaining three array entries in LABELS refer to the character data for each of the axes or 
dimensions of the data. LABELS(2), LABELS(3), LABELS(4) respectively indicate the pres- 
ence of three lines each of data for each axis direction (z, y,z). This data is given on three 
lines for each case: 

1. axis (dimension) label; 

2. axis units; 

3. axis format for output, e.g., G16.5. 
The data labels are modified by the program according to information generated by postp, 
yielding information for this output on the type of data, the time step number, and the simu- 


lation time. 


7.8 conslice 


conslice is a FORTRAN77 program to extract information from a 3D SDS file (generated by 
conprep) generating new SDS files or a table. It is normally used to obtain values lying in a plane 
and saving them as an SDS (HDF) file. cénslice does this for every scientific data group (SDG) (i.e., 
every time step) in the 3D file, saving the data from each SDG to a separate datafile output. nnn, 


where nnn is the time step number including leading zeros. 


The program consists of the files and subroutines listed in Table 7-3. The program can be 
easily compiled on a Unix system by typing make prep in the presence of the source files and the 
supplied makefile. The program is run using a simple shell script, invoked as follows: 


mkslice datafile 3D_SDS_source 2D_SDS_output 


The script parameters are explained in detail below. A higher level script invoking mkslice also 
exists, which will extract n datasets for n different time steps. 


mknslice type data.hdr data.tail 3D_SDS_prefix 2D_SDS_output tstep(s) 


The files data. hdr and data.tail are simply the first and second halves, respectively, of data_file 
used with mkslice. The data file is split at the DTSTEP entry, which is omitted. The type is the 
suffix used to identify the input 3D SDS file, e.g., EPS. tstep(s) is a list of time step numbers at 
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a 


sdslice.f 


echocmmt 


getstring 
findMaxMin2 
sdslice 


writeslice 


Table 7-3 


Source files and routines constituting CONSLICE 


which tables are required. 


(i) data_file is the controlling data used to select a given slice of data in the SDS source file. 
This information uses the same coordinate system originally used to generate the 3D SDS file. 
(Offset coordinate values are stored in the 3D SDS file to indicate the coordinate origin when 


data from a subvolume are saved into the file.) The data_file format is very simple. 


(ii) 3D_SDS_source is the name of the SDS file containing one 3D data group for each time step, 


complete with annotation, labels and scales. 


(iii) 2D.SDS_output is the prefix of the names of the 2D SDS files to which the slice data will 
be written, one file for each time step. Normally, one specifies a directory in which the files 
can accumulate, e.g., tmp/sdsfile., to which the time step number will be appended as a 


three-digit sequence. 


7.8.1 conslice data file 


This data file is quite simple as all the information for element or nodal data has been already 
prepared by conprep and stored in the 3D SDS file. Comment lines are permitted, where the 
comment character appears in the first position in the file, (typically, ‘#’). Six lines of data must 
appear in the following order: 

1. JOB, EORN, NCHOICE (integer) 
JOB = 1: writing new SDS files. 
JOB = 2: writing out a table of data at the specified time step. 
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EORN = 1:indicates that the data being read is nodal. 
EORN = 2: indicates that the data being read is element. 
NCHOICE 
NCHOICE 
2. DTSTEP (integer) 


1: print nodal coordinates as (1,j,k). 


2: print nodal coordinates as (z,y,z). 


This is the maximum time step number to be considered. This value is used to generate any 
data table. This number considers that the first time step is number zero, giving the same numbering 
scheme used in the original simulation. 

3. IMIN, IMAX, JMIN, JMAX, KMIN, KMAX (integer) 

These parameters indicate the ranges of nodes defining subdomain of dataset output from 
postp. One pair must be equal to define a plane, and two pairs must be equal to define a line. 
4. GLYR1, GLYR2, GLYR3 (integer) 

Assuming a 2 x 2 x 2 integration scheme, these values indicate the upper or lower Gauss points 

in the 2, 7, and k directions, respectively. 

GLYRn = 1: lower layer in direction n. 
GLYRn = 2: upper layer in direction n. 
5. XSCALE, YSCALE, ZSCALE, VSCALE (real) 

Factors to modify values of the scales and the data (VSCALE). 
6. LIMFLAG, (integer)MAXLIM, MINLIM (real) 

LIMFLAG = 0: find local maximum and minimum for each time step and store these values 

with the pertinent time step. 

LIMFLAG = 1: find global maximum and minimum across all time steps and store these values 

with each time step. 

LIMFLAG = 2: find global maximum and minimum across all time steps, compare these values 

to MAXLIM and MINLIM, and store with each time step the most extreme maximum and minimum 

of the four values. 
_MAXLIM: value used as the global maximum unless the actual global maximum for all the time 
steps is larger. 

MINLIM: value used as the global minimum unless the actual global minimum for all the time 


steps is smaller. 


7.8.2 Hints 


The choice of LIMFLAG is important. In the subsequent rasterisation process, the raster values 


are found by scaling the data values within the range of minimum and maximum values stored for 
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that time step. For meaningful comparisons values of LIMFLAG = 1 or 2 are the most useful. 


7.9 fp2hdf 


The NCSA utility fp2hdf is used to convert the individual SDS files, generated for each time 
step by conslice, into raster images, concatenated into one HDF file. The maximum and minimum 
values stored in each SDS file are used to calculate the raster values. An 8-bit raster scheme is used, 
giving 256 different values (0-255). Two end values are reserved, giving only 254 values in practice. 


All data values are therefore scaled as: 


U — Umin 


x 254 


UVraster = int 
Umaz — Umin 


where Uraster is the raster value, v is the data value, and Umar and Umin are the maximum and 


minimum values respectively of the dataset. Conversely, a raster value can generate the actual 


values as 
Umaz — Umin 
= Umi oh 
7 Umin + Uraste 254 
The following command will generate the raster HDF file: 


fp2hdf ‘tmp/sds.files.’ -r -i nx ny 


where nx and ny are the number of pixels desired in each direction. The -r indicates that a raster file 
is to be generated. The -i option causes bilinear interpolation to be invoked to create the number of 
pixels. 300 is a typical value. It is preferable to maintain the same aspect ratio as for the extracted 


data. Once the raster file has been generated, the SDS source files can be removed. 


7.10 Image3 


Once the raster image file has been generated and transferred to a colour Macintosh, the 
Image3 program can be invoked (preferably on a Macintosh with 4 Mb or more RAM). The file must 
be transferred as a binary file. The raster image file is opened as a group. The groups then appear 
in a scrolling list. A selection of the groups can be made and then opened as a group from the 
panel displaying the scrolling list. If there is insufficient memory it will have to be done with the 
from disk option. The animation can now proceed. Different palettes offer different perspectives 
on the data being animated. Absolute values are better shown using a unique range of colours, e.g., 
the rainbow palette. Relative values, i.e., changes, are better illustrated using the complex palettes 


such as fire. 
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7.11 Summary 


1. Process the main PLAST-PT3 output file using postp. 

2. Use conprep to extract all data prepared by postp to form a 3D SDS (HDF) file. 

3. Process the 3D HDF file as desired, using conslice to create a 2D SDS file for each time step. 
4. Generate a raster image file from all the 2D SDS files using fp2hdf. 


5. Transfer the raster image file to the Macintosh using a binary transfer, open as a group in 


Image3, and animate. 
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Chapter VIII 


APPLICATION OF THE MODELS 


The coupled finite-difference finite-element models have been tested using several of the for- 


mulations discussed in Chapter VI. The combinations chosen were: 
(i) Three runs based on no feedback to fluid model, studying the effects of 
a) grid refinement in the fluid model; and 
b) injected steam slug size. 
(ii) One run based on the staggered formulation. 
(iii) One run based on the fully coupled formulation. 


The resources required to make each run are considerable. Timesharing constraints meant that 
the average run would take from two to three weeks to complete, even on the University of Alberta’s 
Convex C210 supercomputer, while several additional days or weeks were required for short runs 
to determine appropriate control parameters (convergence criteria, iteration limits, compressibility 
multipliers). On one of the latest RISC workstations offered by the major computer manufacturers, 
with sufficient core memory, a run should take no more than two or three days — on the assumption 
that the computer is dedicated to this task alone. This aspect is discussed further at the end of the 


chapter. 


The no-feedback runs are sufficient to gauge the effect of changing the operational parameters 
(e.g., steam slug size) and the degree of grid refinement in the thermal model on the material 
response. The fine grid case with the lower steam slug size (lower injection rate for the fixed injection 
period) was then chosen for comparison using the two different coupled formulations: staggered and 


fully coupled. 


8.1 Verification of the solid model 


The implementation of the solid model was verified using an example problem from Smith and 
Griffiths (1982) p. 236. In this example, a cube of material held in an isotropic (confining) stress 
of —20 kPa is subjected to a prescribed downward displacement over its top face. The cube is fixed 
with respect to to vertical movements on its bottom face, and two adjoining side faces are fixed with 


respect to the directions normal to them. These constraints allow the material to extrude from two 
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Vertical displacements applied to top faces such that plastic 
deformation occurs. Faces defined by —x, -y, and —z directions 
not permitted to move in the respective direction. 


1x 1x8 and 1x1 x4 grids used to investigate the effect of grid refinement 


on the linear brick element, held in an isotropic confining stress field. 


unrestrained and adjoining faces, once plastic yielding occurs. The cube is represented by a single 
linear finite element (8-noded brick). The test was duplicated using two more grids, a 1 x 1 x 4 and 
a 1 x 1 x 8, as shown in Figure 8-1. Although the new meshes no longer form cubes, the problem 
remains the same due to the axial nature of the loading. The tests were made for a Mohr-Coulomb 
material with angle of internal friction ¢ = 30° and cohesion c = 0, i.e., cohesionless, and elastic 
properties EF = 2 MPa, and vy = 0.3. As the load is applied axially, the principal stresses in the 
unrestrained directions remain constant and equal to the isotropic confining stress, -20 kPa. The 


axial stress, oz, builds up to the maximum permitted for a Mohr-Coulomb material under these 
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Water compressibility 4.35 x 10-°? kPa7} 
Coefficient of thermal expansion of water 0.882.107 Ka? 
Oil compressibility T25)x 10-0" kPa tt 
Coefficient of thermal expansion of oil 0.90 x 10-5 K-! 
Rock compressibility 4°35 x 10-°" kPa=! 
Specific heat of oil 942.0 kJ/kmol-K 
Thermal conductivity of the formation 1.757 kW/m-K 
Thermal conductivity of adjacent formations 1.466 kW/m-K 
Matrix initial density 2643 kg/m? 

Rock matrix specific heat 0.837 kJ/kmol-K 


Thermal diffusivity of adjacent formations 1.0323 m?/s 


Table 8-1 


General properties of formation fluids and rock matrix 


conditions, -60 kPa (i.e, confining), and remains constant at this value under further axial loading. 
The same limiting stresses were found for each mesh, while some difference was noted in the values 
of the displacements and the extent of the plastic zones (as indicated by a positive effective plastic 
strain). The difference in extent of plastic yield is explained by the greater density of Gauss points 
at which it is found, which will better resolve the limits of yielding in the body. The distribution of 


displacements in the body reflects this difference in resolution of plastic strain. 


8.2 Choice of material properties and stress distribution 


A selection of material properties has been made to ensure that the model can be tested without 
the problem being so difficult as to obscure the interpretation of the results. Accordingly, the model 
reservoir is given the typical fluid properties of a heavy oil reservoir in eastern Alberta and western 
Saskatchewan. As a result, the oil is actually mobile at the initial conditions, although that mobility 
is restricted. The lithological sequence is, however, taken from the Athabasca region of Alberta, and 
the solid material properties are taken from published data on this region. The regional stresses have 
been implemented according to a new model which incorporates published field data but permits 
a varying horizontal stress gradient to be generated from only a few points. This is necessary to 


account for horizontal stress changes near the surface. 


The same properties and conditions have been used for all the runs to permit comparison. 
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The only variation has been in the steam slug size (i.e., in injection rate) and grid size, and in the 


coupled formulation. 


8.2.1 Fluid properties 


The general volumetric, thermal, and heat transport properties of the reservoir fluids and the 


rock matrix are given in Table 8-1. 


Initial density of oil 2.243 kmol/m? 
Initial water density 5.590 kmol/m? 
Molar mass of oil 450.0 kg/kmol 


Formation temperature 23.3 °C 
Separator pressure 101 kPa 


Separator temperature 26.7 °C 


Table 8-2 


General properties of produced fluids 


Yi Cc Swe Soc Sorw Sorg Sor Kwro Koew Koro Pow, kPa Peg; kPa 


23.3. .2000 .0000 .2110 .0900 .0000 .1636 1.0000 .1700 6.895 6.895 


Table 8-3 


Data for temperature dependent endpoints 


The properties of the produced fluids are given in Table 8-2. The relative permeability and 
capillary pressure data is given in Tables 8-3 and 8-4. Note that the imbibition curve is provided for 
the oil-water capillary pressure. The general rock and fluid properties at the start of each simulation 
are given in Table 8-5. There was a small amount of mobile water (S,,; = 0.23) at the start of each 


simulation. 


8.2.2 Material properties 


The material properties are listed in Table 8-6. The oil sand zone — the only zone in which 


fluid pressures and temperature changes were applied, apart from neighbouring elements — was 
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.20000 
.25000 


.29400 
.35700 
41400 
49000 


.55700 
.63000 
.67300 
.71900 
-78900 
1.00000 


.29000 
.39500 
43300 
.51500 
.56900 
.61400 
.66300 
-71900 
.75000 
.80500 
.85000 
.89900 
1.00000 


Table 8—4 


Relative permeability data 


Initial absolute permeability, k 
Initial porosity, o 

Initial oil saturation, S,; 
Irreducible water saturation, Sire 


Residual oil saturation to water, Sorw 


Residual oil saturation to gas, So,g 


Initial pressure 


Initial temperature 


Table 8-5 


General rock and fluid properties 


.00000 
.02940 
.04610 
.08830 
.11720 
.14330 
.17640 
.21700 
.22550 
.29190 
.33730 
.51690 
1.00000 


2.9 pum? 
31% 

0.77 

0.20 
0.211 
0.09 

1380 kPa 
23.3°C 


assigned representative values for the geomechanical properties of Athabasca oil sand. Values were 


taken from Dusseault and Simmons (1982), Kosar et al. (1987), and Agar et al. (1987). The only 


exceptional value is the initial material density, which should be closer to 2000 kg/m? for the oil 
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Elastic Modulus E 30 GPa 2.2 GPa 1 GPa 
Poisson ratio v 0.3 0.3 0.3 
Friction angle ¢ 28° 30° 25° 


Cohesion intercept c 24 MPa 0 Pa 100 kPa 
Material density p, 2600 kg/m3 2500 kg/m3 2500 kg/m3 
Coefficient of bulk thermal expansion a, 5 10a Ka Beans Ka Bx 107° K—* 


Table 8-6 


Material properties 


sand, but was kept at ca. 2500 kg/m? for all the zones in order to make the initial stress distribution 


simpler. 


Linear regression of the volume change data vs. temperature reported in Kosar et al. (1987) 
gave a value of bulk thermal expansion a, = 4.5 x 10-5 K~!. Prats (1982) suggests values of 
1141 x 10-5 K—! for sandstone and 8+4 x 10-5 K~! for limestone. A value of 5 x 10-5 K~! was 
used for all the rocks. It is critical that this value be more accurate for the oil sand than for the 
other two formation types because the increase in horizontal loading which contributes to oil sand 
yielding (shear failure) comes entirely from thermal expansion. Yielding in the other two formations 


is not going to affect the outcome of the simulations significantly. 


All elements below the oil sand horizon were treated as an underlying limestone with the 
properties reported from physical testing at the University of Alberta (Chalaturnyk, 1990). The 
cohesion value was obtained from the reported value of the uniaxial compressive strength, o,., which 


can be related to the cohesion by (e.g., Brady and Brown, 1985, p. 107) 


2 
ae CCOS P 


eS (8.1) 


The reported value of a, was between 70 and 80 MPa, which, for the higher value, and an angle of 
internal friction ¢ = 28°, gives a value of cohesion c = 24 MPa. Typical values for a, given in Hoek 
and Brown (1980), p. 141, for intact limestone vary between 47 and 164 MPa, so the value used in 


this work is reasonable. 


The balance of the material, the overburden, was considered to have the material properties 


used by Dusseault and Simmons (1982), in addition to the thermal expansion coefficient value 
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described earlier in Table 8-6. 


8.2.3 Stress distribution 


40000 
Stress, kPa 


Figure 8—2 


Horizontal and vertical stress gradients displaying opposing magnitudes 
at shallower and greater depths. 


Initial stresses in the program are specified in their principal axes using a stress variation 
with depth chosen to satisfy the local conditions. In most reported cases in hydrocarbon-bearing 
sedimentary basins, it has been established that the horizontal principal stresses constitute the major 
and intermediate principal stresses for shallow depths. At deeper levels, the vertical stress is first 
the intermediate and then the major principal stress. This is why hydraulic fracturing usually will 
induce horizontal fracture planes at shallow depths, while vertical fracture planes occur at depths 


below some critical interval. This behaviour is observed, for example, in the Athabasca tar sands 
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(Dusseault, 1977b). The critical interval extends several hundred metres, in which the major and 


minor principal stresses are too close together to permit the statement that one or other plane is 


preferred for a hydraulic fracture to form in. If, however, the shallowest depth at which oy = 9, is 


known, then the following simple relationships, developed for this work, can be used: 


OH, =at+ez (8.2a) 
ov=z (> =< = ax) (8.2b) 
where 
(i) z is the depth below surface. 
(ii) e represents the average major horizontal stress gradient, assumed constant with depth. 
(iii) b is the vertical stress gradient with depth, found for deep levels at a constant value which is 
greater than the horizontal stress gradient. 
(iv) cis an excess gradient parameter to make oy < oy, at shallow depths. 
(v) dis a matching parameter to ensure that the model satisfies the cross-over depth, z., where 


(vi) 


(vii) 


OH, © oy. dis calculated by equating Equations (8.2a) and (8.2b) at z = z,. The following 


expression is found for d: 
_ a—2.(b—e-c) 


aap a paTG Sa) 


n is an acceleration parameter to bring the vertical stress gradient oy /z to a (relatively) 
constant value at depths below the cross-over depth. Higher values of n satisfy this requirement 


as the cross-over depth approaches the surface. 


a is a constant parameter to permit the application of a hydrostatic stress at the surface. All 
shear stresses must be zero at the free surface unless the material has a cohesive strength; 


hence, a = 0 for soils. 


Typical values for some of these parameters are found in Woodland and Bell (1989). E.g., 


OV ~ 25 kPa/m 
z 


i = 15kPa/m (8.4) 
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Furthermore, Dusseault (1977b) suggests oy © oy, at about 300 m, and oy * oy, at about 500 
m, for the Athabasca area. Approximating this as ze = 450 m, and combining the values from 


Woodland and Bell (1982) with a = 0, c= 15, and n = 2, gives the relation shown in Figure 8-2. 


The cross-over of the stress magnitudes can be explained by the presence of less well consoli- 
dated sediments near the surface with a lower bulk density than the more deeply buried sediments. 
This can be accounted for to some degree by reducing the density of the finite elements near and 
at the surface, but the initial stress model is required to bring the finite element model initial state 
in line with the regional values. In fact, unless a non-uniform material density distribution is taken 
into account, such a distribution can cause difficulties under the initial stress method during the 
initial material settlement in the finite element model. There is also bound to be some horizontal 
stress relief near the surface, which will reduce the horizontal stress gradient, although not in a 
manner which affects fracture orientation at reasonable depths (e.g., greater than 200 m). This has 
not been taken into account in this model, but the omission will not affect the results below the 
aforementioned reasonable depth. The relationship is purely parametric, but achieves the aim of 


giving a realistic variation of stresses with depth. 


The model studies presented in this thesis use, for simplicity, only the linear relationship of 
horizontal stress with depth. It is assumed that the horizontal stress field is isotropic, and that 
the correct vertical stress distribution is found by the initial equilibration the finite element model. 
The vertical stress is then initially only a function of the material density. Using the overburden 
density of 2500 kg/m3, and an initial stress ratio of 0.7 (e.g., see Dusseault and Simmons, 1982), a 
horizontal stress gradient of —17 kPa/m is suitable. Using the parameters described in this section, 
this is rendered as a = b = c=d=0 and e = —17. The cross-over point is assumed to be at the 


surface. 


8.3 Fluid model discretizations and operating conditions 


Two fluid model discretizations and two steam slug sizes were used to investigate how the 
model would react to varying these parameters, and to look for any new insight the results might 
yield. It was impractical to look at more parameters to vary, given the long times required to 
obtain the results. In all cases, a cartesian geometry was used which defined one-quarter of the area 
influenced by a single steam stimulation (injection, soak, and production well). Constant periods of 
injection, soak, and production were stipulated, so varying the steam injection rate is equivalent to 


varying the steam slug size. 
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Figure 8 


View of simulation domain indicating heated and pressurized zone (3 x 3 x 3 discretization). 
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The choice of grid for the fluid model — the discretization — influences the choice of grid in 
the finite element model. A number of elements must surround the heated and pressurized zone, 
enough to be able to absorb the induced strains and react in a reasonable approximation to an 
infinite surrounding medium. This is satisfied by strains at the fixed boundary which produce a 
reaction which is commensurate with the average elastic properties of the undisturbed formations 
under the existing conditions of stress. Vertically, the surface represents a boundary free to move up 
and down, so the discretization below the heated and pressurized zone is not so crucial as the lateral 
surroundings. The discretization in the horizontal plane is generally configured using elements which 
grow in size by no more than a factor of about two. The final mesh can be generated easily using 


the grid program described in Chapter VII. 


Figure 8—4 


View of heated zone and the immediately surrounding elements (3 x 3 x 3 discretization). 


Injection points with node numbers indicated by arrows; element numbers in lozenges. 


8.3.1 3x 3x 3 fluid model discretization 


This coarse grid was the first used when developing the coupled model. A3x3x3 (zx yx z) 
finite difference discretization was used to model the domain of heat and fluid flow. Each finite 
difference block was 40 m by 40 m by 3.7 m; hence, the total grid measured 120 m by 120 m by 11.1 
m (393 ft by 393 ft by 36 ft high). This zone, simulated in the finite difference model, is rendered 
as a 3 x 3 x 3 node system in the finite element mesh, where the nodal values of temperature 
and pressure corresponded to the block average values given by the finite difference model. This 


means that the heated region represented by finite elements is a consistent subvolume of the finite 
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domain, with the same aspect ratio, a result of joining a block-centered to a mesh-centered grid. 
This is not a completely rigorous treatment of the corresponding volumes, but is considered adequate 
for the purposes of the study. A point-centered finite difference grid would be better choice because 
it could represent the geometric boundaries exactly on the rectilinear finite element mesh. It would, 
however, be no better for those blocks not on the boundary of the domain. Properties generated by 
the finite element results are averaged to the mesh nodes before being used in the finite difference 


model, ensuring consistency with the finite difference blocks. 


The entire heated and pressurized zone was then surrounded by a buffer of elements 4 m (13 
ft) thick, in which the applied changes in pressures and temperature varied linearly to zero at the 
external nodes of this buffer region. This behaviour is a result of the application of the finite element 
method. The arrangement is illustrated in Figure 8-4, where the shaded region indicates the heated 
and pressurized zone. The three nodes indicated by arrows correspond to the three injection well 
block centres used in the finite difference simulation. In the finite element mesh the 3 x 3 x 3 nodes 
of the heated and pressurized zone effectively become 2 x 2 x 2 elements. These elements were now 
fitted into the 7 x 7 x 13 element structure shown in Figure 8-3. The finite element grid extends 
horizontally 254 m in each (z and y) direction, while the vertical extent is clearly marked in Figure 
8-3. The two layers containing the heated and pressurized zone were given representative values for 
the geomechanical properties of Athabasca oil sand. All elements below this horizon were treated as 
an underlying limestone, and all those above the horizon are treated as the overburden, extending 
455 m (1490 ft) to the free surface. It will be noticed that two different geological areas have been 
juxtaposed to create the simulation ear The purpose of the simulations was not to emulate 
some specific region, but rather to illustrate the behaviour of the reservoir sand skeleton and how it 


might affect the fluid and heat fluxes. 


8.3.2 5x5 x 3 fluid model discretization 


This model discretization was chosen to investigate the effect of increasing the mesh density. 
The incorporation of the 5 x 5 x 3 finite difference blocks into the finite element mesh is as described 
in the previous subsection. The finite element mesh in this case is 9 x 9 x 14, illustrated in Figure 8-5, 
where the improvement in refinement over the coarser mesh all lies in the heated and pressurized 
zone. The block sizes in the finite difference mesh are all equal, 24 m by 24 m by 3.7 m, and the total 
size remains the same as for the 3 x 3 x 3 example. The finite element buffer zone is laterally larger 
than for the coarse grid — in this case it is equal to the block size of 24 m. This is illustrated in 


Figure 8-6. The finite element grid extends horizontally 420 m in each (z and y) direction, while the 
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vertical extent remains the same as in the previous example. The extra lateral extent is an attempt 
to ensure that the number of elements displaying plastic behaviour remains small as a percentage 


of the total number of elements. 


Figure 8-6 


View of heated zone and the immediately surrounding elements (5 x 5 x 3 discretization). 


Injection points with node numbers indicated by arrows; element numbers in lozenges. 


8.3.3 Fluid model operating conditions 


A constant programme of steam injection, soak, and production was considered for each sim- 
ulation. The schedule is shown in Table 8-7. The higher injection rate was 23.8 m?/d (150 bpd) 
of 70% quality steam at 3450 kPa (500 psia). The lower injection rate was 15.9 m?/d (100 bpd) 
of steam at the same conditions. The soak period is when the well is shut in, neither injecting nor 
producing. The production is assumed to come from reducing the bottomhole well pressure to 101 
kPa (1 atm), i.e., by pumping the well. A productivity index of 57.65 rm?/d/MPa (2.5 rb/d/psi) 
was assigned to the well during this period. The injection rates and production indices must be 
multiplied by four to get the actual values for the well, as only one quarter of the injection area is 


under consideration due to symmetry. 
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8.4 Results for 3 x 3 x 3 fluid domain with high injection rate 


Results are presented for the high-rate case in the 3 x 3 x 3 grid. Element and node numbers 
which are referred to are identified in Figure 8-3. Gauss point positions within elements are identified 
in Figure 8-8. The simulation took 99 time steps to reach 405 days of simulation time. The same 
number of time steps was used to find the solid model solution. The variation in pressure and 
temperature with simulation time at the selected nodes 257, 265, and 321 is shown in Figures 8-9 
and 8-10, respectively. Nodes 257 and 321 are wellbore nodes, while node 265 is one of the nodes 


immediately adjacent to the bottom wellbore node, 257. 


(a) View of Gauss points in plane. 


(-1,1,1) 


(b) View of Gauss points in cube element, 
including numbering relative to the element 
local node numbering. 


Figure 8-8 


View of 2 x 2 x 2 Gauss quadrature points inside 8-noded brick elements. 


Clearly, big increases in pressure and temperature occur during the three injection cycles with 


some decline during the soak and production periods. Material behaviour beside these three nodes 
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Start 3rd prod. cycle 


Start 1st prod. cycle 


Start 4th inj. cycle 


Start 3rd inj. cycle 


Start 2nd inj. cycle 


3x3x3 fluid domain (high inj. rate 
--- node# 321 (wellbore midside node) 
node# 265 (node beside wellbore) 
— node# 257 (wellbore bottom node) 


0 100 200 300 400 
Simulation Time, days 


Figure 8-9 


Profile of pressure (average block values) with simulation time at 


selected nodes near wellbore (3 x 3 x 3 fluid domain). 


3x3x3 fluid domain (high inj. rate 
--- node# 321 (wellbore midside node) 
node# 265 (node beside wellbore) 
— node# 257 (wellbore bottom node) 


Start 2nd prod. cycle 


Start 1st prod. cycle 
Start 4th inj. cycle 
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Figure 8-10 


Profile of temperature (average block values) with simulation time at 


selected nodes near wellbore (3 x 3 x 3 fluid domain). 


i 


q ~~ «= 3 ae 
fi a - <a) 
a a> ‘ 
j ft ee 
4 ° s ri 
7 —_ 
-— od - = 
d — 
' 
, rn 
1 


ne ey ees tegen Potent Shee 1 


~ 
Ae ee ene wy nae 


~~ D 
; \ */. 
; ate ES 
at ae 
AO 7 wae \ 
| all = 
ie 5 

\ 4 
| » : a q 

Cn) es sue i. 


en rd 


carey ist cigar), Alea a: A 
i mor aU SM ASE Cae ~~ 
‘ey hye Oat ict BO, Mak te “< 


ee eee 


; ‘ ‘ act Pb ie ve mihi sprig Hi 
“+ oe Px RLS Sy b Sa ig Py tad. a = 
; ; = iii AA 


Tn 
(<a 


oe 


a 


4 : - 8 _ 
nee ~ 


150 


will be presented. Stress-strain behaviour is actually calculated in the finite element model at the 
Gauss quadrature (integration) points in each element. Three Gauss points from elements 197, 204, 
and 246 (see Figure 8-3) were chosen such that they were the ones closest to the nodes reported in 
Figures 8-9 and 8-10. The data points are organized in the next five diagrams so as to correspond to 
the nodes considered for the pressure and temperature profiles. The nodes and their closest Gauss 
points will be referred to interchangeably in the following text. Five main quantities are reported: 
effective plastic strain d&,, volumetric strain €,, stress ratio K,, vertical stress o,,, and Lode angle 
0. These quantities have all been defined in a previous chapter, but K, will be reviewed. Values of 


minor principal stress and its orientation are also reported, as is the porosity of the formation. 


The stress ratio, K,, reports the ratio of the major horizontal stress to the vertical stress. Note 
that in the tension-positive stress definition, it is actually the minimum compressive horizontal stress 
by magnitude (min |oy,,o04,|). Values less than one indicate that a hydraulic fracture or parting is 
most likely to be vertical, while values greater than one indicate that a horizontal parting is more 
likely. The vertical stresses at the selected Gauss points can be combined with the stress ratio to 


postulate the initiation of hydraulic fractures. 


Figure 8-11 illustrates the growth in plastic strain at the three Gauss points. The trend follows 
the injection cycles closely, but plastic straining does not begin until the simulation is into the second 
injection cycle. The bottom well node shows the greatest degree of plastic strain. This is because 
of the higher vertical stress at the deeper point, combined with the high temperature and pressure 
changes at the injection point. The points which have yielded tend to accumulate more strain than 
any surrounding points until the stresses have been sufficiently disturbed farther away. Figure 8-12 
illustrates the increase in volumetric strain as injection continues. Initially, the volumetric strain 
increase is due to elastic relief as the pore pressure builds up, with some fall-off during the pressure 
decreases accompanying the soak and production periods. Thus the values for both injection points 
(elements 197 and 246) are initially very close, while in the second and third production cycles, 
a gap opens up between the two points, probably because of the greater amount of plastic strain 
occurring at the lower node. The final degree of volumetric strain at the end of the simulation is 
not much over 0.6%, which would not cause much permeability enhancement. However, the plastic 
straining can be a very local phenomenon, and this low value highlights the coarse nature of the 


finite element mesh used, spreading a larger amount of local strain over a greater volume. 


Figure 8-13 illustrates the change in the stress ratio at each of the selected Gauss points. The 
values reflect the pressure gradients between the nodes, the distributed loading caused by the change 


in temperature over the time step, and the degree of accumulated plastic deformation. The nodes 
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3x3x3 fluid domain (high inj. rate) 
- Elem# 246, GP# 8 (by wellbore midside node) 
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Figure 8-11 
Growth of effective plastic strain with simulation time at 


selected Gauss points near the wellbore (3 x 3 x 3 fluid domain). 
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-- Elem# 246, GP# 8 (by wellbore midside node) 
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Figure 8-12 
Growth of volumetric strain with simulation time at 


selected Gauss points near the wellbore (3 x 3 x 3 fluid domain). 
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Figure 8-13 
Change in stress ratio, Ko, with simulation time at 


selected Gauss points near the wellbore (3 x 3 x 3 fluid domain). 
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Figure 8-14 
Change in vertical stress with simulation time at 


selected Gauss points near the wellbore (3 x 3 x 3 fluid domain). 
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at the wellbore quickly move to values of K, above one during the first injection cycle, indicating 
that a horizontal orientation would be preferred in the event of a (tensile) hydraulic fracture. (oy 
must be the minimum principal stress by magnitude if K, > 1.) The condition at the neighbouring 
Gauss point, in element 204, differs in that the stress ratio does not go above one until the third 
injection cycle. This corresponds to the increase in volumetric strain at this point which can be seen 
in Figure 8-12. The degree of disturbance in K, at the two injection nodes as a result of changing 
pressure and temperature is clearly illustrated by comparison with the pressure and temperature 
profiles. Figure 8-14 complements the information given in Figure 8-13. The vertical stresses for the 
selected Gauss points are shown to vary considerably with the changing pressure and temperature. 
Compressive stresses are considered to be negative in continuum mechanics, so the values of oz, must 
move to zero or positive (tension) values to cause a fracture. The results indicate that this never 
happens at these points during the simulation. The response at the neighbouring node, indicated 
by element 204, is particularly interesting. By the end of the third injection cycle the magnitude of 
the vertical stress at this point appears to have decreased the most. This is mirrored in the plot of 
stress ratio vs. time at the same point in Figure 8-13. It would appear that this related as much 
to the neighbouring events of deformation as to the changing values of pressure and temperature. 
For example, the third injection cycle also corresponds to the significant increase in effective plastic 
strain at the bottom wellbore node. From the existing trend, it is likely that the point would have 
moved into tension in a fourth injection cycle (just begun at end of the study), thereby indicating 


that a horizontal parting had occurred. 


The next illustration, Figure 8-15, shows the Lode angle, 6, varying with time. It clearly 
illustrates the rotation of the principal stresses by moving from +30° to —30° very quickly. The 
intermediate values indicate that the intermediate principal stress has changed relative to the major 


and minor principal stresses. 


The issue of principal stress rotation causes problems in acquiring relevant information on 
material behaviour. Classical geomechanical testing of a sand assumes an undisturbed sample at 
the outset of a triaxial compression test, excluding specific tests for heterogeneous materials. Forcing 
the material to yield by following a certain stress path induces new heterogeneity into the material 
as grains slide over each other in preferred directions. Moreover, grain crushing might occur, and 
localized zones of disturbance appear. It is not reasonable to then suppose that the application 
of a subsequent loading path, highly deviated from the original, can be modelled using the same 
material parameters derived from the original loading of the undisturbed sample. This problem has 


been considered very recently by Pietruszczak and Krucinski (1989), but is beyond the scope of most 
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Lode Angle, degrees 


Least Principal Stress, MPa 


3x3x3 fluid domain (high inj. rate) 
--- Elem# 246, GP# 8 (by wellbore midside node) 
Elem# 204, GP# 8 (by node beside wellbore) 
— Elem# 197, GP# 8 (by wellbore bottom node) 


H Start 3rd prod. cycle 


Start 2nd inj. cycle 


aN _ | Start 4th inj. cycle 


0 100 200 300 


Simulation Time, days 


Figure 8—15 


Change in Lode angle, 6, with simulation time at 


selected Gauss points near the wellbore (3 x 3 x 3 fluid domain). 


3x3x3 fluid domain (high inj. rate) 
--- node# 321 (wellbore midside node) 
----- node# 265 (node beside wellbore) 
— node# 257 (wellbore bottom node) 


Start 3rd prod. cycle 


Start 2nd prod. cycle 


Start 1st prod. cycle 


ie) 100 200 300 400 


Simulation Time, days 


Figure 8-16 


Change in least principal stress, 03, with simulation time 


at selected nodes near the wellbore (3 x 3 x 3 fluid domain). 
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current work. The treatment of these changes has been neglected in this work, and can therefore be 


considered a limitation. 


On the same page, Figure 8-16 illustrates the variation of minor principal effective stress (in 
the compression-positive sense) with time at the same selected nodes as the earlier pressure and 
temperature profiles. This value was obtained from stresses approximated at the nodes using the 
scheme described in §6.5.2. The results illustrate the problem of extrapolating the solutions to the 
boundary from only one set of element points, as is the case at the corner nodes where steam injection 
takes place. The stresses at the Gauss point (as in the vertical stress reported in Figure 8-14) are the 
most accurate values within the element, insofar as the error is minimized at the quadrature points. 
The Gauss points can be shown to be the optimum sampling locations for stresses (Zienkiewicz, 
1977). The variation of o3 at node 257, the bottom injection point, indicates that a tensile parting 
stress occurs shortly after the start of the third injection cycle. This value is found by extrapolating 
the variation in stress within the element to the node. Obviously, the material cannot support 
positive (tensile) stresses and the value is an artifact of the mesh size and the lack of contribution 
from neighbouring elements. The other two nodes have values which are in accord with the Gauss 


point results presented for the vertical effective stresses. 


Two more figures illustrate the behaviour of the principal stresses at the nodes, found from the 
eigenvector solutions to the stress characteristic polynomial. Figure 8-17 indicates which principal 
stress is closest in orientation to the vertical axis. This is of interest because a horizontal parting 
is known to be the most effective for heating a sand saturated with an immobile oil. All the nodes 
start out with the major principal stress being aligned with the vertical axis. In the first injection 
period, both the well injection nodes rotate the principal stresses so that the vertical axis coincides 
with the minor principal stress. The principal stress rotation occurs later at the neighbouring nodes, 
occurring in the second injection cycle at node 265. As a parting will orient itself normal to the 
least principal stress, these results indicate that the conditions for a horizontal hydraulic parting 
are induced by the injection of steam. The actual proximity of the closest principal stress to the 
vertical axis is indicated in Figure 8-18, where the cosine of the angle between the closest principal 
stress and the z-axis is presented. The principal stress and vertical axes coincide at the two injection 
nodes, while there is some rotation of the principal stresses away from the geometric axes at the 
neighbouring node until the start of the third injection cycle. The principal cause of the stress 


rotation is the induced straining from heating the formation. 


The variation in porosity near the wellbore is presented in Figure 8-19. The variation is 


identical to the change in pressure shown in Figure 8-9 because the porosity is a linear function 
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Start 1st prod. cycle Start 2nd prod. cycle Start 3rd prod. cycle 


Start 3rd inj. cycle Start 4th inj. cycle 
Start 2nd inj. cycle 


3x3x3 fluid domain (high inj. rate) 
--- node# 321 (wellbore midside node) 

node# 265 (node beside wellbore) 

— node# 257 (wellbore bottom node) 
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Simulation Time, days 


Figure 8-17 
Change in the principal stress number oriented closest to the 


z-axis at selected nodes near the wellbore (3 x 3 x 3 fluid domain). 
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Figure 8—18 


Change in the angle of the principal stress oriented closest to the 


z-axis at selected nodes near the wellbore (3 x 3 x 3 fluid domain). 
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node# 265 (node beside wellbore) 
— node# 257 (wellbore bottom node) 


Start 2nd prod. cycle 


Start 1st prod. cycle 


Start 4th inj. cycle 


Start 3rd inj. cycle 


Start 2nd inj. cycle 


200 
Simulation Time, days 


Figure 8-19 


Change in porosity, ¢, with simulation time 


at selected nodes near the wellbore (3 x 3 x 3 fluid domain). 


of pressure in the uncoupled model. As such, the illustration is unremarkable except for later 


comparison with the coupled studies. This is the classic treatment of rock matrix compressibility in 


petroleum reservoir simulation. 
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8.5 Results for 5 x 5 x 3 fluid domain with high injection rate 


Results are presented for the high-rate case (uncoupled) in the 5x 5x3 grid. Element and node 
numbers which are referred to are identified in Figure 8-5. Gauss point positions within elements 
are identified in Figure 8-7. The simulation took 160 time steps to reach 405 days of simulation 
time. The same number of time steps was used to find the solid model solution. The variation in 
pressure and temperature with simulation time at the selected nodes 325, 334, and 406 is shown in 
Figures 8-19 and 8-20, respectively. Nodes 325 and 406 are wellbore nodes, while node 334 is one 


of the nodes immediately adjacent to the bottom wellbore node, 325. 


Clearly, big increases in pressure and temperature occur during the three injection cycles with 
some decline during the soak and production periods. As before, material behaviour beside these 
three nodes will be presented. Three Gauss points from elements 257, 321, and 265 (see Figure 8-5) 
were chosen such that they were the ones closest to the nodes reported in Figures 8-19 and 8-20. 
The data points are organized in the next five diagrams so as to correspond to the nodes considered 
for the pressure and temperature profiles. The nodes and their closest Gauss points will be referred 
to interchangeably in the following text. The same terms reported for the 3 x 3 x 3 fluid domain 


study will be presented in this section. 


Figure 8-21 illustrates the growth in plastic strain at the three Gauss points. The trend initially 
follows the injection cycles closely, although plastic straining does not begin until the simulation is 
into the second injection cycle. The bottom well node shows the greatest degree of plastic strain. The 
amount of plastic strain becomes excessive after the onset of the third injection cycle. Small strain 
analysis should be restricted to (extensional) deformations of not much more than 5%, although the 
error associated with exceeding this suggested limit is only 15% at an engineering strain value of 
40% (Annigeri et al., 1985, comparing logarithmic to engineering strain in extensions). The large 
values reported here arise because the stresses at plastic Gauss points have not been permitted to be 
reduced back to the yield surface. The zero hardening parameter of the material properties chosen 
for the oil sand make it necessary to iterate the solid solution many more times than for a material 
with a positive hardening parameter. (See Appendix F, §F.2.5.) Each iteration is an attempt to 
reduce the excess trial stress back to the yield surface, which is the confining boundary for stresses 
in the material, to the so-called contact stress. A maximum of 20 iterations was permitted for each 
load step in the solid model, where perhaps several thousand were necessary in some instances. 
The low maximum is necessary so that the computer time required does not become inordinately 
large. In this case, the solid results are only marginally useful after about half way through the 


third injection cycle. The stress reduction algorithm used is the simple one reported in Owen and 
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5x5x3 fluid domain (high inj. rate 
--- node# 406 (wellbore midside node) 
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— _ node# 325 (wellbore bottom node) 
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Simulation Time, days 


Figure 8-19 


Profile of pressure (average block values) with simulation time at 


selected nodes near wellbore (5 x 5 x 3 fluid domain; high rate). 
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Figure 8—20 


Profile of temperature (average block values) with simulation time at 


selected nodes near wellbore (5 x 5 x 3 fluid domain; high rate). 
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Figure 8—21 
Growth of effective plastic strain with simulation time at 


selected Gauss points near the wellbore (5 x 5 x 3 fluid domain; high rate). 
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Figure 8—22 
Growth of volumetric strain with simulation time at 


selected Gauss points near the wellbore (5 x 5 x 3 fluid domain; high rate). 
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Hinton (1982). Better approaches are available to reduce the excess stresses to the yield surface, 
but the simple stress reduction algorithm is still useful in these simulations, where the objective is 


to demonstrate the feasibility of making coupled reservoir simulation and geotechnical studies. 


Figure 8-22 illustrates the variation in volumetric strain as injection continues. The flat re- 
sponse near the middle injection point (element number 321) after the second production cycle 
commences is probably due to the excessive plastic strain reported earlier. The most anomalous 
value is that of the decline of €, at the bottom injection point (element 257) during the second 
production cycle. This is connected with the large (negative) vertical stresses at the same time, 


which probably also arise due to the incomplete plastic solution at points in the mesh. 


Figure 8—23 illustrates the change in the stress ratio at each of the selected Gauss points. As 
before, the nodes at the wellbore quickly move to values of K, above one during the first injection 
cycle, indicating that a horizontal orientation would be preferred in the event of a (tensile) hydraulic 
fracture. The condition at the neighbouring Gauss point, in element 265, differs in that the stress 
ratio does not go above one until the third injection cycle. The results become doubtful during the 
second production cycle due to the incomplete plastic solution, where high vertical and horizontal 
stresses remain unresolved. Nevertheless, this information will be presented because some insight 
into events still can be extracted. This behaviour of the stress ratio corresponds to the decrease in 
volumetric strain at the same point which can be seen in Figure 8-22. Figure 8-24 complements 
the information given in Figure 8-23. The vertical stresses for the selected Gauss points closest to 
the injection nodes display extreme values at a point half way through the second injection cycle. 


These values are attributed to the unresolved stress state. 


The next illustration, Figure 8-25, shows the Lode angle, 0, varying with time. It clearly 
illustrates the rotation of the principal stresses during the first injection cycle by moving from +30° 
to —30° very quickly. The unresolved stress state half way through the second injection period 
manifests itself as a change in the Lode angle to values close to zero, which represents a state of 


pure shear. 


On the same page, Figure 8-26 illustrates the variation of minor principal effective stress (in 
the compression-positive sense) with time at the same selected nodes as the earlier pressure and 
temperature profiles. These values, as before, were obtained from stresses approximated at the 
nodes using the scheme described in §6.5.2. The problem of extrapolating the solutions to the 
boundary from only one set of element points is exacerbated by the large stress gradients existing in 
the elements with unresolved stresses. This shows up in the saw-tooth outline of the approximated 


minor principal stress at node 325 during the second injection cycle. However, the early time data 
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Figure 8—23 
Change in stress ratio, K., with simulation time at 


selected Gauss points near the wellbore (5 x 5 x 3 fluid domain; high rate). 
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Figure 8—24 
Change in vertical stress with simulation time at 


selected Gauss points near the wellbore (5 x 5 x 3 fluid domain; high rate). 
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Figure 8—25 


Change in Lode angle, 8, with simulation time at 


selected Gauss points near the wellbore (5 x 5 x 3 fluid domain; high rate). 
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Figure 8—26 


Change in least principal stress, 03, with simulation time 


at selected nodes near the wellbore (5 x 5 x 3 fluid domain; high rate). 
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Figure 8—27 


Change in the principal stress number oriented closest to the 


z-axis at selected nodes near the wellbore (5 x 5 x 3 fluid domain; high rate). 
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Figure 8—28 


Change in the angle of the principal stress oriented closest to the 


z-axis at selected nodes near the wellbore (5 x 5 x 3 fluid domain; high rate). 
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is still useful, and it can be seen that og at the node goes into tension during the first production 
cycle, indicating that the conditions for a hydraulic fracture have been met. Comparing this with 
the stress ratio, or the principal stress number in the later diagram, a horizontal parting would occur 


because the least principal stress coincides with the vertical axis. 


Two more figures illustrate the behaviour of the principal stresses at the nodes, found from the 
eigenvector solutions to the stress characteristic polynomial. Figure 8-27 indicates which principal 
stress is closest in orientation to the vertical axis. All the nodes start out with the major principal 
stress being aligned with the vertical axis. In the first injection period, all the nodes under con- 
sideration rotate the principal stresses so that the vertical axis coincides with the minor principal 
stress. The neighbouring node has principal stress rotation in the first injection period, which did 


not occur in the 3 x 3 x 3 mesh until the second injection period. 


The actual proximity of the closest principal stress to the vertical axis is indicated in Figure 
8-28. The neighbouring node (334) and the middle injection node spend about 100 days each with 


the least principal stress rotated at approximately 45° to the vertical. 
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Figure 8—29 


Change in porosity, ¢, with simulation time 


at selected nodes near the wellbore (5 x 5 x 3 fluid domain; high rate). 
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The porosities near the wellbore, presented in Figure 8-29, reflect only the changes in (pore) 
pressure. The unresolved stress state cannot affect the porosity in the uncoupled formulation. A 


coupled analysis, with porosity a function of volumetric strain would be different. 
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8.6 Results for 5 x 5 x 3 fluid domain with low injection rate 


Results are presented for the low-rate case (uncoupled) in the 5 x 5 x 3 grid. Element and node 
numbers which are referred to are identified in Figure 8-5. Gauss point positions within elements 
are identified in Figure 8-7. The simulation took 111 time steps to reach 405 days of simulation 
time. The same number of time steps was used to find the solid model solution. The variation in 
pressure and temperature with simulation time at the selected nodes 325, 334, and 406 is shown in 
Figures 8-30 and 8-31, respectively. Nodes 325 and 406 are wellbore nodes, while node 334 is one 


of the nodes immediately adjacent to the bottom wellbore node, 325. 


As expected, changes in pressure and temperature occur similarly to the high-rate case in the 
same grid, but with lower peaks due to the smaller slug of injected steam. As before, material 
behaviour beside these three nodes will be presented. Three Gauss points from elements 257, 321, 
and 265 (see Figure 8-5) were chosen such that they were the ones closest to the nodes to the nodes 
reported in Figures 8-30 and 8-31, respectively. The data points are organized in the next five 
diagrams so as to correspond to the nodes considered for the pressure and temperature profiles. The 
nodes and their closest Gauss points will be referred to interchangeably in the following text. The 


same terms reported for the previous fluid domain studies will be presented in this section. 


Figure 8-32 illustrates the growth in plastic strain at the three Gauss points. The trend follows 
the injection cycles closely, although plastic straining does not begin until the simulation is into the 
second injection cycle. The bottom well node shows the greatest degree of plastic strain, until the 
onset of the fourth injection cycle when the values at the neighbouring node 265 become larger. As 
will be seen later, insufficient iteration to resolve the excess stresses becomes a problem in the third 
injection cycle. The error is not sufficient to lead to large (erroneous) plastic strains until late in 
the simulation, after the start of the fourth injection period. The finer mesh appears to give a lower 
overall plastic strain than for the 3 x 3 x 3 case, where the effective plastic strain is larger in the 
bottom injection element, and where there is a bigger gap between the effective plastic strain in the 
middle and bottom elements. This is probably due to the more even distribution of thermal and 


pore pressure loads from the fluid model. 


Figure 8-33 illustrates the variation in volumetric strain as injection continues. This responds 
in the expected fashion until about half way through the third injection cycle, where a sudden 
decrease in volumetric strain in the bottom element 257 is associated with the unresolved high 


stresses. 


Figure 8—34 illustrates the change in the stress ratio at each of the selected Gauss points. As 
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Figure 8-31 


Profile of temperature (average block values) with simulation time at 


selected nodes near wellbore (5 x 5 x 3 fluid domain; low rate). 
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Figure 8—32 
Growth of effective plastic strain with simulation time at 


selected Gauss points near the wellbore (5 x 5 x 3 fluid domain; low rate). 
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Figure 8—33 
Growth of volumetric strain with simulation time at 


selected Gauss points near the wellbore (5 x 5 x 3 fluid domain; low rate). 
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Figure 8—34 
Change in stress ratio, Ko, with simulation time at 


selected Gauss points near the wellbore (5 x 5 x 3 fluid domain; low rate). 
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Figure 8—35 
Change in vertical stress with simulation time at 


selected Gauss points near the wellbore (5 x 5 x 3 fluid domain; low rate). 
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before, the nodes at the wellbore quickly move to values of K, above one during the first injection 
cycle, indicating that a horizontal orientation would be preferred in the event of a (tensile) hydraulic 
fracture. As in the high-rate case in the same mesh, the neighbouring Gauss point, in element 265, 
differs from the 3 x 3 x 3 mesh results in that the stress ratio does not go above one until the third 
injection cycle. As the solid model results are satisfactory until the third injection cycle, the data 
to that point yield some insight. The high peak at the end of the first injection period reflects the 
higher well block temperatures caused by a smaller block than for the 3 x 3 x 3 mesh. 


The decrease in the stress ratio occurring in the wellbore region during the third injection 
period corresponds to the increase in vertical stress at the same time. This is illustrated in Figure 
8-35, and is clearly seen at about 250 days. Again, this change is attributed to the unresolved stress 


state. 


The next illustration, Figure 8-36, shows the Lode angle, 0, varying with time. It clearly 
illustrates the rotation of the principal stresses during the first injection cycle by moving from +30° 
to —30° very quickly. The unresolved stress state starts in the middle of the third injection period, 


and the Lode angle once again moves to values close to zero. 


On the same page, Figure 8-37 illustrates the variation of minor principal effective stress (in 
the compression-positive sense) with time at the same selected nodes as the earlier pressure and 
temperature profiles. These values, as before, were obtained from stresses approximated at the 
nodes using the scheme described in §6.5.2. The results show that, unlike in the high-rate case, a 
tensile stress state is not achieved in the first injection period. The high saw-tooth values of the 
extrapolated least principal stress, beginning in the second injection cycle, are probably due only to 
the presence of large stress gradients in the bottom element, exaggerated by linear extrapolation to 


the nodes. 


The principal stress numbers closest to the vertical, and the angles between them and the 
vertical, are given in Figures 8-38 and 8-39. The middle element Gauss point indicates that, during 
the third production period, the major principal stress is closest to the vertical. The cosine data 


also indicates that the same principal stress is inclined at 45° to the vertical at this point. 


The porosities near the wellbore, presented in Figure 8-40, again, reflect only the changes in 
(pore) pressure. The unresolved stress state late in the simulation cannot affect the porosity in the 


uncoupled formulation. 
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Figure 8—36 


Change in Lode angle, 8, with simulation time at 


selected Gauss points near the wellbore (5 x 5 x 3 fluid domain; low rate). 
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Figure 8-37 


Change in least principal stress, 03, with simulation time 


at selected nodes near the wellbore (5 x 5 x 3 fluid domain; low rate). 
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Figure 8—38 


Change in the principal stress number oriented closest to the 


z-axis at selected nodes near the wellbore (5 x 5 x 3 fluid domain; low rate). 
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Figure 8—39 


Change in the angle of the principal stress oriented closest to the 


z-axis at selected nodes near the wellbore (5 x 5 x 3 fluid domain; low rate). 
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Figure 8—40 


Change in porosity, ¢, with simulation time 


at selected nodes near the wellbore (5 x 5 x 3 fluid domain; low rate). 
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8.7 Results for 3 x 3 x 3 fluid domain with high injection rate and staggered coupling 


Results are presented for the high-rate case in the 3 x 3 x 3 grid, using the staggered coupling 
with the pore compressibility formulation. Element and node numbers which are referred to are 
identified in Figure 8-3. Gauss point positions within elements are identified in Figure 8-7. The 
simulation took 106 time steps to reach 254 days of simulation time (two full steam injection cycles). 
The variation in pressure and temperature with simulation time at the selected nodes 257, 265, and 
321 is shown in Figures 8-41 and 8-42, respectively. Nodes 257 and 321 are wellbore nodes, while 


node 265 is one of the nodes immediately adjacent to the bottom wellbore node, 257. 


These results should be compared to the uncoupled 3 x 3 x 3 case, Figures (8-8) to (8-18). 
The peak pressures at the end of the first injection period are higher, due to the different effective 
pore compressibilities. More interestingly, the pressures during the second production cycle do not 
display the same drop seen in the uncoupled runs. The pressure maintenance begins at about 
150 days, following a short decline during the soak period. Consideration of other results, such as 
volumetric strain, vertical stresses, and the porosities, suggests that this phenomenon is explained 
by an increase in stress which compacts the formation. The increase in stress occurs at the well 
injection nodes, and is the result of unresolved excess stresses. However, there is no evidence that 
unresolved excess stresses exist at the element neighbouring the well injection element, and Figure 
8-41 clearly indicates that the pressure in the neighbouring element is also maintained quite high 
during the second production cycle. This is partly be due to the pressure response in the well 
elements, through which a pressure gradient must be maintained for flow (hence the higher pressure 
than in the well elements). It is also observed that the volumetric strain in the neighbouring element 
is steadily increasing during the same period, a result of changing pore pressure and temperature 
distribution during this period. The temperature response is similar in form to the uncoupled case, 
as is expected—the temperature distribution will only be altered by changes in flow paths, or by the 
retention of hot fluids when flow is restricted. It is then noted that the temperatures in this case 
are all higher than in the uncoupled case, probably due to less convection of heat into the formation 


because of the different pressure response. 


As before, material behaviour beside these three nodes will be presented. Three Gauss points 
from elements 197, 204, and 246 (see Figure 8-3) were chosen such that they were the ones closest 
to the nodes reported in Figures 8-41 and 8-42. The data points are organized in the next five 
diagrams so as to correspond to the nodes considered for the pressure and temperature profiles. The 
nodes and their closest Gauss points will be referred to interchangeably in the following text. The 


same terms reported for the previous fluid domain studies will be presented in this section. 
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Figure 8—41 
Profile of pressure (average block values) with simulation time at 
selected nodes near wellbore (3 x 3 x 3 fluid domain; high rate). 
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Figure 8—42 


Profile of temperature (average block values) with simulation time at 


selected nodes near wellbore (3 x 3 x 3 fluid domain; high rate). 
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Figure 8—43 
Growth of effective plastic strain with simulation time at 


selected Gauss points near the wellbore (3 x 3 x 3 fluid domain; high rate). 
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Figure 8—44 
Growth of volumetric strain with simulation time at 


selected Gauss points near the wellbore (3 x 3 x 3 fluid domain; high rate). 
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Figure 8-43 illustrates the growth in plastic strain at the three Gauss points. The trend follows 
the injection cycles closely, although plastic straining does not begin until the simulation is into the 
second injection cycle. The bottom well Gauss point shows the greatest degree of plastic strain. The 
values at the neighbouring element Gauss point 204 are zero throughout the time of the simulation, 
indicating that the response at that node is purely elastic. All the values are similar in magnitude 
to those seen in the uncoupled case. The inadequate resolution of the excess stresses back to the 
yield surface does not significantly affect the effective plastic strain, as it was mostly accumulated 


during the injection period. 


Figure 8-44 illustrates the variation in volumetric strain as injection continues. The response 
mirrors the variation in vertical stress reported later. The sudden drop in ¢, half way through 
the second injection period corresponds to the sudden increases in vertical stress at the same time. 
However, the response during the second production period is more varied. The volumetric strain 
continues to decline in the bottom well element, reflecting the continued but more gentle decline 
in vertical stress (an increase in its magnitude). The volumetric strain at the middle well element 


remains more or less constant, while the value at the neighbouring element 204 increases steadily. 


Figure 8-45 illustrates the change in the stress ratio at each of the selected Gauss points. The 
sharp decline in stress ratio during the second injection period reflects the increasing vertical stress 
magnitude at the same time, due to insufficient reduction of the excess stresses. The values stay 
greater than one at all locations, once the value of one has been attained. The first peak in K, at 
the end of the first injection period is unlike that of the uncoupled case with the same mesh, but 
is not unlike that in the high-rate 5 x 5 x 3 case. This reflects the higher temperatures in the well 


elements, discussed earlier. 


The vertical stress response, illustrated in Figure 8-46, has already been discussed in conjunc- 


tion with the previous parameters. 


The Lode angle, 0, shown in Figure 8-47, follows a similar path to that in the uncoupled runs. 
The values at the points close to the injection nodes indicate principal stress rotation occurring 
during the first injection period. The neighbouring point in element 204 moves more slowly towards 
the rotated state. The two points by the injection nodes move to values close to zero about half way 


through the second injection period, further evidence of unresolved excess stresses. 


On the same page, Figure 8-48 illustrates the variation of minor principal effective stress (in 
the compression-positive sense) with time at the same selected nodes as the earlier pressure and 


temperature profiles. These values, as before, were obtained from stresses approximated at the 


ey es ih eles ule oe eben Bebyvind ls at totes. jhe isecsne. + Nae wicessregnen os 


ol a G04 aes wey if pe) Ve uae Lraminy otcoate vont te 


; ot 
He i q ¥, 4 1 


=< a \ re | 
’ : = cs ’ S 


! 


‘ aie diuen) ad mites yao he soni wits hm aan ai | 

cen i ruitalgenil a ia agoit fig? wen) getty as") vene's ; 
eT hacia sont rs snort a! ky ealetine cist? pwnely Sait 2 1 
jikttptipate- off Yo crn ur ait ppealigatr etd mw ets +08 


ioe p » eee 
night i Talioste enn waltey avtz tl iste ag en 


‘Ge. 


ae 
3) hoki om ekah 454 ‘ uy nes ; oe eh ea ea | aan Sah 


B 


+*4 ye Vises! +r i vt ran Vt! <1T rraion acelin 


ugh woke GT ahead hariegr — wore ay 

a iasomecte te nintote Ai saber cng os, pe 

ee 

Pe Ra ee oem ee Apathy Hise see nb ot 

er Lisgoy wel ats ork rice sh ota oat (obaisirgion 45 Bh guweresic_ i) = ‘ 
oi} L252 ieee inlet ah CS sree 


) = 

ante i Ns fo sith 0 ae rr geile sens 4 ayaa ean oe a 
eave esti) yilamersterl) wig Rhino wivegat Seoemy, ie, 

bebe tgs aa ahi os ay $66F Ve aabltvions =a pitas wal na 

(Hh aleg sibel, tants Sma ore ‘ee Levguiny otht) " 

it hostel ‘tal aul: aa Mite beoeoits ads shad joa wits ¥ bag doit pew wig big d 

iit ny ca of creat ' ingen whitest said qiiiied nb ia sd 4 te Hinglgeeee oat: a se ite 38 3 


& 


Mvelistndy ah bwnebelan By ont wi Hs a ‘a Poni i otic stve fF? 


~~ on SN ka: mews 


ath SeiQuionm yy sit i Pres Ln | ni tiae 6 emetich: eS quay eh awed & syn bol ad 

valine wT " niet Baler teac'= toxPashy ale iat SR ia astealal. Bid. 7 Ser eur: é j-2/lt 2a exylav ont 
Biante ily ie aur neue it Shree a i ec qibmaddginn tT seat ivsey se Loghnil see aly sonal ~ 
wu ji) q Cale cgay OT oeiLD ge ith ¢ chia eleon wenzonigel A WH eining ae ent ihacee heiacon wild 
pyre! peor trllinacryy oe rnd bere nei self boitione at taba 


; ~ ia aNa 7 b: ean ’ iis | .. clue sabia. as wig re, aenian of HO 


ti 


4b Whtweriorenitegs: 2p et weer tensitide. eo Sacha, ae persdl’! apee sussinoa 


ta) 


Stress Ratio 


Vertical Stress, kPa 


3x3x3 fluid domain (staggered coupling, high rate) 

--— Elem# 246, GP# 8 (by wellbore midside node) 
Elem# 204, GP# 8 (by node beside wellbore) 

— Elem# 197, GP# 8 (by wellbore bottom node) 


Start 1st prod. cycle 
Start 3rd inj. cycle 


Start 2nd prod. cycle 


0 50 100 150 200 250 300 
Simulation Time, days 
Figure 8—45 
Change in stress ratio, Ko, with simulation time at 


selected Gauss points near the wellbore (3 x 3 x 3 fluid domain; high rate). 
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Figure 8—46 
Change in vertical stress with simulation time at 


selected Gauss points near the wellbore (3 x 3 x 3 fluid domain; high rate). 
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Figure 8—47 


Change in Lode angle, @, with simulation time at 


selected Gauss points near the wellbore (3 x 3 x 3 fluid domain; high rate). 
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Figure 8—48 


Change in least principal stress, 03, with simulation time 


at selected nodes near the wellbore (3 x 3 x 3 fluid domain; high rate). 
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Figure 8—49 


Change in the principal stress number oriented closest to the 


z-axis at selected nodes near the wellbore (3 x 3 x 3 fluid domain; high rate). 
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Figure 8—50 


Change in the angle of the principal stress oriented closest to the 


z-axis at selected nodes near the wellbore (3 x 3 x 3 fluid domain; high rate). 
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nodes using the scheme described in §6.5.2. The values for the bottom well node become anomalous 
at 140 days, with a large positive spike followed by oscillation to extremes. This is a result of the 
poor reduction of excess stress in that element. The values at the middle injection element are not 
so severe, although the increase (in magnitude) at 140 days is also a sign that some excess stress 
still exists. Excluding the anomalous values at node 257, the least principal stresses plotted do not 


go into tension during the simulation period. 


The principal stress numbers closest to the vertical, and the angles between them and the 
vertical, are given in Figures 8-49 and 8-50. Principal stress rotation occurs in the order discussed 
with the Lode angle. At all times, the principal stress at the bottom wellbore node 257 coincides 
with the vertical axis. The middle well node deviates from this about half way through the second 
injection period, moving to the angle of 45° to the vertical. Node 265, neighbouring the bottom well 
node, also moves to the 45° angle in the second injection cycle. This might be a response to the 


excess stress in the wellbore elements. 


In the coupled runs, the porosities are calculated directly from the volumetric strains and the 
thermal expansions. Thus the values reflect directly the interaction between the fluid and solid 
models. As is expected, the porosity values, presented in Figure 8-51, have a similar profile to 
the volumetric strain curves, with some exaggeration of the differences between the nodes. The 
permeabilities, related by a cubic expression to the volumetric strains and porosities, change at the 
selected nodes as shown in Figure 8-52. The relative shape of each curve is closest to the variation in 
porosity, and reaches a high point of four during the second injection cycle. This has a corresponding 


effect on the block transmissibilities, and on the injection pressures. 
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Figure 8—51 


Change in porosity, ¢, with simulation time 


at selected nodes near the wellbore (3 x 3 x 3 fluid domain; high rate). 
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Figure 8—52 


Change in permeability, k, with simulation time 


at selected nodes near the wellbore (3 x 3 x 3 fluid domain; high rate). 
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8.8 Results for 3 x 3 x 3 fluid domain with low injection rate and full coupling 


Results are presented for the low-rate case in the 3 x 3 x 3 grid, using the full coupling. 
Element and node numbers which are referred to are identified in Figure 8-3. Gauss point positions 
within elements are identified in Figure 8-7. The simulation took 85 time steps to reach 106 days 
of simulation time (one full steam injection cycle). The solution diverged at this time, and further 
progress was not possible. The variation in pressure and temperature with simulation time at the 
selected nodes 257, 265, and 321 is shown in Figures 8-53 and 8-54, respectively. Nodes 257 and 321 
are wellbore nodes, while node 265 is one of the nodes immediately adjacent to the bottom wellbore 


node, 257. 


These results should be compared to the uncoupled 3 x 3 x 3 (high rate) case, and to the the 
staggered case (high rate). While the injection rate for this case is less than that for the other two 


coarse grid scenarios, one can still consider and interpret the progress of changes. 


The peak pressure at the end of the first injection period is even more pronounced than for when 
the staggered coupling was used. This can be ascribed to the lower effective pore compressibility 
of the system. It is also noted that the difference in pressure between the neighbouring node 265 
and the well nodes is much less in the two coupled runs than for the uncoupled cases. This can be 
explained by the increase in absolute permeability accompanying the injection of steam. There is 
also a greater drawdown at the well nodes than in the previous examples. Here the explanation also 
hinges on the values of volumetric strain, which will be seen to be smaller for this example. The low 
pressures at the end of the first aducaan period probably contributed to the eventual divergence 


of the solution. 


The temperature response is similar in form to the uncoupled case, as is expected—the tem- 
perature distribution will only be altered by changes in flow paths, or by the retention of hot fluids 
when flow is restricted. It is then noted that the temperatures in this case are all lower than in the 


uncoupled case, reflecting the lower injection rate used in the coupled run. 


As before, material behaviour beside these three nodes will be presented. Three Gauss points 
from elements 197, 204, and 246 (see Figure 8-3) were chosen such that they were the ones closest 
to the nodes reported in Figures 8-53 and 8-54. The data points are organized in the next five 
diagrams so as to correspond to the nodes considered for the pressure and temperature profiles. The 
nodes and their closest Gauss points will be referred to interchangeably in the following text. The 


same terms reported for the previous fluid domain studies will be presented in this section. 


No effective plastic strain was noted in the previous examples until the second injection period. 
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Figure 8—53 
Profile of pressure (average block values) with simulation time at 
selected nodes near wellbore (3 x 3 x 3 fluid domain; low rate). 
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Figure 8—54 


Profile of temperature (average block values) with simulation time at 


selected nodes near wellbore (3 x 3 x 3 fluid domain; low rate). 
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3x3x3 fluid domain (full coupling, low rate) 
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Figure 8—55 


Growth of volumetric strain with simulation time at 


selected Gauss points near the wellbore (3 x 3 x 3 fluid domain; low rate). 


As expected in a run terminated before entering the second injection period, no plastic strain was 
observed in this case. Figure 8-55 illustrates the variation in volumetric strain. It can be seen that 
the volumetric strain is lower than for the uncoupled case, and is mostly due to the lower injection 


rate used for this run. 


Figure 8-56 illustrates the change in the stress ratio at each of the selected Gauss points. 
The two coupled runs display a different response at the neighbouring Gauss point (element 204), 
compared to the uncoupled run. In this run the difference is very noticable, where the stress ratio 
K, actually decreases during the first injection period, in contrast to the uncoupled run where 
it increases slightly. The change in K, can only happen as a result of a reduction in the major 
horizontal stress or an increase in the vertical stress. The vertical stress response, seen in Figure 
8-57, shows that the vertical stress (magnitude) at this Gauss point decreases more than in the 
uncoupled runs. It is probable that the lower injection rate of the coupled run, resulting in a lower 


thermal loading, is the main reason for this behaviour. 
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Figure 8—56 
Change in stress ratio, K., with simulation time at 


selected Gauss points near the wellbore (3 x 3 x 3 fluid domain; low rate). 
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Figure 8—57 
Change in vertical stress with simulation time at 


selected Gauss points near the wellbore (3 x 3 x 3 fluid domain; low rate). 
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Figure 8—58 


Change in Lode angle, 9, with simulation time at 


selected Gauss points near the wellbore (3 x 3 x 3 fluid domain; low rate). 
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Figure 8—59 


Change in least principal stress, 03, with simulation time 


at selected nodes near the wellbore (3 x 3 x 3 fluid domain; low rate). 
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Figure 8—60 


Change in the principal stress number oriented closest to the 


z-axis at selected nodes near the wellbore (3 x 3 x 3 fluid domain; low rate). 
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Figure 8-61 


Change in the angle of the principal stress oriented closest to the 


z-axis at selected nodes near the wellbore (3 x 3 x 3 fluid domain; low rate). 
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The Lode angle, 8, shown in Figure 8-58, complements the changes in the stress ratio. Principal 
stress rotation, evidenced by a change in the Lode angle from +30° to —30°, occurs only at the Gauss 
points close to the well nodes used as an illustration. This is mirrored in the stress ratio figure, where 
the values at these points become greater than one. The stresses at the neighbouring point remain 


unrotated. 


On the same page, Figure 8-59 illustrates the variation of minor principal effective stress (in 
the compression-positive sense) with time at the same selected nodes as the earlier pressure and 
temperature profiles. These values, as before, were obtained from stresses approximated at the 
nodes using the scheme described in §6.5.2. It is clearly seen in this diagram that the smallest minor 
principal stress (by magnitude) is at the neighbouring point, rather than directly adjacent to the well 
nodes. Using the information given in Figures 8-60 and 8-61, the principal stress numbers closest 
to the vertical, and the angles between them and the vertical, it can be seen that the neighbouring 
point has the major principal stress most closely oriented to the vertical axis, and that it is almost 
vertical. A vertical parting plane is then the preferred orientation if the point should attain zero 


effective stress. 


The porosity values, presented in Figure 8-62, and the permeability ratios, shown in Figure 
8-63, have a similar profile to the volumetric strain curves, again with some exaggeration of the 
differences between the nodes. These variations, as a result of the volumetric strain response, alter 


the response of the reservoir to steam injection compared to the uncoupled analysis. 
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Figure 8—62 


Change in porosity, ¢, with simulation time 


at selected nodes near the wellbore (3 x 3 x 3 fluid domain; low rate). 
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Figure 8-63 


Change in permeability, k, with simulation time 


at selected nodes near the wellbore (3 x 3 x 3 fluid domain; low rate). 
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8.9 Discussion 


The numerical experiments chosen were intended to investigate the effects of changing im- 
portant parameters on the differences encountered when using the coupled formulations, and to 
demonstrate the implementation of the coupled formulations. The most important result has been 
to demonstrate that the coupled runs are feasible, but are difficult and costly to perform. There are 
also stability problems, which were partly resolved, and the problem of obtaining stress solutions 
which had been reduced back to the yield surfaces from the excess trial values. As in most coupled 
problems, the amount of work to be done increases with the amount of coupling required. The stag- 
gered formulation is the simplest level of coupling, and if it gives realistic solutions, is the obvious 


candidate for further study. 


8.10 Comparison of methods 


Several individual parameters have been prepared in more detail for discussion: the production 
data, the plastic zone, the volumetric strain, and the vertical effective stresses. The production data 
is considered for all the runs. For the rest of the comparison, only the staggered coupled run 
(R333STAG) is compared with the two uncoupled runs operating at the higher rate (R333HR and 
R553HR). The contours for the 3 x 3 x 3 fluid model grid are taken from the bottom layer of Gauss 
points in the lower layer of elements in a 3 x 3 areal slice taken from the injection corner. The 
contours for the 5 x 5 x 3 fluid model grid are similarly taken from a 5 x 5 areal slice. Data is taken 


at 155 days, at the end of the second injection period for all the runs. 


8.10.1 Production data 


Some production parameters have been chosen to highlight differences and similarities between 
the simulations. The first diagram, Figure 8-64, illustrates the cumulative steam injection in barrels 
of cold water equivalent (cwe). All the wells were injection-rate specified, so unless a wellbore 
exceeded a specified pressure, the cumulative volumes injected should be the same between different 
simulations at the same injection rate. The two lines underscore this, and the difference between 


the two rates is clear. 


Figure 8-65 illustrates the oil production rate with simulation time for each case. Production is 
confined to specified cycles, and the rate increases with each successive cycle for the three considered 
here. Of the two coupled runs, there is only enough data from the staggered coupling to be able to 


make any comparison with the uncoupled cases. The 3 x 3 x 3 runs have similar profiles during the 
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production periods, but with some subtle differences. The finer 5 x 5 x 5 grid makes a more realistic 
production curve, with high initial rates and rapid declines during the course of the production 
period. The staggered run produces oil a little slower than the uncoupled counterpart in both the 
cycles for which there is data. Water production, shown in Figure 8-66, is higher in the (staggered) 
coupled model. Presumably the more mobile water can flow faster in the enhanced (absolute) 
permeability caused by the dilation, proportionately higher than the oil can. The mobile water is 


mostly steam condensate. 
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Figure 8—68 


Profile of oil-steam ratio during simulations. 


The cumulative oil production, shown in Figure 8-67 in % pore volumes, indicates that the 
staggered run only had a slightly different oil recovery compared to that from the uncoupled run. 
The fine mesh simulations give better recoveries than the others because of the different rates of 
mobilisation of bitumen between the finer and coarser grids. Given that the injection rates are 
constant, it is not surprising that the oil-steam ratios, plotted in Figure 8-68 reflect the figures for 


cumulative oil production. 
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Figure 8—64 


Profile of cumulative steam injection during simulations. 
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Profile of oil production rates during simulations. 
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Figure 8—66 


Profile of water production rate during simulations. 
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Profile of cumulative oil production during simulations. 


195 


rami (anes meeetiid 


—_ 1 j 


y j 


| u : 
pas igs gags = op maly vy } a a r 


* oes ot oe 


.- 


ae ra it fe anda aol Bs fe i is) ax cee 
* ; . 7 on ae ee ie 
a ie eo se By : 
, e - : cae 5) a , ees 
: amily agnt a bye : ie ha 
d ; ie) ; ; Bi : ; 
we ; oe a; 


1 a. | 6 / : 
Waders. Naps) ko anne ee ieiamimlmetne aO  S . 


’ 


196 


Figure 8—69 


Contours of effective plastic strain (%) in R553HR from basal layer of Gauss points in heated zone. 


8.10.2 Comparison of plastic zone sizes 


The effective plastic strain is an indicator of plastic deformation, and therefore the boundary 
between zero and positive plastic strain is the boundary between plastic and elastic analysis, where 
the strains can accumulate differently from even non-linear elastic behaviour. In the two coarse grid 
simulations (both high rate, one with staggered coupling and one uncoupled), the only yielded Gauss 
point at this time and in the layer being considered, was the one nearest the well injection node. 
Only the contour map for the fine grid simulation (uncoupled, high rate) is presented in Figure 8-69. 
Yielding has occurred in more than one-quarter of the area, reflecting the better distribution of fluid 
pressure and temperature in the finer grid. A maximum value of 2.2% is at the corner Gauss point 


(contouring is based on a grid of the Gauss point data). The plastic zone is areally symmetrical. 


8.10.3 Comparison of volumetric strains 


The variation of volumetric strain with time impinges directly on the the fluid response, as 


porosity and permeability are functions of these strains in the coupled formulations. Contours at 
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Figure 8—70 


Contours of volumetric strain (%) in the high rate simulations from basal layer of Gauss points in heated zone. 


the end of the second injection period in the high rate simulations are presented in Figure 8-70. The 
most striking item is that the contours for the uncoupled run R333HR and the staggered coupling 
run R333STAG are very similar. It would appear that running the coupled model has no advantage 
at this point, certainly if this were the only variable of interest. The volumetric strain contours in 


the fine grid simulations are much better delineated. While larger volumetric strains are noted at 
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R333STAG 


Figure 8—71 


Contours of vertical stress (MPa) in the high rate simulations from basal layer of Gauss points in heated zone. 


the wellbore, the values fall off with distance from the wellbore more quickly than for the coarser 


grid studies. 


8.10.4 Comparison of vertical stresses 


The vertical stresses, in conjunction with other information such as the three-dimensional 


stress ratio Ky, are important indicators of potential tensile hydraulic partings. As the injection 
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of steam proceeds in a formation containing virtually immobile oil, the location and orientation 
of partings will govern the speed at which the oil is mobilized and produced. The distribution of 
vertical stresses in the bottom layer of Gauss points in the heated zone is presented for the three 
high-rate simulations in Figure 8-71. (Note that they are given in the tension-positive convention.) 
The distribution of vertical stress for the two coarse grid cases (one uncoupled, one coupled) is no 
longer nearly identical, as it was for the volumetric strain. The near wellbore stresses are higher 
for the coupled case, indicating that a coupled formulation will be necessary for a better prediction 
of where tensile partings might occur. The fine grid case gives a better resolution of the areal 
distribution of vertical stress. It can be seen that a low region (in magnitude) in the vertical stress 
occurs at some distance diagonally from the wellbore region, rather than at the wellbore. This has 


been noted before at later times in the coarse grid simulations by Tortike and Farouq Ali (1991). 


8.11 Making the coupled runs 


The coupled formulations presented in Chapter VI include using a pore Co YesuiDility term 
to enhance the implicitness of the fluid model solution. This approach causes fast divergence in the 
fully coupled case, although it was more stable for the staggered solution method. Many coupled 
runs were attempted, and most of them would diverge after only a few hours or days of simulation 
time. In the end, the coarse nature of the mesh required that multipliers be used to increase the 
volumetric strain used to calculate the porosity and permeabilities. The multiplier was used to 
convert the pore compressibility term from that back calculated from the solid material response in 
the uncoupled runs (ca. 3 x 1076 psi!) to that value used in the uncoupled formulations (0.0001 
psi~!) — a factor of about 30. This made the comparisons easier as the initial pressure response 
was closer to the original uncoupled response, so that changes as a result of the coupling were more 


apparent. 


The fully coupled run could not be made without adjusting it so that the solid velocity compo- 
nents remained constant at the values found after the first one or two Newton-Raphson iterations. 
This stabilized the solution considerably. Taking out what are implicit porosity terms in classical 
reservoir simulation to put them into the residual (the right-hand side of the equations) also makes 
the solution less stable, but was not such a big problem as the changes were less dramatic than 
in the solid velocities. The pore compressibility approach, which attempts to restore the implicit 
porosity terms using using the volumetric strains from the previous time step, failed to work at all 
in the fully coupled case. This is because the pore volume change is no longer only a function of 


the pore pressure in the block (and, implicitly, the neighbouring blocks), but is a function of the 
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distribution of stresses throughout the entire body, which are transmitted at the speed of sound: 
hence the stress response to a pore pressure change cannot be considered a transient phenomenon. 
Therefore a change in stress at one corner of the body has an immediate effect on a position at the 
other corner (a finite distance away). Induced loads can then lead to changes in volumetric strain 
opposite to that deduced from the local change in pore pressure. Thus the implicit formulation leads 
to projections of porosity (a consequence of the Newton-Raphson formulation) which are more in 


error than allowing the porosity to lag one iteration (by placing the porosity terms into the residual). 


It should also be noted that the staggered run should give the same answers as the fully coupled 
run if the time steps are short enough. At some point while reducing the time step size, the fully- 
coupled method will find a solution effectively within one Newton-Raphson iteration of the fluid flow 


model. When this occurs, the method is identical to the staggered scheme. 


8.12 Stress reduction calculations 


The reduction of stress to the yield surface is required because, by definition, the material 
cannot exist at stress states outside of the yield surface. The model finds stress states satisfying 
this condition by adjusting excess trial stresses, found by elastic projections) everywhere until the 
constraint is met. The approach used by Owen and Hinton (1982) is effective but can be slow. 
Typical mesh requirements are that the plastic zone be a small portion of the entire grid (< 10%- 
15%), and that loads be applied in small steps (e.g, < 5% of the total applied load). This allows 
the stresses to equilibrate throughout the entire body, through a redistribution of the excess stress 
in elastic space. The elastic space must absorb the excess energy existing as a result of reducing 
the stresses to the yield surface. If the stresses are not brought back to points on or within the 
yield surface, excess stresses are observed in the body with unreasonable strains and displacements 
in the same region. A better choice of stress reduction algorithm is then required, or lots of time or 


computing power. 


8.13 Stress sampling points 


Interpolation of stresses to the nodes is usually safe to do, although the values are not considered 
to be as accurate as at the optimal sampling points at the Gauss quadrature locations. Large errors 
can and do occur on the boundaries of the model, where the approximation procedure allows locally 
large gradients to give an unreasonably high answer. Values on the boundary should be compared 


to neighbouring Gauss points, and perhaps assigned values from these Gauss points. 


4 Oy Cee 


Wis = ae , a Yi 


ae Gariearo’ Peet ie toerat i pent ( wetten . sie 

ii he Td DARE ane viele asada ng aad bod sat Yo 

minadt hide ae: aruayivals. deal % ti ae Gj es olygol fp cath va a ; 
Ses Pag taps nrted drihyor mies ant Y Wabi 108) 0 a ’ 
at eae ee £8 i {rei bai ur green) all tooo oti a re 


iain ale aunt iene! yal smo OM geil A) 


Cac b') 


whee 38) scl? am enpeyintan eat AES ial aleve sult 8 ¥ 9 sh ain. 
cath wats ks anh aa tak aialnae biter ae mh yin 
" iy ital aes ee RSS deamelegnet: apie s sie plead cfretroctinsanitadion «sll Bi 

acateahox bertnngpece eal bs asi i a . 


a7 > 3 
te ras ae, iy AR 


5 dé : 3 


sity wpitate cial wie Lai penn waabarn » Male Selpaben pete nan inn 
| bine Migaha eats inca sta 9 based dearer latent gniteiibe yd it 
ait el ae9 pig ov tayetn a RH cosa bas nia) wi beth eos ant ae oh 
ibe chant ais ws riley Bath 3S acm neh Sade ine ote sagt i 
jn aeettle aye dhe fn OEE, edo taht bo, BS > 29) eos Wasoa al Salinge: od abvol dadlé Batol : 
ee pene ers sotto 4 Spear. sibod ein ont oro escriliage A wane i 
; aalonten ty hsv sAiiiay. ygens EEIXt os, thems eG ewrga obmeie aT SOW 
7 “wat (it Le, wiped Bhding wy toed mined | fan arte sexsi aut Rl weet blofy, eal ow senachee 
rapareelitins ‘eiestesbpananenas tive rhed adi fi borwvato ae coos dha vost Bpabg 
ao tes ea 3 ieee 1 *lt i onitkzogin stato eh Rr obits ath A _— noueaed 


- rer 3 | 5 ae : 
ee) ee. “te ile en i 


a } r : weet 


) Dee 
~~ 


ot 
: ofl 


é SSRMMNNRES. 14 Orta Yann Ait Ait / Soe ns caren 
wan 


? 
~ eee — yest al ass tyra wa ge Lagnliqn eds tn 2m whens an seth 
F giao awealin secprhamteinny aroaliyii crane ate a Jikan ot Yo goinabensos ‘sih-a0 tarsoe-ab town 
Bites: ped belie ai uae etre eae’ vie. digi ids as p08 oviy on ainstang, oyial 
en ak et) sae apelin” atin maa pa 


201 


8.14 Usefulness of the runs less than fully coupled 


The uncoupled runs have been more useful than simply for base case studies. The stress and 
strain responses in the results presented here have been well within the same orders of magnitude 
observed for the coupled cases. As noticed earlier, there will be differences in the flow rates because 
of the modification of permeability with volumetric strain. It is also seen that the vertical stress 
distributions in the first two periods do not vary much. However, there is a significant difference 
between the stress ratio values. More differences do occur farther away from the wellbore, as can be 
seen in the contours discussed earlier. The uncoupled runs will continue to be useful to gauge the 
order of magnitude of the material response, which can be a guide to preparing the coupled model. 
This study indicates that the level of coupling achieved with the staggered formulation is good, and 


is considerably less costly to run than the fully coupled case. 


8.15 Computer time required to make runs 


The computer time required to make these runs has been described as excessive. The coupled 
models cannot be considered production versions. However, certain computational bottlenecks have 
been identified and can be modified to permit the completion of coupled runs in several hours or 
less, instead of several days. The excessive run times can be attributed entirely to the calculations 


in the geomechanical model. 


First, the frontal solution method used by the program is not efficient for current comput- 
ing facilities. The frontal solver assembles the global equations by processing the elements in a 
predetermined order. As global equations become complete, the steps for forward elimination are 
performed, so that it is complete by the time the the equations are prepared for the last element. 
Backward substitution for the solutions to the variables then proceeds as is normal in linear equation 
solvers. The combined process of global equation assembly and forward elimination, while effective 
in minimizing core storage, combines inefficient use of computer floating point arithmetic and a sole 
choice of linear equation solver — Gaussian elimination. Working with short vectors in FORTRAN 
DO loops is inefficient on modern workstations, and the generally piecemeal approach of the frontal 
solver consists entirely of this kind of operation. The frontal solver should be replaced by a two-step 
process of the complete assembly of the global stiffness matrix followed by the invocation of a suit- 
able linear equation solver. The equation solver might be an iterative method with the appropriate 


choice of preconditioning and acceleration. 
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The second significant computational bottleneck is the explicit evaluation of stress for the 
stiffness matrix. This causes a large increase in the number of iterations required to reduce the 
excess trial stress (found by calculating the elastic stress response) to the yield surface. An implicit 
treatment of the stresses would enable a converged solution to be found more quickly, reducing the 


amount of computer time required. 


Both these improvements can be implemented given time and effort. It was not done for this 


work because of limitations of time. 


8.16 Assumptions and limitations inherent in the models 


All the models described in this work contain implied as well as explicitly stated assumptions, 
which place bounds on the applicability of the models. In most cases, explicitly stated assumptions 
have been justified in the text, and the implication of the limitation discussed. In this section some 
of the wider implications are discussed, with some review, where important, of previously mentioned 


assumptions. 


Obtaining material parameters is at least as difficult as measuring multiphase flow properties. 


It goes without saying that a lack of appropriate data values will alter the outcome of the simulation. 


8.16.1 Fluid and heat flow model 


The biggest limitation of the fluid flow model is that it is a dead oil model. The effect of 
gas evolution in the reservoir will be significant in terms of overall stiffness of the sand. It is also 
significant because it may create a mobile gas saturation through which steam can penetrate. These 


effects will not be modelled by the current simulator described in this work. 


8.16.2 Geomechanical model 


The principal limitation of the geomechanical model lies in the assumption of engineering 
(small) strain. Small strain analysis uses the undeformed length of the body to normalize the 
measure of strain. As a result, for strains greater than about 5%, there is an increasing error in the 


strain solution. 


The use of constant elastic parameters limits the applicability of the geomechanical model. No 
scheme is incorporated into the model to account for stress dependent values of EF or v. However, 


hardening behaviour of the yield surface can be included. 
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Gridding a domain for plastic deformation analysis requires that the mesh be sufficiently large 
to redistribute and accommodate the excess strain energy transferred by elements with stress states 
on the yield point. A rule of thumb suggests that the mesh be sufficiently large so that no more 


than 10% to 15% of the elements are in the plastic region during the analysis. 


The current geomechanical model cannot incorporate planes of weakness without using actual 
finite elements. In many formations shale streaks may be observed, which could cause displacements 
beyond the capabilities of the model. There is a general inadequacy in stress-strain constitutive 
modelling of soils when dealing with material which has been has been subjected to several load 
paths due to the rotation of principal stresses. The elastic and plastic parameters can be considered 


to have changed once principal stress rotation has occurred and the material is unloaded. 


8.17 Validation of the models 


The individual components of the finite difference/finite element coupled model were tested in 
their own right. The finite element model was tested using an axial loading example from Smith 
and Griffiths (1988), and was described earlier. The finite difference model was a production model 
used by Dr. Farougq Ali. After all the changes were made to the finite difference model, the program 
was tested by repeating a cyclic steam stimulation study. All the tests reproduced the original 
results exactly. This level of verification was considered adequate for the study, given the stated 
goals. Nevertheless, it is necessary to consider ways in which this complex model can be verified for 


production use. Field and laboratory conditions can be considered. 


8.17.1 Laboratory verification 


Two types of physical modelling could be prepared for testing the coupled numerical model. 
Standard drained and undrained tests in triaxial apparatus should be reproducible. Investigation 
of more complex processes would require appropriately designed models which would be able to 
display thermal and pore pressure gradients for the duration of the test. A two-dimensional model 
of one-quarter of the area covered by one steam injection well (injection in one corner of a square) 
could be designed which included strain gauges in the sand, along with pressure and temperature 


transducers. 


8.17.2 Verification using field data 


Full scale verification of this model is probably impossible at the moment. History matching 


single wellbore pressures, temperatures, and bitumen and water flow rates, does not guarantee a 
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unique result. However, the model will ensure that the extent and degree of formation disturbance 
is quantified so that this information can be included in further reservoir modelling studies. Limited 
verification can be made by observing and matching surface uplift or compaction surrounding the 
wellbore, as well as comparing the extent of yielded material (from shear failure) to observations 
in surrounding wellbores, be they observation, injection or production wells. Stress and strain 
information from the wellbore cannot be included because of the local response by the formation to 


the presence of the wellbore and the fluid pressures in it, not accounted for in this model. 
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Chapter IX 


CONCLUSIONS 


Several numerical approaches for coupling oil reservoir fluid response and elastoplastic for- 
mation deformation have been considered. The first approach, a fully finite element formulation, 
was found to be too unstable to be useful. The second approach, a combination of finite element 
modelling of solid behaviour and finite difference modelling of thermal fluid flow, was found to be 
successful and useful. In particular, the following contributions can be identified and conclusions 


drawn: 


i) this study has achieved the goal set out in Chapter III to develop a three-dimensional thermal 
numerical reservoir simulator incorporating the concomitant changes in stress and strain of an 


elastoplastic soil to hot fluid injection; 


ii) this is the first implementation of non-linear, plastic behaviour in multiphase reservoir simu- 


lation using rigorous concepts of incremental plasticity; 


iii) this is the first implementation of a three-dimensional multiphase reservoir model to observe 


the likely effects of principal stress rotation on potential parting planes; 


iv) this study provides methods for quick appraisal and interpretation of three-dimensional stress 


results using simple two-dimensional plots; 


v) the study demonstrates the rotation of principal stresses at orientations other than at the 


horizontal or vertical. 
There are many recommendations for further research in this area. The more important ones are: 


i) to find an implicit coupling term suitable for plastic formulations which incorporates the effects 


of stress changes; 
ii) to investigate the effects of the presence of a solution gas in the oil; 
iii) to implement a faster excess trial stress reduction algorithm; 
iv) to increase the order of element for the finite element model; 


v) to apply the model to existing field data, and to conduct laboratory tests which can be used 


for verification; 


vi) to implement fracture-matrix interaction beyond the prediction of fracture initiation. 
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Appendix A 


COUPLED FLOW AND SOLID EQUATIONS 


The following set of flow equations are used in the finite element formulation. The primary 
variables (Sy, So, Pw, I’) are solved for at the latest time level. The iterative solution allows the 
non-linear terms to be evaluated at the last iteration solved. Terms at the previous time level are 
denoted by the superscript ”, and are constants, not variables. See the Nomenclature and Chapter 


IV for further explanation of symbols used. 
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A.1 Water equation 
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A.2 Bitumen equation 


The equation for bitumen can be written as 
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A.3 Gas equation 


The equation for gas can be written as 
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A.4 Energy equation 


The equation for energy can be written as 
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Appendix B 


STATISTICAL ANALYSES OF ROCK AND FLUID PROPERTIES 


The development of correlations for physical properties of water, steam, bitumen, oil, and rock 
is presented in this Appendix. The biggest group of properties are those of saturated steam, which 


are presented first. 


B.1 Correlations for saturated steam properties 


Current methods for the determination of saturated steam properties include looking up and 
interpolating in steam tables, and the use of discontinuous polynomial approximations to the exper- 
imental data, with heavy computational overhead over restricted regions of the saturation envelope. 
This appendix presents a complete suite of properties as functions of simple continuous polynomials 


throughout almost the entire saturation envelope. 


Steam properties as a function of saturation pressure and temperature are essential for thermal 
reservoir simulation and other analyses. The properties are found in a computer program either 
by interpolation of steam table data or by using existing interpolation polynomials. The existing 
polynomials are of restricted range and generally discontinuous. This work offers a complete suite 
of steam properties as functions of continuous, simple polynomials throughout almost the entire 
saturation envelope—to within 7 K [13°F] or 1.85 MPa [270 psi] of the critical point of steam. 


Derivatives of the polynomials can be evaluated analytically. 


Polynomial interpolation is necessary to make effective use of vector and parallel computers 
because the table look-up and interpolation is inefficient for many points, even if a single-point 
evaluation is quicker this way (Dubois, 1982). It must be emphasized that all the correlations are 


invalid outside of the steam saturation envelope. 


B.1.1 Development of correlations 


The objective of the work was that the polynomials should describe the behaviour of the steam 
properties to a sufficient degree of accuracy with changing pressure and temperature within the entire 
saturation envelope. The polynomials should be continuous and they should involve simple integer 
powers of the independent variable. Integer powers are efficient arithmetic operations, unlike the 
evaluation of transcendental functions, which implicitly includes fractional exponents. Transcenden- 


tal functions take an order of magnitude more effort to evaluate than basic arithmetic operations 
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on a computer. This efficiency is useful particularly in microcomputers. Simple polynomials can be 


most effectively evaluated using the Horner expansion (Knuth, 1981). 


The data were tabulated in Perry and Green (1984) for saturated water substance. The 
property values were corroborated by the tables published by Cooper and Le Fevre (1975). The 
correlations were developed by polynomial regression, using the correlation coefficient and the resid- 
uals to judge the suitability of each correlation. Two transcendental evaluations are required for 
the saturation temperature and for the vapour density, and the evaluation of a square root for the 


specific enthalpy of vaporization. The polynomials all have integer powers. 


The correlations are presented jointly in derived S.I. and U.S. units, where version (a) of 
the equation is in S.I. units, and version (b) in U.S. units. All temperatures used as independent 
variables in the correlations are in K [°R], and pressures similarly used are in kPa [psia]. The 
coefficients were developed separately for each unit system, so that the residuals are identical for 
each pair of approximations. Correlations are presented first for saturated steam condensate, then 
for saturated steam. Note that the use of temperature as the correlation variable results in simpler 
expressions than in many previously published works. If pressure is required as the independent 
variable in these correlations, then the evaluation of temperature from Equation (B.10) is very 


accurate and suitable for determining all the other properties. 


B.1.2 Discussion of error 


The maximum and mean absolute residuals from using the correlations on the original data, ex- 
pressed as percentages of the true values, are reported for the properties. The correlation coefficients 
are reported for the regression variables, which are sometimes transformations of the properties. The 
suitability of the new polynomials under particular conditions can be assessed using the residual plots 
in Figures (B-1) to (B—11), which correspond to each equation of the same number. The correlations 
have been compared to the most recently published work, and the comparison is fully documented 


in Tortike and Farouq Ali (1989). 


B.1.3 Steam condensate 


Viscosity, Pa.s [cp], valid for 273.15K < T < 645K [492°R < T < 1161°R], maximum absolute 
residual = 2.87%, mean absolute residual = 1.07%, and r? = 0.99994. 
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Temperature, K 


Figure B-1 


Plot of residuals from the correlation of sc with T. 
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Hse = —12.3274 + 


Thermal conductivity, W m~! K~! [Btu hr! ft~! °R71], valid for 273.15K < T < 645K, 
[492°R < T < 1161°R], maximum absolute residual = 4.58%, mean absolute residual = 0.46%, and 
r? = 0.99857. 


khse = 3.51153 — 0.0443602T + 2.41233 x 10-47? — 6.05099 x 10-77% 
+: 7.22766. x.10> °T* —3:37136 x 10-47". (B.2a) 


Knee = 2.02892 — 0.0142394T + 4.30191 x 10-57? — 5.99485 x 10-8T? 
+ 3.97811 x 107'47* — 1.03089 x 10-“*T°. (B.2b) 


Density, kg m3 [lbm ft~3], valid for 273.15K < T < 640K, [492°R < T < 1152°R], maximum 
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Figure B-—2 


Plot of residuals from the correlation of k,,. with T. 


absolute residual = 1.87%, mean absolute residual = 0.22%, and r? = 0.99977. N.B. all the absolute 
residuals are less than 1% for 273.15K < T < 620K [492°R < T < 1116°R]. 


Psc = 3786.31 — 37.2487T +0.196246T? — 5.04708 x 10-47? + 6.29368 x 10-7T4 — 3.08480 x 107197, 
(B.3a) 


Pse = 236.372—1.29187T +0.00378125T? — 5.40258 x 10-73 +.3.74277 x 10-974 — 1.01916 x 1071275. 
(B.3b) 


Specific enthalpy, kJ kg—! [Btu lbm~], valid for 273.15K < T < 645K, [492°R < T < 1161°R|, 
maximum absolute residual = 2.93%, mean absolute residual = 0.52%, and r? = 0.99994. NB. all 


the absolute residuals are less than 1% for 305K < T < 645K [549°R < T < 1161°R). 


hse = 23665.2 — 366.232T + 2.26952T? — 0.00730365T? + 1.30241 x 10-57% 
— 1.22103 x 10-8T® + 4.70878 x 10-1!27®. (B.4a) 
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Figure B-3 


Plot of residuals from the correlation of ps- with T. 


hse = 10174.2 — 87.4729T + 0.301147T? — 5.38409 x 10-47 4+ 5.33392 x 10-774 
— 2.77814 x 1071°T® + 5.95201 x 107 4T*. (B.4b) 


B.1.4 Steam vapour 


Viscosity, Pa.s [cp], valid for 273.15K < T < 645K, [492°R < T < 1161°R], maximum 
absolute residual = 6.41%, mean absolute residual = 1.59%, and r2 = 0.99542. Note that the errors 


are worst at the extremities of the range. 


sy = —5.46807 x 1074 + 6.89490 x 10~°T — 3.39999 x 10-87? + 8.29842 x 10-7 
— 9.97060 x 10~147* + 4.71914 x 10717T°. (B.5a) 


sy = —0.546807 + 3.83050 x 10787 — 1.04938 x 10-57? + 1.42291 x 10-873 
— 9.49798 x 10-1274 + 2.49747 x 10-5T°. (B.5b) 
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Figure B-—4 


Plot of residuals from the correlation of hs. with T. 


Thermal conductivity, W m~! K~! [Btu hr-! ft! °R7'], valid for 273.15K < T < 645K, 
[492°R < T < 1161°R], maximum absolute residual = 7.56%, mean absolute residual = 2.63%, and 


r? = 0.99709. Note that the errors are worst at the extremities of the range. 


khsy = —2.35787 + 0.0297429T — 1.46888 x 10-47? 4 3.57767 x 10-"T? 
— 4.29764 x 10-°7* + 2.04511 x 10°5T*. (B.6a) 


khsy = —1.36235 + 9.54729 x 10-37 — 2.61945 x 10-57? + 3.54448 x 10-°T? 
— 2.36542 x 1071174 + 6.25351 x 10-575. (B.6b) 


Density, kg m~$ [Ibm ft~*], valid for 273.15K < T < 645K, [492°R < T < 1161°R], maximum 
absolute residual = 7.71%, mean absolute residual = 1.29%, and r? = 0.99996 on Inp,,. Note that 


one can find the steam density using the real gas formula p = pM/(zRT) assuming that the z-factor 
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Figure B—5 


Plot of residuals from the correlation of 4., with T. 


has been evaluated already. 


In psy = —93.7072 + 0.833941T — 0.00320809T? + 6.57652 x 10-°T? — 6.93747 x 10-°T* 
4: 2.97203' x 107'*T>. (B7a) 


In psy = —96.4809 + 0.463301T — 9.90153 x 10-47? + 1.12766 x 10-67? — 6.60862 x 10~1°T* 
415728610" Es (Berd) 


Specific enthalpy, kJ kg~} [Btu lbm~1], valid for 273.15K <T < 640K, [492°R < T < 1152°R], 


maximum absolute residual = 0.50%, mean absolute residual = 0.08%, and r? = 0.99920. 


hey = —22026.9 + 365.3177 — 2.25837T? + 0.00737420T? — 1.33437 x 10-°T* 
+ 1.26913 x 10-8T® — 4.96880 x 10-127®. (B.8a) 
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Figure B-6 


Plot of residuals from the correlation of kp,, with T. 


hey = —9469.85 + 87.2545T — 0.299668T? + 5.43610 x 107-47? — 5.46484 x 10-774 
"4.2.88759 x 1072975 — 6.28068 x 10-47. (B.8b) 


B.1.5 Steam vapour and condensate 


Specific enthalpy of vaporization (latent heat), kJ kg~! [Btu lbm~’], valid for 273.15K < 
T < 645K, [492°R < T < 1161°R], maximum absolute residual = 5.68%, mean absolute residual 
= 0.40%, and r? = 0.99994 on L?2. Note that all the absolute residuals are less than 1% for 
273.15K < T < 620K [492°R <T < 1116°R]. 
3 


Des (7184500 + 11048.6T — 88.4050T? + 0.162561T? — 1.21377 x He) (B.9a) 


Ly = (1327940 + 1134.53T — 5.04327T? + 5.15204 x 10-373 — 2.13711 x 10-*T*) *_ (B.9b) 


Saturation temperature, K [°R], valid for 0.611kPa < p < 22.12MPa, [0.089psia < p < 
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Figure B—7 


Plot of residuals from the correlation of p,y with T. 


II 


3208.2 psia], maximum absolute residual = 0.11%, mean absolute residual = 0.03%, and r? 


1.00000. Note that the pressure range corresponds to 273.15K < T < 647.3K 4017 RS is 
1165.1°R]. 
T = 280.034 — 14.0856 Inp + 1.38075(In p)? - 0.101806(In p)* + 0.0190017(Inp)’. (B.10a) 


T = 561.435 + 33.8866 In p + 2.18893(In p)? + 0.0808998(In p)? + 0.0342030(Inp)*. — (B.10b) 


. Saturation pressure, kPa [psia], valid for 230K < T < 647.3K, [504°R < T < 1165.1°R|, 
maximum absolute residual = 3.22%, mean absolute residual = 0.49%, and r? = 1.00000 on Jp. Note 
that all the absolute residuals are less than 1% for 320K < T < 647.3K [576°R < T < 1165.1°R]. 


p= (-175.776 + 2.29272T — 0.0113953T? + 2.62780 x 10-57? — 2.73726 x 10-87% 


2 
+ 1.13816 x n>) _ (B.11a) 


p= (—66.9421 + 0.485086T — 1.33944 x 10737? + 1.71599 x 10~®T? — 9.93039 x 1071974 
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Figure B-8 


Plot of residuals from the correlation of hs, with T. 


2 
+ 2.29394 x torr -(BA1b) 


B.1.6 Conclusions — properties of saturated steam 


A new set of functional correlations has been developed to predict the physical properties of 
saturated steam. The correlations are valid virtually throughout the steam saturation envelope 
except in the immediate vicinity of the critical point. The new correlations have the following 


advantages over previously published work: 


1. a continuous and numerically-efficient polynomial for each property throughout almost the 
entire steam saturation envelope, for which continuous numerical or analytical derivatives can 


be found; 
2. suitable for vector pipeline and parallel processors, and convenient for computer spreadsheets; 


3. a complete selection of steam properties with the choice of derived S.I. or U.S. units, each 
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Figure B-9 


Plot of residuals from the correlation of L, with T. 


correlation found separately in its own unit system. 


The purpose of the correlations is to eliminate the need for different correlations over several 
smaller ranges, and to minimize the use of transcendental functions (which implicitly include non- 
integer exponents). The correlations have been compared with the previously most comprehensive 
set of steam property correlations in the petroleum engineering literature, and were found to have 


errors of similar magnitude in the restricted region of validity of the previous set. 


It is of interest to note one of the first polynomial approximations for steam condensate viscos- 
ity, that by Gottfried (1965). The errors in this approximation are shown in Figure B-12. While the 
errors are much worse at the extremities of the range than in the correlation given here, Gottfried’s 


correlation works well in the middle of the range and is useful because of its simple form: 


1242.4 —T 


ee i -3 
Msc = 657 — 6802 *~ 1° es 


The viscosity is given here in Pa.s and the temperature in K. 
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Figure B—10 


Plot of residuals from the correlation of T with p. 


B.1.7 Bitumen 


Enthalpy, J kg—!, obtained from data generated by the Simulation Science “PROCESS” pro- 


gram. 


hp =a+6T + cl? + dp+ep’. (B.13) 
273K <T <625K and 0.1MPa<p<21MPa 


The correlation information is shown in Figure B-13. 


B.1.8 Gas (methane) 


Solution gas ratio, vol/vol, data taken from Svrcek and Mehrotra (1982). A suitable multiple 


regression was chosen with some extrapolation. 


Ryo = a+bpt en. (B.14) 
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Figure B-11 


Plot of residuals from the correlation of p with T. 
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The correlation information is shown in Figure B-14. 


Viscosity, Pa.s (data taken from Perry and Green, 1984) 


Mg =a+DT. (B.15) 


250K < T < 600K 


The correlation information is shown in Figure B-15. 


Thermal conductivity, W m~! K—! (data taken from Perry and Green, 1984) 


Kg =a+bT +cT”. (B.16) 
250K < T < 600K 


The correlation information is shown in Figure B-16. 
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Figure B-12 


Plot of residuals from Gottfried’s correlation of s- with T. 
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Figure B-13 


Enthalpy of Athabasca bitumen as a function of temperature under saturated conditions. 
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Multiple - Y : Rse (vel/vel) Twe X variables 


quared: Std. Err.: Coef. Var: 
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Analysis of Variance Table 
Sum Squares: _ Mean Sq 
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Beta Coefficient Table 
Parameter: d Std. Err.: T-Value: 
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Figure B-14 


Solubility of methane in Athabasca bitumen as a function of temperature and pressure. 


investigated, and the following correlation was chosen: 


hg =a+06T +cp+ dpT. 
250K <T<500K and 0.1MPa<p<30MPa 


for which r? = 0.996. The correlation information is shown in Figure B-17. 
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y = 2.9E-8x + 000002575 R-squared: 997681602 
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Simple - Y : Viscosity /Pas X : Temp /K 
R-squared: Std. Err.: Coef. Var.: 


Ce 2.27526E-7__|1.59332_ | 


Beta Coefficient Table 
Parameter: Value: Std. Err.: Variance: T-Value: 


INTERCEPT | 000002575 __|3.4129E-7 1.16479€-13 |7.54491 
SLOPE 2.8548a€-8 —|7.94557E-10 |6.31321E-19 |35.93044 _—| 
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RESIDUAL Iss 305e-13 |5.17683E-14 |p<.0001 i 
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Figure B-15 


Viscosity of methane as a function of temperature. 


B.1.9 Rock-fluid properties 


The relative permeability data for Athabasca tar sand was taken from Tortike (1984): 


keg = a+ bS¢ + cS} + dSZ, 

krw =a+tbSy + cS? + ds3, 

ky, =a+bS, + cS?2, + dS3, + eS4 + fSS, 
kp, =a + bSe + cS? + dS}, 

Pz, = a+ bSy + cS2, + d5;', 


The correlation information is shown in Figures B-18, B-19, B—20, and B-21. 
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Pelynomial - Y : Thermal Cond. /W/m-K X : Temp /K 


R-squared: Std. Err.: Coef. Var.: 
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Analysis of Variance Table 
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Figure B-16 


Thermal conductivity of methane as a function of temperature. 
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Multiple- Y :HkJ/Kg Three X variables 


Std. Err.: Coef. Var.: 
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Analysis of Variance Table 
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Beta Coefficient Table 
Parameter : ¢ Std. Err.: T-Value: 


INTERCEPT __| 431339454574] 12327911896 [34988849549 | 


Figure B-17 


Enthalpy of methane as a function of temperature and pressure. 
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Figure B—-18 


Gas-liquid relative permeabilities. 
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Figure B-19 


Oil-water relative permeabilities. 
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Figure B—20 


Water-oil relative permeabilities. 
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Figure B-21 


Oil-gas relative permeabilities. 
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Appendix C 


THE METHOD OF WEIGHTED RESIDUALS AND FINITE ELEMENTS 


Some extra material is included because of the general unfamiliarity of the petroleum engineer- 
ing profession with the subject. Sections C.1 to C.5 are condensed from Zienkiewicz and Morgan 
(1983), Chapters 2, 3, 4 and 5, but can be found elsewhere. The remainder of the appendix is more 
directly related to the topic of the thesis. 


C.1 Approximation of functions 


The topic is introduced by describing the approximation of a function ¢ with a trial function, 
also known as a basis or shape function. Once an approximation for ¢ has been found within a given 
region 2, an approximate value for ¢ can be evaluated for every point within 2. This is in contrast 
to the finite difference method, where the values of ¢ are sought at a finite number of points within 


es 


Suppose that the function ¢ must also satisfy certain boundary conditions on the curve 
enclosing the region 2, then the approximations ought to satisfy these boundary conditions exactly. 
This requirement is frequently needed for the solution of differential equations. Find a function w 
which has the same values as ¢ on IT, ie., pl, = ¢|p, and find a set of independent trial functions 
Nm{m = 1,2,3,...,M}such that N,,|, = 0, then ¢ can be approximated by ¢ in Q while satisfying 


the boundary conditions: 


: M 
oz d=bt >, amNm. (C.1) 
m=1 
where a,,{m = 1,2,3,... ,M} are parameters suitably chosen to optimize the approximation. Note 


that, by definition, d, = ¢|p. If the set of trial functions is increased so that M — ov, then 
the approximation should improve so as to adequately represent ¢. This property is known as the 


completeness requirement. The question now arises of how to choose the appropriate values of a,,. 


C.2 Method of weighted residuals 


The error, or residual, from the approximation to Equation (C.1) is defined by 


a 


Ro =$- ¢. (ow) 
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so that Ro is a function within the domain 2. The object is to minimize Rg in a general manner over 
Q. This is done by requiring that a number of integrals of the residual, each weighted differently, be 


zero. Thus we have the weighted residual statement 
[ wee-d)an= | Wea an =o. je Wate eee "6 (C.3) 
Q Q 
We{é = 1,2,3,...,M} is a set of independent weighting functions. Thus the completeness require- 
ment will be met if Equation (C.3) is satisfied as M — oo. 


Several choices may be made for the weighting function, but the Galerkin method is most 
common. This method requires that the trial functions, used to approximate the function ¢, be 


used as the weighting function, so Wz = Ne. 


C.3 Approximation to the solution of linear partial differential equations 


Consider a general partial differential equation: 
A(¢?) = £¢+p=0 inN. (C.4) 


where © is a linear differential operator and p is independent of ¢. Equation (C.4) must be solved 


subject to the boundary conditions, 
B(g) = Mo+r=0 onl. (C.5) 


where 9M is a linear differential operator and r is independent of ¢, and can represent Dirichlet, 
Neuman and mixed (Cauchy) boundary conditions simultaneously. One can use the techniques 


outlined at the beginning to construct an approximation ¢ to the true solution ¢: 
M 
ox d=0+)) OmNm. (C.1) 
m=1 
The function ~ and the trial functions N,, are chosen so that 
Mo=—r 
onT. (C.6) 
MNn=0 m=1,2,...,M 
Now the boundary conditions are are automatically satisfied for all a,,. Actual derivatives are found 
by differentiation of the approximation: 
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and similarly for higher order derivatives. Note that because the approximation automatically 


satisfies the boundary conditions, it is only necessary that db approximately satisfies Equation (C.4 ) 


M 
Re = A(¢) = L6+p = Lp + (>: enn +p. (C.8) 


m=1 


The method of weighted residuals can be applied to make d a satisfactory approximation to ¢ by 


choosing an appropriate set of weighting functions W, and requiring 


M 
[Weta an = [we {2+ (> on tN +9} dQ = 0. (C.9) 


m=1 


There are M unknowns ay, and by applying this equation for 2=1,2,... , M we have the set of M 
linear equations 


Kema@m = fe. (C.10) 


where the repeated subscripts indicate summation and 
Ke | Wel NmdQ. 1< (2,m) <M. (C.11a) 
2 


fe=— | Wenan | weep an. 1<é<M. (C.11b) 
2 2 


There is also the case where the approximation function d is constructed so that there is no 


functional term ~ to automatically solve the boundary conditions: 


x= >) anNm. (C.12) 


Now one must satisfy the residuals from the approximations to the solution in the domain 2 and on 


the boundary I. 


Ro = A(¢) =Ld+p inQ. (C.13a) 
Rr = B(¢) =Md+r onl. (C.13b) 


and the weighted residual statement becomes 
i: WeRg dQ + / W-Rr dl = 0. (C.14) 
2 r 


where Wz and W, represent two sets of independent weighting functions, each of which is not 
necessarily independent of the other set. Again, as M — oo, the approximation ¢ tends to the exact 


solution ¢. 
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In some circumstances it is possible to avoid the approximation of the boundary derivatives 
which would otherwise be difficult without going to a large value of M. The first term of Equation 
(C.14) is given by 

[ WiRa dQ = i W (23+ p) dQ. (C.15) 
2 2 


of which the first part can often be rearranged (e.g., by integration by parts) to obtain the form 
i WeLgdQ= i (€Wz)(D¢) dQ + i Wedd. (C.16) 
Q Q r 


where €, D and € are linear differential operators with orders of differentiation lower than that 
of the original differential operator £. This expression is called the weak form of this particular 


weighted residual statement. 


By judicious choice of the boundary weighting function W; in Equation (C.14 ), the last term 
in the same equation might cancel with the last term in Equation (C.16). A boundary condition 
which is amenable to this treatment is called natural. Natural boundary conditions are a subset of 
the Neuman conditions, which are boundary conditions on derivatives. The resultant lower orders 


of differentiation of the trial functions confers benefits which will be apparent in the next section. 


C.4 The finite element method and piecewise-defined trial functions 


Thus far it was implicit that the,trial functions in the approximation were expressions valid 
everywhere in the domain 2, and that the integrals were evaluated throughout 2. It is possible, 
instead, to divide the domain 2 into nonoverlapping subdomains or elements 2° and then construct 
the approximation in a piecewise manner over each subdomain. Thus the approximation is only 
necessarily continuous within each subdomain, and a different set of trial functions N,, can be used 
in each of the subdomains 0°. The definite integrals arising from the weighted residual statement 


are found by summing the integrals over each subdomain: 


E 
" WiRodt=S> | WeRa dQ; (C.17a) 
Q =] Qe 
E 
[werra => | W,Rr dr. (C.17b) 
EF PER oN Se 


where Doris Q* = 2 and See lr¢ =I. The domain has been subdivided into E elements. Sum- 
mations involving [ are only relevant where a portion of the boundary T° lies on a subdomain 
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The advantage of this approach is that subdomains of regular and simple shape are chosen, 
with trial functions found in a repeatable manner over the elements. Thus, a region of complex 
shape can be reduced to a collection of simpler geometries which can be handled easily. The sets of 


trial functions are also chosen to be zero outside of a given subdomain. 


The derivatives of the piecewise-continuous trial functions will be necessary for the solution of 
partial differential equations, so certain continuity requirements must be met. The next question is 
how does a shape function behave at the junction of two elements? If it is discontinuous, then the 
derivative will be infinite, causing the integral to be most likely indeterminate. Therefore, to ensure 
continuity, trial functions should be chosen that do not have infinite derivatives in the integral terms 
of Equation (C.14). Thus if s is the highest order of derivative in an integral in the weighted residual 
statement, the trial function should have derivatives which are continuous to the order of at least 
(s —1). This is referred to as functions which show C%~! continuity. This continuity requirement 
is also applicable to the weighting functions Wz. However, an exception is made for the Dirac delta 


function. 


It was shown that the weak formulation of a weighted residual statement, e.g., Equation 
(C.16), contained lower order derivatives than the original formulation, e.g., Equation (C.14). Thus 
the weak formulation will require less strict continuity from the trial functions, i.e., a lower order 
of continuity. This is obviously an advantage. Note, though, that the weak formulation took 
the weighting functions under one of the differential operators, thus requiring that the weighting 
functions meet a certain order of continuity. As the trial functions have already been specified to 
meet the required continuity, the Galerkin method of setting W, = N¢ is often convenient as € and 
® are usually operators involving the same order of differentiation. It should be stressed that while 


this is true in the majority of cases, it is not always so. 


C.5 Mapping and isoparametric elements 


The problem with spatial integration is that the evaluation of the integral becomes too complex 
for all but the simplest element geometries. This restriction could be removed by confining the 
integration to a simple shape with a local coordinate basis (€,7, ¢) which is then mapped to the more 
complex domain in the global coordinate system (z, y, z) where the solution is required. A mapping, 
by definition, describes a one-to-one relationship between each point in the (€, 7, ¢) coordinate system 
to a uniquely corresponding point in the (z, y,z) coordinate system. An example is given in Figure 


C-1 of a linear mapping between a square element with a local coordinate system (7, ¢) originating 
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Figure C-1 


Example of a linear mapping between local and global coordinate systems. 


at the centre of the element, and an arbitrary quadrilateral in the global (z, y) space. 


The mapping is given by a functional relationship, in general, 


ce fil€, 1); ¢); 
y = fol, 9); (C.18) 
oN f3(€, UP ¢). 


Given a mapping, a trial function can be chosen within the local (€,7,¢) coordinate system 
to satisfy the interelement continuity. The functional variation over the global element in (z, y, z) 
space is automatically covered through the mapping functions, as is the continuity in the (z, y, z) 


space. 


Transformation rules must be applied to many terms in the integrals from the weighted residual 
statement, because the domain of interest is the global (z, y, z) space. Two areas must be covered: 
spatial derivatives and the variables of integration, both of which are part of the (z, y,z) space. 
Spatial derivatives of functions described in the local coordinate system are found in the (z, y, z) 


space using the Jacobian matrix of the transformation, J. This is found using the chain rule on the 
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trial function, NF(€,7,¢), in the local element: 


ON; _ONZ Oz ON; Oy | ONG Oz. 
dE Oz “OE ' By BE dz OE’ 
ONS _ ON Or , ONF Oy | ONG Oz. 
Bi On Bat OIMeGe 18H) OF 
ONg; _ ONZ Oz | ONg Oy . ONG Oz 


OC Oz «OC «Cy OC «COz OC 


ONG ON, 
ne ON 
Fer f =F) By ¢- (C.20) 


(C.19) 


This can be written as 


The left-hand side of this expression is easily found, as is the Jacobian matrix. Thus an expression 
for the spatial derivatives in the (z, y, z) space is found, provided that J is not singular, 

ON¢ ON; 

Bie 


este ONE 

Oy. =J ip ! (C.21) 
ON; 
Oz aC 

The variables and limits of integration must be changed to facilitate evaluation of the integral. 


It can be shown that 


dz dy dz = |J| d€ dn dc. (C.22) 


where |J| is the determinant of the Jacobian of the transformation. Typically, the local coordi- 
nate system is defined to give integration limits of —1 and +1, which is convenient for numerical 


quadrature. 


A convenient form of mapping is the parametric kind, where the mapping function is similar 


to the trial functions. The mapping function can then be written in terms of N7(€,7,¢) where 


z= N7z3; 
y = Neye; (C.23) 
z= Nee: 


and the summation is over repeated indices, and zg, ye, and zg represent known values at specified 
points. Thus the mapping will have the same continuity as the shape function. In this case, where the 
mapping and shape functions are identical, the mapping is called isoparametric and finite elements 


using this mapping are called isoparametric finite elements. Limitations do exist on the mapping. 
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For example, interior angles of a quadrilateral should not exceed 180°, as was stipulated in Figure 


©-1, 


C.6 Upwinding 


The weighting functions in the weighted residual statement must be changed when more influ- 
ence must be assigned to upstream nodes. A separate, asymmetric weighting function will be used 
which is built from a one-dimensional analogue. Convective and non-convective operators can be 


separated out in the weighted residual statment, thus: 
i DncW; dQ + A D pwi dQ =0. (C.24) 
2 2 


where W;* represents the set of asymmetric weighting functions, and the subscripts c and nc mean 


convective and non-convective, respectively. 


The one-dimensional analogue of the asymmetric weighting function will be a quadratic func- 
tion, as outlined by Huyakorn (1976). Figure C-2 illustrates the z-coordinate divided into a finite 


element, defined by two nodes separated by a distance h. 


Figure C-—2 


Asymmetric weighting functions in a one dimensional element. 
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The function is found by adjusting the trial function: 
Wr (z) = M(x) — F(z); 
W3(z) = No(z)+ F(Z); 4 gerch. (C.25) 


F(a) = a2; +02 +c; 


h 


where F(z) is a piecewise-defined quadratic function, and a, b, and c are undetermined coefficients, 
h is the distance between the nodes, and z is measured from node 1. The function F(z) is chosen 


such that F(0) = F(h) = 0, so that the weighting function always equals the trial function at the 


nodes. This constraint reduces the number of undetermined coefficients in F(z) to one: a = —7/3, 
as c= 0 and b= —a. Then, 
F(z) = 3a ee (C.26) 
aA ; 


Thus the one-dimensional weighting functions become: 


ae z 

Wi (rz) = Ni(x) + i - 3ar; 
(C27) 
Wy (x) = No(z) - 3025 ~ 3a-. 


For the case of linear one-dimensional trial functions, 
BS e 
—-; Nog=1+4+-. 
eee), 
the difference between the asymmetric weighting functions and the linear trial functions can be seen 


in Figure C-3 for a = 1. 


When a is positive, more weighting is given to the upstream portion of the line segment. In 


fact, fora =1: 


Wan) dp—h. "tos 2 Se; 
Sie (C.28) 
+1 
W; (xz) dz =0 Zi SSIES ea) 


=z 


Thus, any property multiplied by W; and integrated from 7 to +1 will be weighted less than in the 


same integration from 7 — 1 to 1. 


C.6.1 Asymmetric weighting functions for linear quadrilateral elements 


The weighting function can be found at a node by taking the appropriate product of the 


one-dimensional weighting functions. This is also the approach taken for a three-dimensional brick 


nas 4 ae | 
| (eel 

eM a ; pan oe Fs 

a+ me 

ravesiiieun borflrmumlarin Wee Katee , * burs soit 

wossels'al (2) eenbstoetull At .Y bee oFoyl cecisenont at = bina apie 


ort ia ubleane lait @W dace awa postr aviisigiow pan aac “ope 


0 aan Gi iy" L ar adnut> Ree benim ‘oteas Ye 


| i TF 
x Re ee ; 
Ai aan got 


Sot cite tw oe 


i es Pou ie mn 

‘yidee nied frien niesiall tees wre att be cuir gear age a cad 
nf ort beat t-9 

al Trepp oat oar» neato cae oo pote peiatyiow sicer wvitong ae ou 

| a 5) Sb weet Boa = 


be. | | o 
Pata (erat ‘nace mn ees a 
a ™ i ae? oe - ; 
‘AEB Ae somine” we, Peete sh. Vee Ae , 


oe. 


ay ct math) eel wo sikgiow oti oh ee a Md i roo al 
j pe nd eee ae 


f,, 


Horuole underlay so et yin sranenoth Le 2 


ott lougsebom ent Tere: ant systdas wt thom ate. em sh al ot Se ae 

“Hares Man ojesronalb-nesda a ¥8 pli seepae ett ss wits is 
> y i. 4 : a ny 

_ i ~ sant 7 Ps = , To 


Figure C-3 


Linear trial functions in one dimensional element. 


element. A damping factor is required for each side, analogous to the parameter a in the one- 


dimensional prototype. This is illustrated in Figure C-4. 
Example functions in the local €,7 space are: 


Wr (E,n) = Gil€, a1) Ai (n, Fe); 


(C.29) 
W3(E, n) = Gr(€, a1)Ho(n, 1); 


where the functions G;, G2, H;, and H2 are derived directly from the one-dimensional weighting 
functions in Equation (C.25). For example, 


2 


x z x 
G, Sit —_ tac Sot: (C.30) 
This must then be rewritten in terms of €(z), where 
Sah 


z 
h 2 
C.6.2 Asymmetric weighting functions for linear triangular elements 


Again, this follows the approach taken for the one-dimensional example. The asymmetric 
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Figure C-—4 


Weighting parameters in quadrilateral element. 


weighting functions are of the form 
Wi =Nit+R=L4+ fF. 


where L; is the set of trial functions within a triangular element. The weighting functions are 


shown in Figure C-5. 
The F; are quadratic functions satisfying the following: 


(a) okt ie ale sum of weighting functions equals unity. 
(b) SF, == 0) 0: F; = 0 at the side opposite node 1. 
(c) |F,(L; =0)|=30,LyLi; (t45 4k). 


The condition (c) ensures compatibility along the sides common to the triangular and quadrilateral 
elements. Huyakorn (1976) suggested that the following equations be used, which do satisfy the 
three conditions (a), (b), and (c): 


F, = 3(agL3L; — agL2L;); 


Fo = 3(a3L;L2 — a, L3L2); (C.31) 
FP, = 3(a1LeL3 — a2L;L3). 
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Figure C-5 


Weighting parameters in triangular element. 


C.7 Shape and weighting functions of trilinear brick elements 


The trilinear element used in FESPS is the same one described by Voss (1978). It is also 
referred to as the L8 element because of the linear trial functions and the eight nodes characterizing 
the element. A triangular prism element is also used and is described in the next section. The 
trilinear brick element is quite common in the finite element literature, which resulted, for example, 
in the development of specific quadrature rules for this geometry. The L8 element is illustrated in 
Figure C-6. 


Note the local coordinate system (€,7, ¢) which is centered on the centre of the element. The 
faces of the element are defined by a unit displacement in each direction of each of the coordi- 
nates. The traditional anti-clockwise numbering of the nodes is maintained. The weighting function 
parameters have directions analogous to the quadrilateral elements discussed in the previous sec- 
tion. The eight trilinear interpolation, or trial, functions are formed by the product of three linear 
one-dimensional interpolation functions. A typical linear trial function set is illustrated in Figure 


C-7. 


In general, the linear trial function in the €-direction can be written 


N§ = (1 + €6;). (C.32) 


where the subscript 7 refers to the node number, and &; is the value of € at node 7. The node numbers 
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Figure C-6 


L8 brick element with local coordinates and weighting directions. 


increase in the direction of the -coordinate. Thus 


Ni = (1 = 5); 


N§ = (1 + €); 


The trilinear interpolation functions are found as the product of the linear trial functions, thus 


N, = NEN] N§ 
1 


= 5 (1+ €6:)(1 + mm)(1 + 6G). (C.33) 


where 7 varies from 1 to 8. The nodal values of €, 7, and ¢ are shown in Figure C-6 and are given 
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Figure C—7 


Linear trial functions for €-coordinate. 


below: 
& = (-1, +1, +1; = 15 =I; +1; as —1); 


m = (-1,-1,+1,4+1,-1, —1,+1,+1); (C.34) 
(= (—1; 1, —1, -1,+1, +1, +1, +1). 


The derivatives of the trilinear interpolation functions are found to have a similar general form: 


= Oat y: 

Ne = aE ALR (1+ 7m)(1 + ¢G); 
mCi as, nN i 

Nin aS On mac 8 (1 + €&)(1 +¢G); (C.35) 
a ONG 4 

Ni, = aC = g(t + &6i)(1 + 2m); 


The L8-element asymmetric weighting functions are constructed from the two-dimensional 
analogue: the quadrilateral element. The weighting parameters are shown in Figure C-6. The 
three-dimensional functions are then constructed as products of the one-dimensional asymmetric 
functions, just as for the quadrilateral element. This follows the approach of Voss (1978). For 


example, at node 1: 


Wr = Gi(€, 01) A1(n, 2) (6, 1)- (C.36) 
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The one-dimensional asymmetric function G can be expanded as 


Zz x Zz 
Gi(G,01) =1— 5 + 3ai55 — 3015 
E+1 E274+2€4+1 €4+1 
= ] — ———_—< +3 Me es BES 
Gi ogee 4 2 


Wedge Oe LG 


Bi) gh ES 2 
= Nf — 3a, N§N5. 


Similarly, the other two one-dimensional asymmetric functions can found: 


Hy (n, B2) = NJ — 3G2.N]N9; 
Ih(6,11) = Nf - 3m. NENG; 


The other asymmetric weighting functions can be developed in a similar manner, leading to 


the complete set of eight: 


Wy = (Nf — 3a, Nf N§)(NP — 362.N7NZ)(N§ — 3y:.N$ Ng) 
W3 = (N§ + 3a, N§N3)(N] — 38, N7NZ)(Nf — 3y2NfN3) 
W3 = (N§ + 3a2NfN§)(Nq + 36: N7NJ)(NE — 3y3NfN3) 
Wi = (Nf — 3a2NfN§)(Nq + 362.N7Nq)(N§ — 3y4N{ N3) 
Wz = (N§ — 303NEN§)(N] — 38sNPNZ)(N§ + 3p. NEN$) 
Wé = (N§ + 3a3NfN§)(N7 — 383N7NJZ)(N§ + 372NEN3) 
W7 = (N§ + 3a4N§N§)(NJ + 363N7NJ)(N3 + 3y3N¢ N3) 
Wg = (N§ — 3a4N§N3)(Nq + 384N7NZ)(NS + 3y4NfN3) 


(C.37) 


The directions of the weighting parameters a, 8, and y are important. For example, the one- 


dimensional element and the direction from node 1 to node 2. Then a positive value of a will: 
a) decrease the value of W, (except at the nodes), and 
b) increase the value of W2 (except at the nodes). 
The asymmetric weighting functions have a general equation form 
1 


Wi = 3 (1 + €6;) + ESau(1 = | C + 7in) + m5 Ail = 7] C +GG) + GFx(l = 2] : 
(C.38) 
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where €;, 7;, and ¢; are found as before. The values of a;, {;, and +; are related to the edges of the 


finite element and can be deduced from Figure C-6. They are also given below. 


Qj = (21, @1, @2, A2, 3, A3, 4, 4); 
B: = (Bo, Bi, Br, Pe, Ba, Ps, Bs, Ba); (C.39) 


“= ("1,725 Y3> Y41 Y1. Y21 Y3> 4). 


The spatial derivatives of the upstream weighting functions must be evaluated by constraining 
the upstream weighting parameter values. Huyakorn and Nilkuha (1976) showed that for a satisfac- 
tory solution the upstream parameters in the directions other than that of differentiation variable 


must be set to zero: 
OW3* (0G, Bi, 7%) _ OW (a4, 0, 0) 


Oe oer” 
OW; (a, Bi, i) fs: ow; (0, Bi, 0) . 
aie aa ea (C.40) 
OW; oF Bi, i) es ow; (0, 0, i) 

aC oN Te 


Therefore, the general form of Equation (C.38) can be used to form the derivatives of the asymmetric 


weighting functions: 


OW ent, Ske R 
ee 3 (1 — 3as€)(1 + mm)(1 + CG); 
OWT a oa. ; .)s 
oe Bi 3fin)(1 + €6:)(1 + CG); (C.41) 
OW a . MY 
BC = rae 37:6) (1 + €6:)(1 + 1M); 


The only remaining task is to decide on the sign convention for the values of the upstream weighting 
parameters. This is done by inspection of the velocity term along the edge, which in practice means 
a comparison of the potentials at adjacent nodes. If the velocity is in the same direction as the 
defined direction of the upstream weighting parameter, then the parameter takes a positive sign. If 
the velocity is in the other direction, then the parameter takes a negative sign. If the velocity is 
zero, there is no convection locally and the weighting parameter along that edge is zero. The values 
chosen for the weighting parameters will influence the degree of upstream weighting, and a value of 


+1 is sufficient. 


C.8 Coordinate transformation and the jacobian matrix 


Any local coordinate is transformed into the global coordinate system within the finite element 
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by the relation 


z= N,z;; 
y = Niyi; (C.23) 
z= Nix; 


where Nj is the set of shape functions, which, in the isoparametric formulation, is identical to the 
set of trial functions, and z;, y;, and z; are the global coordinate values at each of the nodes 7. The 
transformation for the set of derivatives of any function ¢(z, y, z) was given in Equations (C.19) to 


(C.22). 


The Jacobian matrix of the transformation is, in index notation, 


Ze Yse Ze 
[J] = | 25 Yin. Son, (C.42) 
Zig YG OE 


where each of the elements of the Jacobian matrix is found by differentiating the shape functions, 


e.g., 
ON; 


Lie= OE 


zi 


This calculation has been designed to take advantage of a pipelined vector processor such 
as the CDC Cyber 205. The Jacobian matrix of transformation is found for all finite elements 


simultaneously. The solution to the set of equations 


ONE ONS 
ike 
Fe pat oe (C.21) 


n 
ON; ON? 
z Ol 
is then found quickly using an efficient vector implementation of Cramer’s Rule. The transformation 


in a given direction is thus effectively found for each element simultaneously. 


C.9 Gaussian quadrature 


Gaussian quadrature is one of the most efficient methods of numerical integration, requiring 
fewer points to integrate exactly a given polynomial than many other schemes. The integrands 
formed by the weighted residual statments with isoparametric elements are generally polynomials 
of indeterminate order because of the calculation of the inverse of the Jacobian of transformation. 


The transformation entails division by a polynomial. Thus the order of, or number of points for, 
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Gaussian quadrature to integrate the expressions exactly is also indeterminate. Then the choice of 


the order of the quadrature is limited by the available computational resources. 


Gaussian quadrature will integrate exactly a polynomial of order n = 2m — 1, where m is the 
order of integration, i.e., the number of quadrature points. Integration in more than one dimension is 
achieved by using the quadrature scheme over each of the basis vectors. Thus a 3-point rule in three 
dimensions requires 3 x 3x 3 = 27 quadrature points. Tables of quadrature points are provided in the 
literature for a given order of numerical integration in one dimension, assuming that the coordinate 
varies from —1 to +1. Various sets of integration points have also been found for specific shapes and 
coordinate systems, with the general intent of minimizing the number of points required to integrate 
exactly a polynomial of given degree. This is advantageous because the integrand, often containing 
many terms, must be re-evaluated at each quadrature point. Various integration rules have been 


provided for the L8 and L6 elements used in FESPS. 


The Gauss quadrature points for one-dimensional isoparametric coordinates varying from —1 to 
+1 are taken from Abramowitz and Stegun (1965). There is also a weighting factor associated with 
each quadrature point, which is also supplied in the literature. All the coordinates and weighting 


factors are reproduced here for completeness. 


C.9.1 Integration rules for L8 brick elements 


Two integration rules are provided: 


i) An order 2 scheme (2 x 2 x 2 = 8 points), which will integrate exactly a polynomial of the form 


DY cijnz*y2z* subject to i,j,k < 3, ie., a complete cubic plus assorted higher order terms. 


ii) A 14-point rule by Irons (1971) which will integrate exactly a complete quintic polynomial: 
> cizezty z* subject to i+j+k <5. A 27-point rule (order 3) would be necessary otherwise 


to integrate a complete quintic plus assorted higher order terms (i, 7,k < 5). 


The 2-point Gauss quadrature rule in one dimension is extended to three dimensions by tak- 
ing the product of the quadrature point weightings. Thus the 2-point rule, for which tz; = 
+0.577350269189626 and the weighting is W; = 1.000 (Abramowitz and Stegun, 1965), provides 
eight quadrature points in three dimensions, specifically, in a cube with sides of length 2 and a 


coordinate origin in the centre. The specific arrangment of coordinates is shown in Table C-1. 


The 14-point rule devised by Irons (1971) for 8-noded brick elements is described by the 
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0.577350269189626 
—0.577350269189626 
0.577350269189626 
—0.577350269189626 
0.577350269189626 
—0.577350269189626 
0.577350269189626 
—0.577350269189626 


| 


0.577350269189626 
0.577350269189626 
—0.577350269189626 
—0.577350269189626 
0.577350269189626 
0.577350269189626 
—0.577350269189626 
—0.577350269189626 


¢ 


0.577350269189626 
0.577350269189626 
0.577350269189626 
0.577350269189626 
—0.577350269189626 
—0.577350269189626 
—0.577350269189626 
—0.577350269189626 
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Wi 


1.000000000000000 
1.000000000000000 
1.000000000000000 
1.000000000000000 
1.000000000000000 
1.000000000000000 
1.000000000000000 
1.000000000000000 


Table C-1 


Gauss points and weightings for 2-point rule in L8 elements. 


following quadrature formula: 


+1 
i i f(E,m, ¢) d& dn a = Be[f(—, 0,0) + f(b, 0,0) + f(0, -b, 0) + F(0, b, 0) + £(0,0, —b) + (0, 0,5)] 
ey 


Te Cg [f(—c, —<, —c) +: dic, —<, —c) 4 fe C, —c) + ite, Cc, c) 


2 f(-c, —c, c) + f(-c, C, —c) + f(e, —¢c, c) =o f(-c, Cc, c)] (C.43) 
where 
Be = 0.886426593 
Cg = 0.335180055 
(C.44) 


b = 0.795822426 
c = 0.758786911 


C.9.2 Integration rules for L6 triangular prism elements 


Again, two integration rules are provided: 


i) An order 2 quadrature scheme (2 x 2 x 2 = 8 points), which will integrate exactly a polynomial 
of the form }> Cipezity? z* subject to i, j,k < 3, i.e., a complete cubic plus assorted higher order 


terms. 


ii) A scheme based on a 7-point scheme for triangular elements and an order 2 scheme for one 


dimension. The 7-point scheme is from Cowper (1973), and, combined with the 2-point scheme 
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1.000000000000000 
1.000000000000000 
1.000000000000000 
1.000000000000000 
1.000000000000000 
1.000000000000000 
1.000000000000000 
1.000000000000000 


Table C—2 


Gauss points and weightings for 8-point rule in L6 elements. 


along the isoparametric coordinate, forms a 14-point scheme which exactly integrates an in- 


complete quintic polynomial: > c;;,r'y7z* subject toi+j+k <5 andj <3. 


The quadrature formulae for the triangular prism element are found by combining the formula 
for the linear strain triangle and one isoparametric coordinate. The 8-point formula is found by 
combining the 4-point formula for a linear strain triangle (Cowper, 1973) and the 2-point formula 
for a single isoparametric coordinate. The combined rule can then be made as tabulated in Table 


C2: 


Wi 


0.225 
0.132394152788506 
0.132394152788506 
0.132394152788506 
0.125939180544827 
0.125939180544827 
0.125939180544827 


Table C-3 


Gauss points and weightings for 7-point rule in a linear triangle. 


A suitable 14-point rule is found by combining the 7-point rule for a linear strain triangle 
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(Cowper, 1973) with the 2-point rule for the isoparametric coordinate. The coordinates and weights 
listed in Table C-3 are used with each of the two quadrature points for the isoparametric coordinate. 
The values of the coordinates are given by: 
a, = 0.059715871789770 
8B, = 0.470142064105115 
(C.45) 
a2 = 0.797426985353087 


Bz = 0.101286507323456 


C.10 Triangular Prism Elements 


The triangular prism element, or L6 element, is constructed from one isoparametric coordinate 
and two sets of areal coordinates for linear triangles. The linear triangle is one of the original finite 
elements, see, for example, Cook (1981). The element is depicted in Figure C-8, and the trial 


functions are given by: 


Wi 1 
wo p=(G]'< 2 >}. (C.46) 
w3 y 
where 
’ 5 as | ie | 
[(Gl=24 22 23 
Y¥1 Yo Y¥3 


Ww 1, W2, and w3 are referred to as areal coordinates. The coordinates are called areal because they are 
formed by the ratio of areas formed by drawing lines from the vertices to the point in the element, 
divided by the total area, A, of the triangle. Thus w; = Ai/A, etc. There are actually only two 
independent coordinates because w; + w2 + w3 = 1. A redundant coordinate can be chosen, e.g., 
ws: 


w= 1- W1 — W2. (C.47) 


Each of the areal coordinates w; varies linearly from 0 all along the side opposite the vertex 7, to 1 
at the vertex i. Each intermediate value lies on a line parallel to the side defined by w; = 0. Note 


that the areal coordinates are automatically isoparametric. 


We construct a three-dimensional triangular prism element using the linear triangle and an 


isoparametric coordinate ¢. The triangular surfaces of the prism are defined by ¢ = +1 (nodes 1, 2, 


Ya eae ey 


ed Dendy 


aid glnw hun epee oreo aa ntanib: wee Seale ke 
staathanet sinseraurtaiied ails rl ainlog ouatanbaup 


gira liad haa hed aney seca) spi fp 8 el bel 
fri) Lunlgtte dt To one wl ripearo vent sit solyoaist seo 96} Roanaibeces | tne 0 eo. 
yf ath’ bon 2-9 nung at bagi ‘a egarcaiest ape ae oa 


| of th, ie 
ind}, a 4% fae Yaa US 
oo oy OT eee “Fe , 
VLPer ha n 
| ie ee r / 

We ae \ ae ai 
aq Engen sanome sir snoop too ne a bertstey 38. bas 8 a 
spreonoks si setgron dein aan onl gb ed ferns a Bo abs wes ed Hera a 


‘tae “Mignde ySaceaene ie? whee SN to in Wye a) Jos.\’ cane Uat0d odd 4d bebe - 
awison haan ts = lee cor eun stie ibe a 


ay i i cer > 
(T> oF a as “oe gar fant ail ra , iy 2a J 
a 4 , i.e 
. > ob 2 een ott suizaqyo sable adgigania ns © etn pall jiscccibaeea ens wi Yo doa “ay 
orott fi pe a a male NR 3 xed oddssts 
i Hadi ove wstdtboioen taxa ot sat 
Ate. vise shgnshe wartil' a} gies roy gai site mu api saareseton: » dh ane 
| hig Mabony + = Yt baci oe mh te edt Qatecibroos otvamamqal 
7 * 


“ye g / wr ae , 
_ i a ier : 2 ot * "- 


267 


‘ 
e 
e 
e 
. 
. 
. 
? 
2) 
. 
‘ 
e 
‘ 
. 


Figure C-8 


The linear triangle. 


and 3) and by ¢ = —1 (nodes 4, 5, and 6). The trial function associated with the ¢-coordinate is: 


NS = s(1+6) i=1,2,3; 
: (C.48) 


Therefore the trial functions for the three-dimensional triangular prism are formed by the product 
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The triangular prism element is illustrated in Figure C-9. 


The derivatives required are: 
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(C.49) 


The derivatives can be formed directly from the L6 element shape functions, but there is no general 


form as there was for the L8 elements. Thus: 
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Figure C-—9 


L6 triangular prism element with local isoparametric coordinate and weighting directions. 
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ONe 1 

Fae —5 (= 4); 

ONe 1 

Sn =5 (l= 0); (C.50f) 
ON6 Le cal — Wi —wW2, 

dee 2 


C.11 Asymmetric Weighting Functions for the Triangular Prism Elements 


Asymmetric weighting functions for linear triangular elements were developed by Huyakorn 
(1976), and are shown in Equation (C.31). 


Fy, = 3(aqw3w1 — a3wew}); 
Fo = 3(agwyw2 — Q1W3W2); (C.31) 


F3 = 3(a; wows — a2w1ws3). 


The weighting parameter directions were illustrated in Figure C-5. The weighting parameters on 


the triangular surface defined by nodes 4, 5, and 6 are found similarly: 


Fs = 3(fow3w1 — B3w2w1); 
Fs = 3(63wiw2 — Biw3w2); (C.51) 


Fe = 3(8,;wow3 — Bow1w3). 


The weighting parameters (;, 62, and 3 were illustrated in Figure C-9. The asymmetric weighting 


functions for the isoparametric coordinate are the same as for the L8 brick element, viz.: 


@,= 48 240-7) = 1,74 8k 
2 (C.52) 
1—¢.. 3 3). : 
Gr= — +r -sll —¥ ) i= 4,5, 6; 


The asymmetric weighting functions for the L6 element are then formed from the product of the 
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asymmetric weighting functions for the linear triangle and the isoparametric coordinate. Thus 


Wy = [wi + 3(a2wgwi — agwew))| oe mans *) 
Wy = [we + 3(agwiwe — a1w3w)] “et = wall = *) 
W3 = [ws + 3(a1w2w3 — a2w1w3)] pss = = (1 = *) 
Wa = [w1 + 3(Gowsw1 — Bswews)] a ap =m(t = ?) ee 
Ws = [we + 3(Bgwiwe — Biwswe)| AS ce “wall a ”) 
W§ = [ws + 3(Biwows — Bowiws)] iw + “7s(1 3 ”) 


where w3 = 1 — w; — wo. 


The spatial derivatives of the upstream weighting functions must be evaluated by constraining 


the upstream weighting parameter values, as in the case of the L8 elements. Thus we have: 


OW; (a, Bi, yi) _ OW; (0,0, 74) 


O¢ ag 
OW; (ai; Bi, %:) de, OW; (ai, 0, OF Ras 3. (C.54a) 
Ow, Ow, 
OWA Nes Bis) OW GE O,0), 
Ow? ae Owe y 
OW; (ai-3, Bi-3, Yi-3) ee OW; (0, 0, i-3) . 
OC lq ; 
Ow; (a;-3, Bi-3, Yi-3) = OW; (0, Bi-s3, 0) i ee Oey (C.54b) 
Ow, Ow ’ 1,9 
OW; (ai-3, Bi-3,¥i-3) _ OW: (0, Bia, 0). 
Ow? Owe : 


Thus the derivatives can be formed directly from the asymmetric weighting functions shown in 


Equation (C.53). The derivatives are shown below in the ordered fashion used for vector processor 
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calculation. Zero terms are left in to illustrate better the vector structure. 


OWF 1+ 
ae = +e oh + 3a2(1 — 2w1) — 3we(a2 + a3); 
OWs 1+ 
ae = 1*£'0-+0as(1 — 2w;) + 3we(ag3 + 21)); 
OWs _1+¢ oi-1 ~ 3a9(1 — 2w1) + 3we(a1 — a2); 
Ow, De 5 
ped de: (C.55) 
ge SS) ji = : 
alae 3o(1 — 2w1) — 3we(B2 + As)]; 
OWs 1- 
5 5 = 1S + 0f2(1 — 2w1) + 3we(f3 + A1)); 
Wy pe 
OWs 1- 
Were 1=6)_1 _ 369(1 — 2ui) + 3u2(1 — F2)]; 
Wi 2 
QWiwe it 
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Ow2 2 C.56 
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Appendix D 


DEVELOPMENT OF THE FULLY COUPLED FINITE ELEMENT 
PROGRAM FESPS 


The development of the computer program is the third major stage in the solution of the 
problem defined for this study. It is also the most time-consuming. An overview of the model 
program is given first, with subsequent explanation of the component parts, or modules, and the 
major subroutines constituting the modules. Implementation of the boundary conditions, the well 
model, as a module, follows the overview. Program flow and algorithms are explained using flow 
charts and so-called pseudocode. Flow charts graphically illustrate the sequence of instructions. 
Pseudocode represents the sequence of instructions as a series of instructions that might be read by 
a less pedantic computer language compiler than exists today. Numerical computational efficiency is 
an important aspect of a large computer program. The implementation of the creation of the set of 
linear equation coefficients and the solution of the equations is given. Space is given to the problem 
of renumbering the degrees of freedom to reduce the size of the coefficient matrix of the set of linear 
equations to be solved. Some aspects of the specific implementation of the algorithms on a vector 
computer, the CDC Cyber 205, are given where they differ from that of a conventional, sequential, 


computer. 


D.1 Overview of the model 


An overview of the program flow is provided by the chart in Figure D-1. The main program 
is called FESPS, an acronym for Finité Element Steam Parting Simulator. The renumbering pre- 
processor is called RENUM. Most of the items in the flow diagram are modules which can be tested 
independently with their own data. The rest of this chapter briefly describes the program flow 


following the flow diagram. 


D.1.1 Renumbering preprocessor 


The RENUM preprocessor, fully described in §D.9, processes the geometric connectivity data 
between the finite elements and the mesh nodes, and the distribution of the degrees of freedom (S,,, 
So, p, T). The degrees of freedom are numbered by RENUM to minimize the bandwidth of the 
coefficient matrix using the supplied connectivity data. The degree of freedom numbering is written 
to a file as the steering array that later will be used by FESPS to fill the Jacobian matrix for the 


linear equation solver. This output file is used, unchanged, as input to FESPS. 


273 


TYKaNMesa STON da11OS be 
: qed MA. 


Yo molawiee welt fh opyite gota bri: aid at 2 ca i : | 
yeu, et) to wreivenrwa aA Jgninncas arts japan odd 
dj-hua golvoem © Sag syenpqma oclt Wo $40, 

ww at?. weallhiie (sabauod ot! to wht istooctolgeal ; ne o pe eee 
A grew Lewiaione vrs snitsinoyle boa won margord” new ort) ‘aber ‘ Ts 
woubunttent to sorsugen of ounraeesitt yileoiigery | annie tei ‘soooiueeg bs - t= 
d baer oc ody lint ancl anodinocted Yo eehee.o 30 soisrvag 1 mega steno m0! 
bile la-nttelaypies Ienteama: -yabor atele pscls vaya pear vetuamnen 3 np — 
gf? o qubiente eld Yo nolamsemendtqenl ott inargong 1avugn0® ayial’n Wo Yosqes vogennt 
idorg ori co novia Ab aang navy 4} enokiange mils 16 stloalon oats ts eeiniioes sclten 
» ils Yo xhuawen Spots von off ho hate ors aculber cosetabbaeet 9 senegal elt gn 
alagw. a no erudatsoyla ady ye goitatnamedapant aftaags ail? to steayng sean tavloe od i 
Intitoypre Jancksatwano & 16 deve =A alti yds cn cae joe OD wt eal bat 


fred 
? ' . 


os 


a yy Men 


gud 


we 


rman nha. tl Pa Pa cpr 5 AN ERRE | 
vig. gatiedensma ott osabaapl2y pedal ais? arsine atta rel crypome ee Basi bollgn at 
hogent ed. Gate nn oe tt ae st a 
mayo tee tel ty ep. aid frwo tia) stab ylinsbosqebnt = 


A “an eee Lad - 


arab yiiviovenctiye Diadaninagy Amd geen ic rae e wi Lodges flat ‘Romana MUMS oT 

Je) mabaatt Yo raeryad aydarto Gebssnsinsatty ot) Dag peabene dicey eat bre adertais alinf ols ppowied == 
ads \odibiw bad odd eoctertintier of iJ vd deasdmam ays miabos? io worgeh oT LT et et 
OST te gene arta THGbOM 16 seme: el sits eividondiae beilaque sls gxien xrdam snsisRoco 
Maisie. oaideonl eel oF Soe : Ween sd Uwe weal Jacl gover wheats on) cs olf aa) 
AAA oF duryi 08 Jegeusttony boaw al alt duquso ebfT sevice colteups reantll 


\ c 2 y — 


evs 


274 


connectivity 
array and 
DOF data 


preprocess to find optimal 
DOF ordering: generate 
corresponding steering 
array 
This is the start of the 
main sequence. 


integration 
module: 
integrands and 
transformations 
This is the start of the 
Newton-Raphson sequence. 
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end of 
simulation ; 
properties module: 
calculate fluid and 


tock properties and 
their derivatives 


Jacobian control 
module: 
fill Jacobian 
matrix 


well module: 
calculate well 
flows 


stairway module: 
call solver. 


update variables 
material balance 


Figure D-1 


Overview of FESPS program flow. 
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D.1.2 I/O module 


Three files are provided as input to FESPS. Only one is supplied directly by the user. The 
other two are the steering array information, provided as the output file from RENUM, and the 
restart file, generated on a previous simulation. The restart file is unnecessary if it is not to be used. 
The user-supplied input file is simplified by the use of keywords and unlimited user comments. A 
variety of units are supported, referred to by name in the input file, including SI and variations, and 
common US units. The user then supplies the usual geometric data and initial values of the primary 
variables. Finally, printing parameters and well information are specified. Errors while the input 
files are read will cause the program to abort with quite specific information about where and why 


the error occurred. 


D.1.3 Initializations 


Two main functions are supported in this module: initialization of undefined variables and 
the assignment of vector descriptors. All the undefined variables are set to zero. Fluid pressures 
and solution-gas ratios can be found from a calculation of fluid equilibrium, if requested. Vector 
descriptors are used on the CDC Cyber 205 computer to refer to portions of arrays and often 
considerably improve the computational performance. The descriptors also simplify the program 


code, making it easier for someone to follow. 


D.1.4 Single time step solution 


The simulation proper starts here. All the integrals are formed at the Gauss quadrature points, 
which are different for each of the two element types L8 and L6. The integrals are then evaluated 
using the Gauss quadrature rules for the respective elements. The program now enters the Newton- 
Raphson iteration sequence that linearizes the problem. The derivatives are found numerically using 
a scheme which has been simplified as much as possible by suitable algebraic analysis. The fluid and 
rock properties, and certain derivatives, are found at this point to be used in forming the coefficients. 
Next, well flows are calculated. The coefficients are formed from this information and distributed 
into the stiffness (coefficient) matrix and the right-hand side constant vector. The coefficients are 


distributed according to the the optimal degree of freedom ordering found by RENUM. 


The primary variables are shifted in turn, each time repeating the sequence outlined in the 
previous paragraph, incrementally forming the derivatives in the correct places in the stiffness matrix. 
Once the stiffness matrix has been completed the set of equations is solved using the vectorized linear 


equation solver STAIRWAY. The equations are now tested for convergence. The system is iterated 
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until convergence occurs and the solution found for the current time step, or a preset limit on the 
number of iterations is exceeded. If the Newton-Raphson iteration fails, it is repeated with a different 


time step value. 


Upon the successful completion of the solution to the new time level the input file will be read 
if the simulation time corresponds to the time at which the new information was to become active. 
New well information, printing controls, or time step control information may be read. The new 
time step is now calculated using supplied parameters and the norms of the vectors of change in the 


primary variables. A material balance is also evaluated using an integral form for finite elements. 


Any printing or writing to a restart file is done at this point. If the simulation is not at an 


end, it continues for another time step. 


D.2 Description of the modularity of the program 


The model exists in various modules. The purpose was to break down the problem into portions 
each of which could be adequately managed by one person. Each module would be designed to be 
plugged into the model with little effort at the interface, while permitting the developer to test or 


improve the module on its own with given data. The modules are 
(i) the integration routines; 
(ii) the well model; 

(iii) the equations and the Newton-Raphson method; 

(iv) the vectorized linear solver, DSTAIR; 
(v) the input/output module; 

(vi) the main program with initialization code and service routines; 


(vii) the node renumbering preprocessor, RENUM. 


The following sections cover each module in some detail. The associated flow charts use ANSI 
symbols, with a bold outline to those symbols which are expanded in subsequent diagrams. 
D.3 Integration module 


This module finds the necessary integrands for each finite element, evaluated at each Gauss 


quadrature point. The necessary integral for each element is then found by summing the weighted 
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INTCTL 


Initializations: 
Descriptor assignments Done during FESPS 
Bit vectors initialization 
Geometric information 


L8 and L6 elements: 
Gauss quadrature points 
and weightings 


SHAPEFCN 
L8 and L6 elements: 
Shape (trial) functions 


DERIVS 
L8 and L6 elements: 
Shape function derivatives 


L8 and L6 elements: Fata sa aig cee 
Safir ame influence to upstream 
nodes 


SN1IDNIDW 
Evaluate the required She. 
integrals SW1DN 
; for a total of 7 integrals 


RETURN 


Figure D-2 


Overview of integration control subroutine. 
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D.3.1 INTCTL 


The flowchart in Figure D-2 illustrates the formation of the integration terms in the formu- 
lation. The Gauss quadrature points for numerical integration must first be found for each of the 
L8 and L6 element types. Then the shape or trial functions and their derivatives must be found for 
each element, followed by evaluation of the asymmetric weighting functions and their derivatives. 
Once this information is available, each of the integrals can be calculated using Gauss-Legendre 


quadrature, in the forms required to construct the coefficient matrix. 


D.3.2 SHAPEFCN 


The calculation of the shape functions is quite simple because they are independent of position 
in the global coordinate system. This is shown in Figure D-3. They need only be calculated for each 
type of element. The integration module is, however, highly vectorized. Thus the shape functions 
must be presented as vectors for each Gauss point containing the function values repeated for each 
element. As more than one kind of element is present, the function values are ordered according to 
the element numbering in the mesh. The final vector is formed using a pseudo-bitmask with vectors 


of shape functions from each of the element types. 


D.3.3 DERIVS 


The derivatives of the shape functions with respect to the local (element) coordinate system 
are found much the same way as the shape functions themselves. However, the V terms required for 
the integrals are derivatives with respect to the global coordinate system. Thus the shape function 
derivatives must also be transformed into derivatives with respect to the global coordinates. The 


procedure is outlined in Figure D-4. 


D.3.4 TRANSFRM 


The transformation subroutines convert derivatives with respect to a local coordinate system 
into derivatives with respect to the global coordinate system. This is made quite simply using the 
inverse Jacobian of transformation. The code has been highly vectorized and uses a form of Cramer’s 


rule for this purpose. The problem to be solved is: 
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N_i (L8) stored in 


for each Gauss point: 
element order (in groups 
of local nodes for each 


find N_i (L8) for all element) 
nodes i=1,8 
These items found 


simultaneously for each 
element local node i=1,8 


find N_i (L6) for all 


nodes i=1,8 N_i (6) stored in 


element order. Nodes 7 & 
8 have zero values 


overlay L6 vector on L8 ; ‘ 
‘ : Bit mask is actually a 
vector using masking 
vector of ones and zeros 
vector 


next quadrature 
point ? 


no 
RETURN 


Figure D-3 


Overview of calculation of shape functions. 
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DERIVS 


for each Gauss point: 


Find derivatives of N_i 
(L8) wrt xi, eta, zeta 


Find derivatives of N_i 
(L6) wrt w_1, w_2, zeta 


overlay L6 vector on L8 
vector using masking 
vector 


TRANSFRM 
transform derivatives into 
derivatives wrt x,y,z 


Next Gauss 
point? 


no 


RETURN 


Figure D—4 


Overview of calculation of shape function derivatives. 
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TRANSFRM 


for all FEs at some time: 
evaluate the inverse 
product of vectors of shape 
function derivatives and 
nodal coordinates 


extract individual Jacobian 
matrix elements using 
masking vectors 


constitutes the 
ISAAKIAN 
subroutine 


form the Jacobian 
(determinant of the 
Jacobain matrix) for each 
finite element as a vector 
sequence 


over each direction 
X,y,Z: 


replace columns in 
Jacobian matrix with shape 
function derivates wrt xi, more directions? 
eta, zeta, using masking 
vectors 


use vector instructions to 
find the transform for the 
current direction for all 
finite elements 


find determinants of the 
result simultaneously for 
all finite elements 


Figure D-5 


Overview of calculation of coordinate transformations. 
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Note the use of Einstein notation for derivatives, where 


Ze OE: 


and likewise with the other terms. The Jacobian of transformation must be found for every element. 


This procedure is illustrated in Figure D-5. 


D.4 The well model 


The well model provides values for certain integrals (fluxes) appearing in the general equation 
term F;*. The Jacobian terms are found by element for all elements at once. This requires that 
the fluxes be calculated and partitioned between nodes and elements. Thus nodes shared by two or 
more elements have flux contributions from each element. Every well is considered to exist along 
the edges of elements. Each edge is referred to as a line segment and is defined by the nodes at 
each end numbered in the global sense. The length of each line segment can be calculated from 
the coordinates of the defining nodes. The line segment is considered to be an independent entity 
and to have elements associated with it—in reality, the elements which share the line segment as an 
edge. No more than four brick elements are likely to share an edge, but there will be an additional 
element for each brick element replaced by two triangular prism elements. Four support nodes are 
defined for each element associated with a line segment. These nodes are used to supply information 
about pressures around the well. The support nodes comprise two pairs, each pair being the two 
neighbouring nodes to a node defining the line segment, numbered in the global sense, within the 
associated element and not on the line segment. Each associated element is also ascribed a fractional 
constant which describes the effective portion of radial drainage provided by the element as a fraction 
of a circle. This constant can also be used to increase or decrease the influence of the element on the 
flow to or from the specified line segment, e.g., set it to zero to remove the element as a producing 
or injection horizon. The well, then, is defined by its line segments which have associated elements 


and support nodes. 


The well type indicates how the well should perform. Each well is initially assigned a given 


type indicated by a number: 
1. pressure-specified total fluid production well; 
2. bitumen rate-specified production well; 


4. water rate-specified production well; 
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5. water and gas pressure-specified injection well; 
6. water and gas rate-specified injection well; 
9. shut-in well. 


Types 3, 7, 8, and 10 are currently unused. A specified pressure or rate is required for the well, 
according to its type, and a wellbore radius. An injection well additionally requires information 
about the mass fraction of water—liquid and steam—in the injection stream, and the steam quality. 


A gas or vapour rate-specified production well has not been included. 


Wells normally operate subject to a constraint. The model provides the following types of 


constraint: 
1. maximum bitumen well rate; 
2. maximum gas well rate; 
3. maximum water well rate; 
4. maximum well GOR; 
5. maximum well WOR; 
6. maximum pressure at a node (p)); 
7. minimum pressure at a node (p,,). 


If a constraint is violated, that constraint temporarily redefines the well type. Violations of 
the GOR and WOR constraints cause the well to be shut in, while the other constraints force the 
well to take on that type, e.g., if the maximum water rate was exceeded, the constraint value would 
define the rate for a water rate-specified well type. The constraint that a production well cannot 


take fluids and that an injection well cannot produce fluids is automatically enforced. 


The contributions to production or injection from each element are stored according to the 
well, line segment, and associated element. The well routines are called by JACOBCTL, and the 
contributions are brought into the set of linear equations by a call to the routine GETFIH. The 


element contributions are distributed equally between the two nodes defining the line segment. 


D.4.1 Implementation of rate-specified wells 


Rate-specified wells are easiest to implement because of the finite element formulation. The 


F term requires the mass flux integrated over the boundary, which is equivalent to the contribution 
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to the well rate from a given element. The productivity index for steady-state flow in each element 
associated with each line segment and the sum of the indices are found first. At the same time, the 
nodal pressures on the line segment are checked for compliance with the maximum and minimum 
pressure constraints. If the pressure constraints are violated the well is converted into a pressure- 
specified one. Otherwise, the rate for each phase is apportioned among the elements associated with 
each line segment according to the productivity index of each element. The rates are stored for 
summation into the well rate, and also converted to mass rates for the finite element equation. Only 
one phase rate was specified: the other phase rates must be found. The gas rate is calculated from 
the gas in solution in the bitumen and the gas portion of the vapour phase. The total enthalpy and 
the combined enthalpies of the liquid water and steam are found for each associated element. The 
water and steam enthalpies are required to find the produced steam quality in the well. The mass 
rates of steam and liquid water are combined into one and represented by the equivalent volume rate 
of liquid water. Once the well rate for each component has been established, they can be compared to 
the constraints to check for violations. If there has been a violation, the well calculation is repeated 


using the appropriate well type. This might occur several times until all the constraints are satisfied. 


The rate-specified injection well differs from the production well in several respects other than 
the sign of the flow rate. The only constraints are on pressure. The productivity index is found 
using the average, total, mobility. The specified rate includes the cold water equivalent of steam, 


and is partitioned according to the specified mass fraction and steam quality. 


D.4.2 Implementation of pressure-specified wells 


Pressure-specified well types calculate the flow rate contributions from each element using the 
steady-state radial flow equation. The pressure in an associated element at radius r from each line 
segment is found from the average of the pressures at, and the distances to, the four support nodes 
in that element. The mass rates for each component of flow can then be found for the finite element 
equation, and the equivalent volumetric rates found for the well. The well rate for each component 
can be checked against the specified constraints, and a new calculation made if any constraint is 


violated. 


The choice of steady-state or pseudo-steady-state conditions to represent flow in the element 
to a wellbore is arbitrary here, but really is a function of the recovery process. A cyclic stimulation 
project would be better represented by pseudo-steady-state conditions, especially in the blowdown 
period, whereas a continuous injection process would be better represented by steady-state condi- 


tions. 
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D.5 Outline of well calculations 


The well calculations start in the routine THEWELLS. This routine cycles through all the possible 
wells checking for active ones. If a well is active, all the injection or production information about 
that well is generated in the following sequence. Note that all elements refer to those associated with 
a line segment of a well. In the pseudocode algebra, the C-language binary operator a += b is used, 
and has the literal meaning “increment a by amount b”. This is normally rendered in FORTRAN by 
the statement a = a+ b. Similarly, C-style comments are used, which are enclosed in the symbols 


/* */. 


The general sequence of calculation for any one well is as follows. 


find all the formation volume factors and enthalpies at the line segment nodes; 
set all the well rates to zero; 

set all the element contributions to zero; 

find the partial productivity indices for all elements 


associated with every line segment: 


_  &akhf 
yi In Threw — 0.5 


/* k=(ke +ky)/2; f = fraction */ 


Ape 


/* r= average distance to all four support nodes */ 
start injection or production calculation depending on type of well; 


store nodal contributions per element. 
The sequence of the well rate calculation depends on the type of well: 
e a pressure-specified production well; 
ea rate-specified production well; 
e a pressure-specified injection well; 
e a rate-specified injection well; 


Each case will now be discussed. 


D.5.1 Pressure-specified production well 


The calculation sequence is as follows. 
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for each line segment 
average the following properties over the pair of defining nodes: 
Do cbhw ete Peau Rs hie Pg» Pos Mg, Mz; 
/* note: mass fraction of gas in vapour m, = (M,y,)/M, */ 


/* note: mass fraction of steam in vapour m,=(Myy;)/My */ 


for each associated element 


find the contribution to the flow rate from 


oil(bitumen + gas); 
qi = \F° (pw — p) t= ¢ water(liquid); 
vapour(steam + gas). 
/* note: py is the wellbore radius */ 
/* note: p is the average p from the support nodes */ 


/* note: r is the average r to the support nodes */ 


/* calculate: */ 
oil volumetric rate q, =A,J°; 
water mass rate my = pyrA,J°; 
vapour mass rate My = pyrA,J°; 
steam mass rate m, = ™M,™m,; 
gas mass rate in vapour mm, = mgm; 
surface oil (bitumen) rate Q, = q./Bo; 
bitumen rate q, = Q,B,; 
gas mass rate in solution in oil mg, = qoPo — Pb; 
total gas mass rate m, =m, +™4g,; 
add element contribution to well oil rate wqgo +=Q); 
add element contribution to well gas rate wqg += 7g/pog,.; 
add element contribution to well water (liquid + steam) rate 
wqw += (Thy + 1Ms)/Puye i 
enthalpy production from water hus = Mghs + yh; 
total enthalpy production from produced fluids hr = mh, + mghg + hese: 
add element contribution to well water enthalpy rate wqwe += Sate 


add element contribution to well total enthalpy rate wqe += hr; 
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combine water and steam flow rates m, =m,+™™,; 
end loop on associated elements; 


end loop on line segments defining the well; 


check for violations of the following constraints: 


fluid injection, GOR, WOR, wqw, wag and wgqo; 


D.5.2 Rate-specified production well (oil) 


There is a slight difference in the cases of oil and water-rate specified wells. Thus the separate 
entries. All properties cited are the averages of the two nodes defining a given line segment. The 


calculation sequence is as follows. 


set the total well oil (bitumen) rate wgo = —specified rate rate; 

/* negative values indicate production */ 
check all pressures on line segments for violation of the pressure constraints; 
set Jr =0; 
for each line segment 

for each associated element 
increment Jr += J°A,/bo; 


/* find the total productivity index of the well */ 


for each line segment 
for each associated element 


prorate the production according to the productivity index 


Rael 
Q» = —rate x J Bae 


/* calculate: */ 
oil volumetric rate q, = Q,Bo; 
water mass rate My = Q,(Bo/Ao)AwPw: 
Oe Le aoe 
steam mass rate m, = Mwystv; 
gas mass rate in vapour m,, = Mgygn,; 


oil mass rate mM, = QoPo; 
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bitumen mass rate mp = Qopp,.; 
total gas mass rate m, =m, + (mm. — mb); 
add element contribution to well gas rate wqg += m,/pg,.; 
add element contribution to well water (liquid + steam) rate 

wqw += (my +™Ms)/Pw,.i 
enthalpy production from water eee = Mshet+ Myhy; 
total enthalpy production from produced fluids hr = mphp + mMghg ari) See 
add element contribution to well water enthalpy rate wqwe += has: 
add element contribution to well total enthalpy rate wge += hr; 
combine water and steam flow rates my, =m,+™,; 


end loop on associated elements; 


end loop on line segments defining the well; 


check for violations of the following constraints: 


GOR, WOR, wquw; 


D.5.3 Rate-specified production well (water) 


This type of well specifies the amount of liquid water produced, but wqw includes steam 
measured as the cold water equivalent (cwe). All properties cited are the averages of the two nodes 


defining a given line segment. The calculation sequence is as follows. 


check all pressures on line segments for violation of the pressure constraints; 
ser, J =0: 
for each line segment 
for each associated element 
increment Jr += J°A\w/bw; 


/* find the total productivity index of the well */ 


for each line segment 
for each associated element 


prorate the liquid water production according to the productivity index 
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Qw = —rate x Bea, 
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/* calculate: */ 
oil volumetric rate q, = Qu(Bw/Aw)Ao; 
vapour molar rate ny = Qw(Bw/Aw)Av(pu/Me); 
surface bitumen rate Q,=4q,/Bo; 
steam mass rate m, = Myystw; 
gas mass rate in vapour m,, = Myygn,; 
liquid water mass rate my = Qwpu,.; 
add element contribution to well oil (bitumen) rate wqgo += Q,; 
bitumen mass rate mp, = Qopp,.; 
oil mass rate Mm, = qofo; 
total gas mass rate m, = mg, +(m, — mb); 
add element contribution to well gas rate wqg += ™g/pg,.; 
enthalpy production from water hus = Mshs + Myhy; 
total enthalpy production from produced fluids hp = tnphp + Mghg + heee 
add element contribution to well water enthalpy rate wqwe += ee 
add element contribution to well total enthalpy rate wge += hr; 
combine water and steam flow rates my, = Mm ,+™s5; 
add element contribution to well water (liquid + steam) rate 
wqw += (My +Ms)/Pw,. i 
/* specified rate was only for liquid water */ 
end loop on associated elements; 


end loop on line segments defining the well; 


check for violations of the following constraints: 


GOR, WOR, wqo; 


D.5.4 Pressure-specified injection well 


Injection wells have the following parameters specified additionally: m,,, the mass fraction of 


water (steam plus liquid) in the feed, and rws., the steam quality. Note the following relationships: 


oo moles of steam + gas _ Ya t+ Yo 
Pm, ~ Volume of gas + volume of steam a + ane 
ms mg 
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(D.1) 
The total flow rate qr is related to the total molar rate ny. by 


QT = Ww + 4s + 4g 


The calculation sequence is as follows. 


/* calculate: */ 


/* number of moles of water + steam */ 


moles of injected gas nyg=1—-—ny; 


oe fig ; 
s Nylwys + Tg 

/* gas as mole fraction of vapour */ 
steam as mole fraction of vapour y, =1—y; 


apparent molar mass of vapour M, = Myys+ Mgyq; 


for each line segment 
find the average the following properties over the pair of defining nodes: 
total average mobility »;=A,+Aw +g; 
molar density of water pm, = Pw/Mw; 
molar density of gaS Pm, = pyg/Mg; 
molar density of vapour pm, = pPy/My; 
molar density of steam---see Equation (0.1); 
volume of the mole fraction of water Um, = Nw(1—Zws)/pm, ; 
volume of the mole fraction of steam Um, = NwZws/Pm,; 


volume of the mole fraction of gas Um, = 1g/Pm,; 


for each associated element 
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find the total flow rate 


_ Ar2ahf (pw — p) 
a In They = 0.5) 


/* a total possible rate using the total mobility */ 

total molar rate np = gr/(Um, + Um, + Um,); 
liquid water molar rate ny =N7rUm,Pm, ; 
steam molar rate n, =N7Um,Pm,; 
total gas molar rate n, = NTUm, Pm, p 
liquid water mass rate my, =n,My,z; 
steam mass rate m,=n;M,; 
total gas mass rate m,=n,.M,; 
add element contribution to well water (liquid + steam) rate 

wqw += (My + ™Ms)/Pw,-i 
add element contribution to well gas rate wag += ™4,/pg,.; 
enthalpy injection from water hive = Melts + Myly; 
total enthalpy production from produced fluids hr = Mghg Bey Nera 
add element contribution to well water enthalpy rate wqwe += hoes 
add element contribution to well total enthalpy rate wqe += hr; 
combine water and steam flow rates m, =m ,+m™,; 

end loop on associated elements; 


end loop on line segments defining the well; 


check for violations of the following constraints: 


production, wquw; 


D.5.5 Rate-specified injection well 


This type of well specifies the amount of water injected, as a liquid and as steam measured as 
the cold water equivalent (cwe). All properties cited are the averages of the two nodes defining a 


given line segment. The calculation sequence is as follows. 


check all pressures on line segments for violation of the pressure constraints; 
set Jr =0; 


for each line segment 
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for each associated element 
increment Jr += J°[(Ao/bo) + (Aw/bw) + (Av/bv)] 5 
/* find the total productivity index of the well */ 


/* calculate: */ 


Muws/My 


Thws l—my,' 
M—-W Mg 


hws = 


/* moles of injected water + steam */ 
moles of injected gas ny =1-—ny; 
moles of injected liquid water n,, = The) = Lins)} 
moles of injected steam ng = NysTws; 

/* gas as mole fraction of vapour */ 
steam as mole fraction of vapour y, =1—y; 


apparent molar mass of vapour M, = Myys, + Mgyq; 


for each line segment 
for each associated element 
set the oil rate to zero m,=0; 


find the total molar rate: 


/* calculate: */ 

liquid water molar rate ny =n7Nny; 

steam molar rate n, =M777N; 

gas molar rate ny =nrng; 

liquid water mass rate my =NyMwy; 

steam mass rate m, = 7.M,; 

total gas mass rate m,=n,M,; 

add element contribution to well water (liquid + steam) rate 
wqw += (my + ™Ms)/Pw,.i 

add element contribution to well gas rate wqg += Mio) Bases 


enthalpy injection from water hue = Tishs + Try hy ; 
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total enthalpy production from produced fluids hr = Mah, ees 
add element contribution to well water enthalpy rate wqwe += peer 
add element contribution to well total enthalpy rate wge += hr; 
combine water and steam flow rates m, = m,+7™,; 


end loop on associated elements; 


end loop on line segments defining the well; 


/* no other constraint violations to check for */ 


D.6 Forming Jacobian derivatives; implementation 


It was shown in §4.9.2 that a typical derivative is given by 


(n+1) 
ase d(ax) 
sone cya Sku Kru. (D.2) 


Note that this derivative is a three-dimensional matrix because there are three subscripts. The 
Kronecker delta signifies that only one value of K need be used in the contraction because all 
terms for which K # H are multiplied by zero. To avoid storing this large data structure, one 
notes that the derivative appears in the Jacobian as part of an inner product with the vector 


ye = (1 0)ye” it ea resulting in the term 


O(a / 

ACE SD en Cees vs. (D.3) 

Ovi 
The result of this expression is actually a two-dimensional matrix. Each column in the matrix 
represents one value of H, while each row represents one value of J. Thus the derivative can be built 
for each value of H in turn by forming the inner product with the right-hand side term in equation 


(D.2), and storing it in column H of the data structure holding Equation (D.3). 


: a) Ae : : 
The formation of terms containing derivatives of Dee see. is identical to the previous example. 


Derivatives of Fee) do not occur in inner products, but have one less dimension than the previous 


two examples. Therefore they can also be found by entering terms into the Hth column. 


D.7 Forming the Jacobian matrix: pseudocode 


The analyses of the previous section have shown that the function derivative 0M?’/dy}, 
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necessary for the Newton-Raphson linearization can be formed from the following three derivatives: 


[a; . Sea rt 


Together with the specifics outlined previously for forming these derivatives, there is enough infor- 


mation to write the pseudocode describing the formation of the Jacobian matrix. 


The pseudocode for forming the Newton-Raphson Jacobian matrix is presented here. The code 
is presented once for the unshifted pass, and once for the shifted pass where the properties have 
been found for one set of shifted variables. Note the following extra definition: 

nr 
Z Ae 
Comments are in the style of the C programming language: /* a comment */. All subscripted 
variables are vectors or matrices. References to actual program vector variables have subscripts 


with square brackets, e.g. A/i/. 


D.7.1 Unshifted pass 


This is the first of two passes to form the Jacobian matrix. This pass will find and disperse 
all those parts of the derivatives which are not themselves derivatives, and fill the right-hand side 


vector. The unshifted components of the constituent derivatives are also found. 


find properties; 

find well parameters; 

set gsm, rhs, and temprhs vectors to zero; 
form ye and ye" for all § variables; } 


initialize all the level-n storage to zero, for all B variables; 


loop over a=1,ndftype equations /* ndftype = 3,4 or 7 */ 
/* call the appropriate a equation routine */ 
set all the sdgama vectors to zero; 
get the subcoefficients for the a equation; 
form Fe trie /* this also initializes sdfih */ 
if still at level-n then /* i.e. first newton iteration */ 


store )\,, F#," x (1-9) in flln[a]; /* n&long vector */ 
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store —fluinfa] in temprhs; 


subtract orett) from temprhs; 


loop over 8=1,ndftype /* variables, to form M? */ 
loop over H =1,nnodes /* nnodes = 8 (nodes) */ 


1 
form oo y /* n64-long vector */ 
= 1 
add g2ge7z0nt : to sdgamal[y = 8]; /* n64-long vector */ 


if still at level-n then 
add (1 =O)Sie to sluin[a, 81; 


form gab ON ya and add to sdfih[H]; 


1 
subtract ose ee yf " from temprhs; 


form re /* n64-long vector */ 


add ar De fa to sdgama[y = 8]; /* n64-long vector */ 
if ey at level-n then 
add (1—6)D%?,," to dlvin[a, 8); 


form poe th yan and add to sdfih[H]; 


+1 ” 
subtract aD." yp from temprhs; 


end loop on H; 


subtract (1 — 9) Sr yh’ + (1 Sayre fr from temprhs; 
/* = M$ at end of all £ */ 


end loop on §; 


loop over y=1,ndftype /* derivative variables a 
add sdgama[a,y] +0(1 —9)SrF + G9 po - a5 x sdfih 
to temporary storage; 
/* sdgama[a, y] = 92507 et) + ah Dy? */ 
/* note that FP” is not in the derivative */ 
disperse (add) the temporary storage into gsm 
according to dof numbering; 
disperse temprhs to rhs according to dof numbering; 
end loop on jy; 


end loop on a. 
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D.7.2 Shifted pass 
The right-hand side vector is now complete. We only need to complete the derivatives in M?. 


loop over y=1,ndftype /* shift for each derivative */ 
shift ~} > 47+ Ay’; 
find properties; 


find well parameters; 


loop over a=1,ndftype /* equations */ 
form Bos /* this also initializes sdfih */ 
loop over §=1,ndftype /* variables, to form M? */ 


loop over H =1,nnodes /* nnodes = 8 (nodes) */ 


+1 
form gon . /* n64-long vector */ 


1 
forn S28, "t) yh’ and add to sdfihtH]; 


+1 
form pe a /* n64-long vector */ 


1 
form pee," ye" and add to sdfih[H]; 
end loop on H; 


end loop on #; 


put a7 x sdfih into temporary storage; 
disperse (add) the temporary storage into gsm 
according to dof numbering; 
end loop on a; 


end loop on y. 


D.7.3 Notes 


This code outline is a trade-off between storage and recomputation and between storage and 
dispersal. A more compact scheme would be to store all the n+ 1 level variables S and D, but this 
would double the storage used for the n-level variables S and D. There is considerable overhead 


associated with accessing the data for large problems with many nodes. 
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D.8 Forming the global equations 


The general linearized equation given in Equation (7.4) is: 


OM? Awl = —M2 
avian = —Mf. 


This equation is only for one finite element in the domain being modelled. As nodes frequently are 
shared by more than one element, there is coupling of degrees of freedom through compatability—the 
condition that the value of a degree of freedom, at a node shared by more than one finite element, 
must be the same for each element. The element equations must be assembled to form a set of global 
equations dealing with global degree of freedom only. The coefficient matrix for this set of equations 
is known as the global stiffness matrix (GSM). It is called a stiffness matrix because of the analogy 
with the matrix methods used for structural analysis before finite elements were well established. 
The global assembly involves scattering the ESM terms into the GSM and the element right-hand 
side vector terms into the global right-hand side vector. The dispersal of terms must account for 


the storage scheme used by the linear solver. 


The solution scheme uses the Gaussian solver STAIRWAY. The coefficient matrix is stored 
in a vector in column order, and stores only data between the bounds of the first and last non- 
zero elements in the column, plus any elements to satisfy the stairway requirement. The stairway 
requirement is that there are no re-entrant rows or columns—the profile always resembles a set of 


(sometimes uneven) stairs. A locator vector is needed to identify the element positions: 


e loc/2*j] gives the row number of the first non-zero element in column j, which is the first stored 


element from the column; 
e loc/2*j-1] gives the starting position of column j in the GSM vector. 


Thus we can find any element a;; in A/sizeaj, where sizea is the length of A, from 
loc_in.a = loc[2*j-1] + (1 — loc/2*j]) 
=> aj; = Alflocin_a] 
D.8.1 Scattering the ESM terms to the GSM 


A generic term in the ESM is 
OMe 
Obi 
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The Jacobian subroutines return one of these terms for all elements at the completion of each stage 


of the calculations. It is an nnodes xnnodes (effectively an 8 x 8) submatrix repeated nelem times. 


The generic term provides the following information: 


a) 


b) 


a indicates the equation type; 

I indicates the node number of the degree of freedom; 

¥ indicates the type of degree of freedom (Sy, S., pw, T, etc.); 

H indicates the node number of the multiplying degree of freedom (of type 7). 

The position of each element from this ESM term in the GSM will be governed by the following. 


The equation to which it belongs (by global degree of freedom)—the row number in the GSM. 
This is the same as the global identification of the degree of freedom type a, the local node 
number J, and the element number. The degree of freedom type and the local node number 
are given by the element equation. Each element sharing a node will contribute an equation 
for each global degree of freedom at that node, and the equations will be summed for the entry 


into the global equation set. 


the global degree of freedom by which it is being multiplied—the column number in the GSM. 
This is the same as the global identification of the degree of freedom type +, the local node 


number H, and the element number. The degree of freedom type and the local node number 


are given by the element equation. 


With this information the global degree of freedom number can be found from the element- 


ordered steering array. The steering array is a table with row entries for the local node and element 


numbers, and column entries for the degree of freedom type. Scattering data into the right-hand 


side vector is simpler than for the GSM—only the equation (row) number is needed. 


D.8.2 Pseudocode to scatter to GSM 


One block of data is passed to be scattered. It is stored as in Eqn. (A.5) in blocks of constant 


H, comprising nelem groups of nnodes local node data. 


/* subroutine gsmfill */ 


given a, y, and the block of ESM data: 


loop over H =1,nnodes /* local columns */ 


rand 
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loop over elem=1,nelem /* element numbers */ 
find the GSM column from vy and H; 


if the DOF does not exist (=0), go to the next element; 


loop over I =1,nnodes 
find the GSM row from a and 7; 
if the DOF does not exist (=0), go to the next /; 
find the destination in GSM vector gsm from the locator vector, 
GSM row, and GSM column; 
increment the destination element by the current element 
(from H, elem, I) from the ESM block of data; 
end loop on /; 
end loop on elem; 


end loop on H; 


D.8.3 Pseudocode to scatter to RHS vector 


One block of data is passed to be scattered. It is stored as nelem blocks of nnodes local node 


data. 


/* subroutine gsmfill */ 
given a and the block of ESM data: 
loop over elem=1,nelem /* element numbers */ 
loop over I = 1,nnodes 
find the RHS row rhsrow from a and I/; 
if the DOF does not exist (=0), go to the next /; 
increment rhs/rhsrow] by the current element (elem, J) from 
the ESM block of data; 
end loop on /; 


end loop on elem; 


D.9 Global mesh numbering and the RENUM preprocessor 


Due to the mixed (L6 plus L8) element formulation and the ability to approximate irregular 


boundaries inherent in the finite element method, the best nodal numbering strategy is not immedi- 
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ately obvious. Poor numbering strategies result in global stiffness matrices which have large profiles 


and bandwidths. These measures are defined by: 


matrix bandwidth B= max); 
i<N 
N (D.5) 
profile P= pa b 
i=1 
where 6; is the number of columns containing elements of interest (probably non-zero values) in row 


1, counting from the main diagonal. B is sometimes called the matrix half-bandwidth. 


Another contributing factor to the values of B and P is that the nodes may have different degree 
of freedom (unknowns to be solved for), varying from one to four for the fluid model alone. Systems 
of linear equations whose coefficient matrices have large bandwidths or profiles require more work 
for solution. A common reordering scheme for 5- or 7-point finite difference systems is the so-called 
D4 reordering of Price and Coats (1974). That is a particular scheme for systems with penta- and 
septadiagonal coefficient matrices. The coefficient matrices arising from the finite element method 
do not, in general, exhibit such conveniently predictable structures. Instead, a general resequencing 


program is used which can emphasize minimizing either the profile or the bandwidth. 


The core of the program is the ACM TOMS (Association for Computing Machinery Transactions 
on Mathematical Software) Algorithm 582, produced by Lewis (1982a) for structurally symmetric 
matrices. This is an extremely efficient, implementation of both the Gibbs-Poole-Stockmeyer (Gibbs 
et al., 1976) and and the Gibbs-King (Gibbs, 1976) algorithms. (Henceforth referred to as the 
GPSGK, or core, routine.) The GPS algorithm emphasizes bandwidth reduction, and is a particular 
implementation of the reverse Cuthill-McKee (1969) algorithm. The GK algorithm emphasizes 
profile reduction. These are all graph-directed minimal degree methods. The assumptions are 
that the matrix is structurally symmetric and that diagonal pivoting (symmetric row and column 
interchanges) does not produce numerical instability (Lewis, 1982b). Lewis’s contribution has been 
to improve substantially the data structures used to represent level structures for the graph of the 
matrix. The development of these algorithms has been coordinated by the US National Aeronautics 
and Space Administration (NASA) for use with the NASTRAN finite element program (Everstine, 
1979). 


The preprocessor RENUM controls all the operations prior to and after the resequencing cal- 
culations, and passes all the necessary information to the resequencing routines. RENUM first takes 
pertinent information about the elements and their nodes, and the variable number of degrees of 


freedom for each node, and creates a steering array. The steering array interrelates all this infor- 
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mation and gives all the degrees of freedom a global numbering. It can then be used to generate 
a structural template of the non-zero elements in the global stiffness matrix from the individual 
contributions from the elemental stiffness matrices. This predicted matrix is then reordered into the 
Harwell storage scheme for sparse matrices, by storing only the non-zero elements by column. Two 
integer vectors of the column start offsets (a cumulative tally of elements) and the row indices for 
the non-zero elements are also generated. This can then be passed directly to the GPSGK routine, 


along with the choice of algorithm (GPS or GK) to be used. 


The core routine returns a reordered index and its inverse, as well as information on the new 
bandwidth and profile. RENUM then uses the reordering index to transform the original steering array 
and recalculate the global stiffness matrix structure as a check. Two integer locator vectors are also 
generated at this stage for the DSTAIR vectorized Gaussian elimination routine. All the necessary 
information is stored in a file to be read in by FESPS. This information includes the steering array, 
the reordered index and its inverse, and the DSTAIR locator vector (which constitutes a profile of the 


coefficient matrix). 


At this point the user would need only run FESPS with the original numbering scheme and 
the extra data file from the RENUM preprocessor. All reordering takes place inside FESPS and all 
data is passed back to the user in the original global numbering system via the inverse index. Both 


reduction methods should be tried, and the better reordering selected. 


An arbitrary mesh is shown in Figure D-6, consisting of 91 degrees of freedom over 35 nodes 
and 16 elements. There are eight L8 elements and eight L6 elements. Note that the L8 elements 
are deformed into trapezoids in the example. Three degrees of freedom per node are used except for 
the end faces of the element numbers 1, 5, 9, 10, 4, 8, 12, and 16, which have only two degrees of 


freedom per node. 


The following results were obtained from RENUM: 


numbering bandwidth profile 
original 49 paps 
After profile reduction (GK) 44 2247 
After bandwidth reduction (GPS) 39 2221 


The improvement in the global stiffness matrix bandwidth is apparent. 


The main program in FESPS needs uses the element-ordered steering array generated by RENUM 
to scatter data from the ESM to the GSM. The steering array has column entries corresponding to 


the type of degree of freedom, and row entries by element number and local node number. The 


1% ne We 


ototai on fee ad nodd ea Vt -eahecova icles ae 7K 
ipahiothnd aie wien lem enditits lodoly +1) mie 
aia viet balirogn nod? a apie heatnibors; eat aro t20 
omit’ onulan gd wanindty oreencn of znd yachts ed ; 
nd} "eethat wor sls Dow tadmacnle Yo -¢ilad svitelames naa endnote 
mirititot ALVA ach) as visage) Pevensey o¢ nod seat at ENING 
va (na alata 

(4 co meaner yaar Tae ae serail id) Daw es mow eit 

Lorn gored: lenipns evtpapmanaty 08 tas! ian se mee 
vid tom ong? toa egal eed @ no cauasoun pingee ee lat nd 
jenn oi ih onlauen, Aabatimlle coined, betray RATS a acai 
fred Britches coipdantt mpbherrse% dh ayt? Jesters yh pl ogos-pa oi alll ¢ a eliat ' 
Mona sav tc) 8m nee Ra angen = 


ae 


— 


| \* a es Kot ink 

ne. winiitobaae yer spam a am ni i a 
aes BUY ri 1 evel, gl pins Bas sean ae 

ts abate mre wiht hhc ata rie & qa 

aiveas QL. serec: tila * ho 2tieighh ‘Geena emai enemies vieuitwns 

fudinde Yel pelt 242) she a irheialer 2 wckgi Sy piesereale Bah seligin ue vtaetT pase 

‘wit agile beesr ae sbon onrheb aed D tiqriwke li wi ehionayg a cn! barre eam 


riper 


to Ute me. ines wher : orrineh ate tefl (iE ar wo dee. A haaaaimantgaiinede 4 ' 
- ; whoa x3q mbenl. ; 


Aya 


Ye, | i tdi i 
otter dikwhald a ae » gedrodbecs | 
4 ep ta alah “lantgint iy 
Tes Me (AR), golmuben attic wifi 


io a: (AY) gout dthiwbosd wiA ; = 


<a 


ineiegqa a dibjwh id ahead extn tase oda a) deanvvrorga ott | 
MUMSS <d baveruw§ YoTte Bieoar bay vite in eee A? Bee eben’ Pats | ad wv ad iY miasti.o off - 
68 Dribeoeterne tno lie cami so yore pretest ‘oy! eo Ci al) ay) atab te0Ne08 3 


ott, Sreirsin cheesy least Sa tedittin deans ot saith wet Se wnaber }o oomab lo eqy? off 


302 


Figure D-6 


Test geometry for bandwidth reduction example. 


row entries are in groups of elements, with nnodes local nodes for each element. The absence of a 
particular type of degree of freedom at a local node is denoted by a global degree of freedom value 


of zero. 


D.10 Vector arithmetic 


This section discusses the mechanics of programming the project. Particular emphasis is laid 
on the use of the Cyber 205 vector processor because even trivial algorithms must be reworked to 


take full advantage of the vector pipeline. 


The inner product of a matrix and a scalar, a;;z;, where subscripts 1,7 = [1l..n], is usually 
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evaluated as 
41121 + 41272 +---+ QinIn 


42121 + 49272 + +++ + GonTn 
{ (D.6) 

OniZ1 + Qn272 +++-+OnnIn 
This calculation is inefficient for pipeline processors because it requires n — 1 summations n — 1 


times. Instead, we redo the calculation so that there are only n — 1 summations: 


Qj a12 Gin 
a21 a22 a2n 
zyt+ . phate +t ; sa (D.7) 
anl Qn2 Ann 
This can also be written as 
Qj4121 + Aj2Z2 + +++ + AinTn. (D.8) 


Thus this operation is the addition of n products of a vector and a scalar. There are n — 1 such 
additions of the general form v; + vgs, where v; and v2 are vectors, and s is a scalar. This general 
form is an example of an even more general expression referred to as a linked triad. A linked triad 


is represented by 


(operand, ) operator, (operand2) operator, (operands) , 


where two operands must either both be vectors or both be scalars, and the third operand is not 
the same type as the other pair. The operands must be different and one of the basic arithmetic 
operations of addition, subraction, multiplication, and division. A linked triad is the most efficient 
operation on a vector processor that can work in parallel with its unused scalar functional units. 
Thus this form is sought when designing algorithms for vector arithmetic. In our example, v1 


represents the solution so far for 7 = [1..J — 1], and vgs represents a; 2). 


Generally, the longer the vector, the more effective the vector processor is. The subscripts 1 
and j only vary from 1 to nnodes (= 8 usually) so the vector length is quite small. The calculation 
a;;x; typically is repeated for each finite element, so we can write our problem to incorporate all 


the elements in long vectors: 


ae zi + afgr3 +--+ OinTn- (D.9) 


where e signifies the element number. Thus a, is a;; repeated for every element e = [1..nelem], and 


af,z{ is evaluated as: 
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1 1 1 
Qi Ty ay;2} 
1 1 ies 
ao} zy a9;2; 
il p : 
1 1 lel 
ani al an17} 
2 2 2 
aii zy ay12} 
2 2 2 
5 ‘oy 4 oe Fal 
; : = : ; (D.10) 
2 2 Db 
ani zy ani Lj} 
(4 e e e 
ayy zy ay; 2} 
e e e 
a1 ZT} a5, 2f 
e = nelem f ; 
e e 
any zy anit 


Note that only a dyadic product is formed in this example—each pair of numbers is multiplied 
together. It is not an inner product. Thus the z; values must be duplicated to fill the subvectors 


prior to multiplication. This arithmetic leads to the following choice of storage for a;;: 
(af) = ( (afi), (af), (af), + (af) ) (D.11) 


where af, has been laid out as a series of row vectors, each n x nelem long (i varies from 1 to n, for 


all elements e = [1..nelem]). 


Special multiplicative routines are now required to form the various required products. If there 


is a third index, k, then we string the vectors together for every k = [1..n]: 
(25542) = ( (2551), (A559): seey (Ain) ) . (D.12) 
in a similar fashion to Equation (D.11). 


D.10.1 Multiplication routines 


Certain products arise in the calculations, especially for the Jacobian construction, which are 


resolved by special routines. These calculations are for: 
1. an Vxrz6HK, i.e., a dyadic multiplication and no summation; 


2. ayY s15y,J, i.e., a dyadic multiplication and no summation; 
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3. ayY Jz, i.e., an inner product. 


These routines are now described. 


D.10.2 Multiplying subroutine KMULT64 


This routine evaluates the expression ay T x;35yx for a given value of K, where the integral is 
stored as described in §A.1. To form the product, the Ath term for every finite element in the vector 
ay must first be extracted. The multipliers a{ are formed as in Equation (A.5) by duplicating the 
a values to fill the multiplier vector. This vector is then multiplied with the integral Tx, for the 
particular value of K. KMULT64 actually cycles through each value of J to form the product. 


D.10.3 Multiplying subroutine JMULT64 


This routine completely evaluates the expression ay YT y;6y 7. The Jth term in the vector ay 
is extracted and then duplicated to form the multiplying vector in Equation (A.5). The product is 


now formed for that value of J. This is repeated for every J = [1..nnodes]. 


D.10.4 Multiplying subroutine DOTI64 


This routine forms the inner product ayY z;. The method is similar to that of the routine 


JMULT64, except that the products formed are added together for all J = [1..nnodes]. 


D.11 Vectorized linear solver DSTAIR 


An effective linear equation solver for general use was needed for FESPS. The expected coef- 
ficient matrices would be positive-definite and asymmetric with a symmetric structure and jagged 
profile. Additionally, an arrangement for mixed elements and degrees of freedom required a general 
form of storage such as a linear array. The solver would not provide pivoting or scaling of the 
equations, but would check for zero pivots. 

No vectorized linear solvers meeting these criteria existed at the Cyber 205 site when this thesis 


was first begun. As a result, a general Gaussian solver that would be highly efficient on a vector 


computer was designed. This solver has the subroutine name DSTAIR, reflecting the profile of the 


coefficient matrix. 


DSTAIR is a column-storage solver, where the columns of the coefficient matrix are stored 


successively in a vector. The starting position of each column in the vector and its row identity as 
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the first non-zero element in that column are stored in an index vector of length 2N + 1, where N 
is the number of unknowns. A staircase profile is necessary to avoid computational difficulty during 


the forward elimination step. 


Efficient software on a vector computer must take advantage of the pipeline processors. On 
the Cyber 205, the fastest arithmetic is achieved by combining one vector operation with one scalar 
operation over three operands in a sequence called a linked triad, described in §5.7. In the forward 
elimination stage of Gaussian elimination the linked triad is implemented at each step using outer 
products. Gentzsch (1984) describes this in detail, but it can be summarized as the implementation 
of a forward elimination step as a columnwise rather than the usual rowwise operation. This is 
illustrated in Equations (5.7) and (5.8). During each step information is also stored to operate 
on the residual vectors during iterative improvement. The working storage used for each step is 


allocated dynamically during the run. 


On completion of forward elimination the upper triangular matrix can be shuffled backwards 
to release storage in the original coefficient matrix vector. This free storage is used to hold the 
residual and the incremental solutions for iterative improvement. The backward substitution stage 
is implemented as a series of linked triads where the solution vector is upgraded at each step by the 


dyadic addition of a column of numbers. 


If iterative improvement or a single residual vector is required the original coefficient matrix 
must be stored before performing the forward elimination. This can be multiplied in a columnwise 
manner with the solution vector to obtain the residual with the original right-hand-side vector. The 
residual is reformed with the stored forward elimination data and then the back substitution stage 
can proceed as before. The indicated relative error (Rice, 1983) controls the amount of iterative 
improvement. This is given by the norm of the increment of solution divided by the norm of the 


previous solution. Intrinsic vector functions in CDC FORTRAN obtain the norms of the vectors. 


The comparative performance of DSTAIR as a Gaussian solver has been reported by Tortike 
and Farougq Ali (1987). Several commercial, general linear-equation solving routines have been made 
available for research use on the Cyber 205 in Calgary, but do not exhibit the ability to iteratively 
improve the solution while maintaining high computational speeds. DSTAIR equals the best solvers 


in all other measures, and is superior to the remaining solvers. 
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D.12 Auxiliary equations 


D.12.1 The material balance 


The flow equations are equations of mass conservation. This fact allows a simple check to be 
performed on the behaviour of the method of discretization in time. The material balance in its 
simplest form is that, over the domain 2 with boundaries I, component i is conserved: 

dmig 


eT + pPidir = 0. (D.13) 


This equation can be integrated over the timestep used in the time discretization, i.e., time interval 
Aty = i?t! — ¢", 
tmtl 
(m2+! — m2 ) +/ Pidir at = 0. (D.14) 
t™ 
Thus the change in mass of component 7 over timestep At, should be equal to the time integral 
of the boundary fluxes over the same time integral. If the mass changes are not equal it indicates 
the presence of an inconsistancy in the time discretization procedure. The inconsistency might be 
a function of the size of the time step. The integral [ At, Pi Tir dt is evaluated numerically using the 


same method used for the main set of conservation equations: 
ii gir dt = Atnp; [(1 — 6)qi. + Oqh**] . (D.15) 
tn 
See the section on time integration. The density of the produced fluid p; is constant for produced 


volumes at a reference condition. The material balance can also be expressed as the ratio 


net change in mass over time interval At, _ im aliens 138 
net mass throughput over At, Atnpi (1 — 0)gh. + agnt) 
=-1. (D.16) 


In the finite element formulation, the masses in the numerator of Equation (0.16) are weighted 
approximations. The density is known for the production terms, which are also known exactly for 


the element. Thus, the equation also includes some error from the weighted approximations in the 
numerator. 
The masses of the components bitumen, gas, and water are found by integrating the pertinent 


saturations over the problem domain. As there are only piecewise continuous approximations to the 


variables, the integral over the whole domain is represented by the sum of the integrals over the 


subdomains, or finite elements. 
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Bitumen: 
i le] s Ch ye le w|s dQ. (D.17) 
Gas 
[(PBv¥g)So + (¢PgReo, So] 2 = S~ [ ; [(PBv¥9)Sq + (¢09Reo, )So] dQ. (D.18) 
Water: 


if [(Pavys)Sy + (Ppw)Sw] dQ = rae [(Parvys)Sy + (PPw) Sw) dQ. (D.19) 


The energy balance has the same form as the mass balance, but note that the net energy throughput 
must include heat losses to the surrounding formations as well as the well production and injection. 
The energy content of the domain is made by summing the enthalpy x mass products for each 
component, including the rock. If the phase densities and enthalpies are known, the enthalpy x mass 


products can be found for each phase: 


[Meror0)Se > (phy pv) Sv ++ (dhw pw) Sw =f ((1 ee $)Pm) hm] dQ 


yy [ [(Ghope)So + (bhvPy) Su + (PhuPw)Sw + ((1 - Sp DRA] ae (D.20) 


Note that the solid matrix enthalpy is used as the primary variable for integration. It is a function 


of temperature only, so it is more appropriate to use than the (1 — ¢) term. 


The current pore volume can be estimated by assuming that the porosity varies smoothly over 


each element, then it simply evaluated as 


[ear=¥ [an 
= 61 f wran (D.21) 


The integrals can be evaluated using the basis functions so that, in general, if S = S(Q, t) and 
A= A(Q,t, S), then 


/ A(Q, t, 3)5(Q, t) d2 = f ys A,tt)4(0)] peer) dO 
Qe ne Sh =I 


= ray | NN; dQ 
ne 
=S,;AjT uy (D.22) 
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This is the same approach used to derive the spatial approximation to the original flow equations. 


Thus it can be considered to be consistent with the original problem discretization. 


D.13 Implementation of pseudo-descriptors 


Much of the initial programming of FESPS was done for the CDC Cyber 205 vector processor— 
in particular, the integration module, the properties module, the linear solver, and the Jacobian 
module. The rationale behind this approach was that the large problem to be solved required a 
fast computer with large amounts of virtual memory, so the program should be designed for the 
computer right from the start. The essential features of this programming include the use of data 
rearrangement to take advantage of the vector pipelines, and the use of the Cyber FORTRAN200 
programming language—particularly the descriptor data type. The descriptor data type uses the 
same amount of storage as a real scalar variable, but refers to a vector of given length. The descriptors 
are assigned to any variable, and the assignment statement includes the length of the vector being 
described. Typically, a descriptor is assigned to various portions of vectors or arrays defined during 
compilation, or it may be assigned storage dynamically during run time. The descriptors are defined 
with a base type (real, integer, etc.) which must be compatible with the vectors to which they 
are assigned. The advantage of using a descriptor lies in its compact notation for a vector, and 
in the fact that it can be used directly in arithmetic statements or passed as an argument to a 
subprogram. Thus the presence of many do-loops is circumvented. The other vector extensions to 
ANSI FORTRAN?77 (F77) present in Cyber FORTRAN200 include an explicit vector notation, a(s;n), 
which can be used in arithmetic statements and is analogous to a descriptor describing the same 
vector start s and length n. There are vector equivalents of all the standard intrinsic functions, and 
several other vector functions to facilitate the rearrangement of vector data or to compute things 
such as the inner product of two vectors. The vector functions take descriptors or explicit vector 
notation as arguments, and provide the fastest way to evaluate the subprograms described by the 
functions. The vector functions are conveniently named with the first three letters being either Q8V 


for functions returning vector values, or Q8S for functions returning scalar values. 


The further development of the FESPS program was hindered by the relatively primitive state 
of software development tools available on the Cyber 205, and the cumbersome access to the machine 
in Calgary. As a result, further development of the program modules was carried out to conform to 
ANSI FORTRAN77 so that the more advanced software development tools available on modern Unix 
workstations could be taken advantage of. While this was successful, the modules already developed 


could not be integrated with the new code to be compiled under an ANSI FORTRAN77 compiler 
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and run as a complete program. The modules written for the Cyber 205 would have had to have 
been completely rewritten to be compiled in ANSI FORTRAN77, and, because of the extensive use of 
descriptors, rewriting the code would be a difficult task as the original form of the programs would 


be completely lost. 


In order to retain the compactness of the Cyber FORTRAN200 descriptor notation, a method 
was devised of implementing a comparable data type in the ANSI FORTRAN77 environment. All 
other vector FORTRAN extensions could be emulated by subprograms, or, in the case of explicit 


vector notation, unravelled using do-loops. 


The method is as follows: all variables of FORTRAN200 type descriptor are changed to type 
double complex (complex*16). Vector information from master vectors defined in the main program 
is stored in the variable as follows: 

z=(rrr.xxx, iii.yyy) 
where 
rrr is the location of the start of the vector, pointed to by z, within a master vector; 
iii is the length of the vector pointed to by z; 
xxx is the master vector number; 


yyy is the data type (0=real, 1=integer, 2=bit or logical). 


The master vectors are in common blocks as a single integer followed by the master vector, as 
in the following example: 
integer kx 
real*8 xv(xvlength) 


common /xvi/ kx, xv 


The integer stores the current length of the vector assigned. In this work, only 2 sets of master 
vectors are used for each type of real, integer, and bit (or logical): no. 1 is for specific assignments; 
no: 2 is for dynamic allocation which can be freed. Assignment routines are provided for each base 
type (real, integer, and logical) and for dynamic temporary storage which can be freed. Standard 


assignments cannot be freed because the book-keeping required would be too great. 


The new descriptor implementation, referred to as pseudo-descriptors, combined with the em- 
ulation routines, permits code written in Cyber FORTRAN200 to be converted quickly and to retain 
the original structure. The latter advantage is important because there is less likely to be a mistake 
when converting a given algorithm. The converted code can also be run on the Cyber 205 and 


because it retains the structure of the vector algorithms used, the original vector performance is 
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retained—at least most of it, there are a couple of overheads in subroutine calls. However, arrays of 


two or more dimensions have not been supported in this work. 


An emulation module comprising the glue routines to make this all work together has been 
written and tested, although all the Cyber FORTRAN200 Q8Vxxx and Q8Sxxx functions have not, as 
yet, been incorporated because the emulation routines were only written as they were encountered in 
the original source code. All arithmetic must be carried out via subroutine calls, as must bit vector 
testing, and the assignments. Linked triads are provided for by calling a routine with operator 
information, as are vector where statements. The Q8Vxxx and Q8Sxxx calls completed so far are 
implemented using exactly the same argument order and types as given in the Cyber FORTRAN200 
manual. The Q8Vxxx functions are implemented, however, as subroutines. Specific FORTRAN200 
code is embedded in all the subroutines and functions, so one can either comment out the scalar code 
and activate the vector code, or keep two sets of the glue routines: one specifically for FORTRAN77, 


and one specifically for the Cyber 205. 


The conversion is not painless because one must alter every line involving a descriptor or other 
vector fortran syntax, but the replacements are highly mnemonic, and generally replace just one 
line. However, the general structure of the source is not at all changed, and the operation should 
not take very long, particularly with editors supporting regular expressions and macros. The code 
has so far only been tested in an f77 environment on a Sun 3/160; the Cyber 205 equivalent is a 


straightforward line in each case. 


The implementation of noeednudesmn plore has turned out to be very useful. The type is very 
compact and makes otherwise long and tortuous source code more understandable as the do-loops 
are unravelled, and length information need not be passed to subroutines. The pseudo-descriptors 
can be considered useful in any ANSI FORTRAN77 program where vectors are extensively used and 


particularly where subroutines are an essential feature. 


D.14 Pseudo-descriptor subroutines 


The following subroutines perform arithmetic operations on pseudo-descriptors. The subscript 
r refers to the version requiring real arguments, i refers to integer arguments, and b to logical 
(bit) arguments. It is understood here that the explanations given refer to the values of the vectors 


described by the descriptors. This is also indicated by the notation descriptor->vector. All the 


operations assume double precision variables (real*8). 


a) Descriptor-descriptor arithmetic operations (result, a, and b are descriptors): 
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multr (product, a, b): product->vec = a->vec * b->vec; 

multi (product, a, b): product->vec = a->vec * b->vec; 

divr (quotient, a, b): quotient->vec = a->vec / b->vec; 
divi (quotient, a, b): quotient->vec = a->vec / b->vec; 
addr (sum, a, b): sum->vec = a->vec + b->vec; 

addi (sum, a, b): sum->vec = a->vec + b->vec; 

subr (diff, a, b): diff->vec = a->vec - b->vec; 

subi (diff, a, b): diff->vec = a->vec - b->vec; 

b) Descriptor-scalar arithmetic operations (result, a are descriptors; b is a scalar): 
smultr (product, a, b): product->vec = a->vec * b; 
smulti (product, a, b): product->vec = a->vec * b; 
sdivr (quotient, b, a): quotient->vec = a->vec / b; 
sdivi (quotient, a, b): quotient->vec = a->vec / b; 
saddr (sum, a, b): sum->vec = a->vec + b; 
saddi (sum, a, b): sum->vec = a->vec + b; 
ssubr (diff, a, b): diff->vec = a->vec - b; 
subrs (diff, b, a): diff->vec = b - a->vec; 
ssubi (diff, a, b): diff->vec = a->vec - b; 
aubis. (diff, b,.a): eer morn ek b - a->vec; 

c) Descriptor-descriptor manipulations (object and x are descriptors; offset is an integer): 
vvsetr (object, x): object->vec = x->vec; 
vvseti (object, x): object->vec = x->vec; 


vvsetb (object, x): object->vec = x->vec; 


vvofsetr (object, x, offset): object->vec(+offset) = x; 
vvofseti (object, x, offset): object->vec(+offset) = x; 
vvofsetb (object, x, offset): object->vec(+offset) = x; 
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d) Descriptor-scalar arithmetic operations (object is a descriptor; x is a scalar): 
vssetr (object, x): object->vec = x; 
vsseti (object, x): object->vec = x; 
vssetb (object, x): object->vec = x; 


e) Descriptor-vector manipulations up to length of descriptor operand (object is a descriptor; x 


is a vector): 
pvsetr (object, x): object->vec = x; 
pvseti (object, x): object->vec = x; 
pvsetb (object, x): object->vec = x; 


f) Vector-descriptor manipulations up to length of descriptor operand (object is a vector; x is a 


descriptor): 
vpsetr (object, x): object = x->vec; 
vpseti (object, x): object = x->vec; 
vpsetb (object, x): object = x->vec; 


g) Manipulations of elements of a descriptor (object is a descriptor; loc is an integer, value is 


a scalar): 
setvalr (object, loc, value): object->vec(loc) = value; 


setvali (object, loc, value): object->vec(loc) = value; 


real*8 function getvalr (object, loc): getvalr = object->vec(loc); 


integer function getvali (object, loc): getvali = object->vec(loc); 


D.15 Cyber FORTRAN 200 functions and their emulations 


a) Scalar functions corresponding to intrinsic vector functions and Q8Sxxx functions in Cyber 


FORTRAN200: 
integer function qislen (v): q8slen(v); 
integer function qiscnt (v): q8scnt(v); 


real*8 function qismaxr (v): q8smax(v); 
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integer function qismaxi (v): q8smax(v); 
integer function qsmaxloc (v): q8smaxi(v); 
real*8 function qisdot (u, v): q8sdot(u;v); 


b) Descriptor functions corresponding to intrinsic vector operations and Q8Vxxx functions in 


Cyber FORTRAN200: 

qivemprs (v, cv, u): q8vemprs(v,cv;u); 
qivctrl (v, cv, u): q8vctrl(v,cv;u); 
qivgathp (v, period, times, u): q8vgathp(v,period,times;u); 
qivgathr (v, index, u): q8vgathr(v,index;u); 
qivmerg (vi, v2, cv, u): q8vmerg(v1,v2,cv;u); 
qivmko (a1, a2, u): q8vmko (ai,a2;u); 
qivmkz (a1, a2, u): q8vmkz (ai,a2;u); 
qivscatp (v, period, times, u): q8vscatp(v,period,times;u); 
qivscatr (v, index, u): q8vscatr(v,index;u); 
qivxpnd (v, cv, u): q8vxpnd(v,cv;u); 
qivexp (v, u): verpCa 
qivlog (v, u): vlog(v;u); 
qivabs (v, u): vabs(v;u); 
powr (u, v, exponent): u = v**exponent (exponent scalar); 
spowr (u, v, exponent): u = v**exponent (v scalar); 

c) Descriptor i/o utilities: 
vwrite (output, format, x): write the contents of x->vec to logical output unit out- 
put according to the character string format; 
vread (input, format, x): read the contents of x->vec from logical input unit input 
according to the character string format; 


bwrite (output, *, x): write the contents of x->vec to logical output unit output in 


binary format; a write error causes the execution to continue at statement label *; 
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bread (input, *, *, x, reqlen): read the contents of x->vec from logical input unit 
input in binary format; a read error causes the execution to continue at the first statement 


label *, an end-of-file error at the second statement label *; 


d) Linked triad emulations to obtain benefits of Cyber 205. The emulation routines emulate the 
following expressions, noting that the subscript r is for real arguments, and subscript i is for 


integer arguments, and that a and b are scalars for ssv and that only a is a scalar for svv 
brace = 1: result = (a [op] b) [op] c 
brace = 2: result = a [op] (b [op] c) 
ssvr (result, a, opl, b, op2, c, brace); 
ssvi (result, a, opl, b, op2, c, brace); 
svvr (result, a, opl, b, op2, c, brace); 
syvi (result, a, opi, -b, op2, c, brace); 
e) Assigning pseudo-descriptors. 


rassign (desc, length, vec): assign a pseudo-descriptor to a real vector of length 


length, master vector no. vec; 


iassign (desc, length, vec): assign a pseudo-descriptor to an integer vector of length 


length, master vector no. vec; 


bassign (desc, length, vec): assign a pseudo-descriptor to a logical (bit) vector of 


length length, master vector no. vec; 


assover (desc, length, samedesc, offset): assign a pseudo-descriptor to a portion 


of another pseudo-descriptor’s vector, offset by offset and of length length; 


dynamic (desc, length, vectype): assign dynamic storage of type vectype (0=real, 
1=integer, 2=logical) and length length; 


free: free all dynamic storage. 


f) Creating logical vectors by comparing one pseudo-descriptor with another. The test is a valid 
FORTRAN logical comparison mnemonic: eq, ne, lt, le, gt, or ge. In the vstest version, 
y is a scalar, otherwise all the arguments other than the test is a pseudo-descriptor. The 


subscripts r, i, and b are respectively the real, integer and logical versions. 


vstestr (result, x, test, y); 
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x, test, y)> 
x, test, y); 
x, test, y); 


x, test; ¥): 


vvtestb (result, x, test, y); 


g) The following routines emulate the vector statement where (cv) u 
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v in Cyber FORTRAN- 


200 as follows. The first routine applies to all pseudo-descriptors, while the last three compare 


a pseudo-descriptor, u, with a scalar v, the appropriate suffix r, i, and b for real, integer, and 


logical respectively. 


wherev (cv, u, v); 


wheresr (cv, u, vr); 


wheresi (cv, u, vi); 


wheresb (cv, u, vb); 
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Appendix E 


A HIGHLY-IMPLICIT FINITE DIFFERENCE STEAM MODEL (DEAD OIL) 
SIM3D3P 


This appendix outlines the formulation of a finite difference steam simulator based on the model 
described by Ferrer et al. (1980). The original simulator program was developed by S.M. Farouq 
Ali, who has tested and used it over the years. The program was then modified to accommodate 
the coupling to the finite element model, and was tested as a stand-alone simulator to ensure that 


it still functioned like the original code. 


The following difference equations are used for the steam injection model, where steam is the 


only gas present, but first note the following abbreviations: 


bf = frou Se (E.1a) 
A() = Az() + Ay() + A2() (E.1b) 
Molar balance for oil 
A[To(Ape — Yod2)] — 450% = 32 5(d 9056) (2) 
Molar balance for water 
A[Tw(Apw — YwAz) + T (Ady — YgAz)] — GaPw — %%P5 = + 5[bbwSu + PgSo)| (E.3) 


Energy balance 
A(T Ap] + A(T-AT| — af, — ay = 25 $(ovSuUw + PoSQUo + PoSoUo) + (1 $)(0Cp)-T] (EA) 
Vapour-Liquid (steam-condensate) Equilibrium 
T=f (Pg) (E.5) 


We will expand the accumulation terms and iterate on the respective variables (p,T). The trans- 


missibility terms (at n + 1) are expanded in time, as in the semi-implicit method. 
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E.1 Expansion of the equations (accumulation terms) 


It is assumed that p is a function of p and T. The subscript , indicates a derivative with 


respect to p, and is = ea the latest iterate. For example 


_ kro 
Kros,, = OS (E.6) 
Furthermore, the following expansion is defined: 
bf = froT + frop + f — f" — fe(T’ —T”) — ff (p* — p”) (E.7) 
Thus one obtains, 
dp = ppdp + préT (E.8) 
frtt = f+ fe(Tt* —T) + fe(p"*! — p”) (E.9) 
5(¢pS) = PAs” (ps = ps — pr(T* oe TT) — pp(p* ot al + 97+ ortlss 
+ (¢"47S" préT + $"*'S" pp + p"S” dicr 5p (E.10) 
Also, 
nm+1 wou 
5(dpSU) = U""'5(dpS) + (bpS)" —6T 
= Urtigntt se [ot — p” — pr(T* — T*) — pp(p* — p”)] 
+ 1go2ttUmt lg" op + (ps) | sp gt p™ Ue t los 
+ U"t1(g"t19"5, + pS" dic, )p (E.11) 


Note the following, for f = f(p,T). (We are expanding f"*! with respect to the iteration level.) 


2 2 
ft ate Se a Mies z| bp* (E.12) 
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pactald (Peas Ub A Abe? 
aT aT evaluated a 
Thus, 


£ id 
o] 
peti got 4 OF) (path - Toh) + 2 (pst — pots) 


= f¢+ fR(rnt! —T*) + fe(p"t* — p’) (E.13) 
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Therefore, 


éfaptt pf 
= fi + fe(T"*? —T*) + fo(p"** —p*) - f” 
— pT” + f¢T" — for” + fp” 
= fpoT + feop + f° — f" — f(T’ — T”) — fo(P* — Pp”) (E.14) 


where 6T = T™+! — T™ and dp = p™+! — p”. Here, T"+! and p™*! are really the new iterates of 


: e+1 e+1 
T*+! and p™+!, viz. T.+1, p+. 


E.2 Energy balance: 
Consider the energy balance equation first: 


5[b(PoSoUo + PwSwUw + PgSgUg) + (1 — $)(pCp)rT] 


= pe UTA Blot a py — Por (T* = TS) = Pop (P* —p”)] 


OUm 
ra om UR Sone +O DD Pama OPC) 


m=0,W,g M=0,W,9 


6T 


+o" pts! — ppttusties, + gps ust! — prHust|ss. 


for De URS om, + der|) De pai ~ (op) T™| | (E.15) 


M=0,W,9 ™m=0,W,g 


Convection terms: 
TyAp= > TmHm(APm — mz) (E.16) 


m=0,w,9 


Consider the term T,H,(Apo — yoAz): 


Case (i) No gas in the upstream block (w.r.t. a given phase); implicit in p, T, and S. 


[ToHo(Apo — YoAz)]"** = [ToHo(Apo — YoAz)]” + T° He Adp 
+ (Appt! — yAz) Fae: 6T + SE kee iS.) 
= [ToHo(Apo — YoAz)]" + To HS Adp 
+ (Ap** —7,Az)T Ho, 6T 


+ (Apnt? — oA2)HST T kros, 6S., (E.17) 


Notice that the time expansion is in saturation and temperature. T£* is the constant part of the 


transmissibility which is at n. 


Qe 


- aa 
= Cex! a eke omnes ie 
- Ns eas AOR hee 


| . & a 
eh 
linn mete tal: Wei ale yliewi ‘Soa a “a te os oot nas qi Bas “is Ppths 

. aes atlas 


aoa) 
_ on J 
Sore : 


Vis ee 


F a 
joa. rasa a~ ™ 
‘os _ 


. ’ it : 
wy 4 m ' a al Ps 
=e ' ‘ * Jin i 2 | ee 
Ph Sy ae er erect — bien’ 
as oe . ae ) ca - i : 


pany ) Wa =r = satan WON i 
nm) tee *% - eS sg "9+ 4caetas La a) a 


axe ona Ce eae aad a 


(Sia). wh Haare PT hy | By) eee » stile PAs sehen i : i oc 


ra 


| | i / ; i " | . ; + ; = 8 Hl 
(wis © ee ll al a ste 
i: et ei a ee 


’ hp a nena 

gat ane Aisin sath NaN) of ‘ohiaig = yeaa 

i eS whi + oR) tritar< "tea *, 

mt WA KUT + “ade 

Lo a" 
wi t! it ot Ser 


a 


“nite: pray deteguunnd oth 2 cs OMe | 


7 RET he A,” 
i PX. - ’ we sa ae 


Consider the term Ty, Hw(Apw — YwAz): 


Case (i) No gas in the upstream block w.r.t. the water phase. 


[Tw Hw(Apw — YwAz)|"*? 
= [T, Hw(Apy — YwAz)|" +T.2 HE Adp + (Apert = ge) li Ol: 
—TPHSAP.  6Sw + (Apat? — wz) HT ~ Rw 5S 
= [Tw Hw(Apw — YwAz)]” + (Ap2t! — weeny He..ol 
+ (Apnt} — twA2) HET ky 6Sy —TTH®AP! 6Sy+THEA6bp 


TOw Cow 


Ty Ap = ye [Tim Hm (Apm = “1m Az)]” Pg | S (Apm — Ym Az)"Th Amr 


m=0,w M=0,W 


+|n ES —ImAz) Hine rae | 


m=0,W 


—TSHDAP. 6Sw+ ( oD eel Aép 


m=0,w 
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(E.18) 


(E.19) 


Case (ii) Gas is present in the upstream (w.r.t. a particular phase) block. The convective term for 


a particular phase is obtained implicitly in SJ, S,,, and p. 
Consider the term T,H,(Ap, — y.Az): 
[To Ho(Apo — YoAz)|"*! = [ToHo(Apo — YoAz)|" + HE6[To (Apo — YyoAz)] 


= [T,Ho(Apo — YoAz)]” 
+ H? (Apt! —+4,Az)T (& a ) Kos, 55g 


+ H®(Aptt} — 4,Az)T ( 7 2) keg. OSw + HOTS ASp 
oO 


Consider the term T,,Hy(Apy — YwAz): 


(TwHw(Apw — YwAz)|"*) = (TwHw(Apw — Ywz)|" + H55[Tu(Apy — YwAz)] 


(E.20) 


= [TwHw(Apw — Ywz)|* + H®™ (Apnt! — ,,Az)T (2) ke Se 


Ww 


—~ HPTPA(PL,, 6Sw) + HTS Abp 


Consider the term T, H,(Ap, — y,Az): 


[T,Hg(Ap, — az) = [T, Hg (Ap, — gAz)]” + Hy’ 5[T,(Ap,g — YgAz)] 


(E.21) 
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= [yHy(py ~ apA2))" + Hy (Apg* —,A2)7 (22) W155, 


g 
+ HPT A(PL 6S) + HET PAébp 


Thus, 


ToOp= > (TmHm(Aprt! — YmAz)]" + >> (Apat = ym Az)T Hime itn 


M=0,W,g =0,W,g9 


m=0,9 


aS H™ (Apt! — »,,Az)T (2 ) bensicn Oso HET AP. 6S, 
‘mm 


(E.22) 


6T 


nr 
+ 6Sy, Se H® (Apt! — ,,Az)T (=) krms,,1T + yS He 1 hop (23) 


m=0,w M=0,W,g 


TeAT = T.(Ty + a-16Tj-1 — Tin — 46T;) 
qH = De Gaile t ln 


m=0,W,g 


If free gas is present, the enthalpies are treated explicitly in T. 


qe =dr+ > pt, At bam 

m=0,W,g 
Qn! = gh, + PI [Am dp + (pmé* — Pup) Ams, 55m] i M=w,g 
quit! = = qo" + PI [As 5p IF (pets — Pw) (Avs, bSwy + ros, 55,)| 
gat} =q" + PI [sé + (ppt? — pus) Ags, 554] 


qf lee nae, + PI ( 7s natin °p 


m=0,W,g9 ™M=0,W,9 


+ PI ps Pm ( Pint — Puy) Ams, 559 + SS AEA ike ay in) en 


m=0,w 


If free gas is not present, gg = 0, and the enthalpies are treated implicitly in T: 


get =dit S> emia bam+ D> PmImHmrdT 


m=0,w m=o0,w 


=i+( > page He bf EPI age Hoek op 


m=0,W m=0,W 


+ PI ( ye Pa me 5S 


m=0,w 


(E.24) 


(E.25) 


(E.26) 


(E.27) 
(E.28) 


(B.29) 


Sy | (E.30) 


(E.31) 


(B.32) 
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If water is absent, S,, = 0. 


P= ait Do pndmHmrST + PLS) pm Hmt* \nOp 


m=0,g m=0,9 
+ PI ( ‘Se Pale, 5S, (E.33) 
M=0,9 


Finally, the energy balance can be written as follows: 


A >, WmHm(Apm — rma) 6T +A | Ne (Apee y= rm Hann 6T 
™m 


M=0,W,g =0,W,g 


>, Ae (Ape —+,Az)T (2) Krms, in| 6S, +A HPT PAP! 8S,)| 


Lm 


+A 
m=0,g 


+l pegs m(APin! = — Ym az)r (2 i‘ bref 5S 


m=o,w 


A y Hae + A{T-A(Tn + ir6T) — A[H2TZA(PL,, 6Sw)]} 


=0,W,9 


- >» mong, - ( Di Pt lin ir6T — PI bs P(E — Pa) Sob 6S, 


M=0,W,g9 m=0,w m=0,9 
= PI De eat een Pus Ams, ici] 5S, 
m=0,g 


m=0,w 


— PI | es Fedak! ¢ Bac (hah — Pu, )Ams,, iwi 5Sy 


m=o0,w 


PI ( 1S saotits igiwdp—-PI S> MR HRt imép — gz — a6T 


m=0,W,g ™M=0,W,g 


V, . 
= Heng gt [of — pt - pon (T2 —T") — pg, (pé - 92] 
OUm 


=f [e"? DB Onytt oe mPmr or ¢” x Pin rr or — (l- o"*")(pCp)r]6T 
M=0,W,g ™Mm=0,W,g9 
+. gett Pose = pptipett) 5S, Ey has sie = pet uat}) bSy 
+ (or \o fURA ST dic, Renn — cy") | (E.34) 
™Mm=0,W,g9 mM=0,W,9 
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The above equation can be written as 


4 


> C13pj = Ri + 9” A(T1;Ap;) (E.35) 
j=1 
where 
p, = 6T (E.36a) 
p2 = 5S, (E.36b) 
p3 = Sy (E.36c) 
pa = Op (E.36d) 
and, 
Vv, oat ntl n n OUm n+1 
Cu=z,/¢ dy UR SPmr +¢ + PinSim or + (1 —$""")(pCp)r 
m=0,W,9 M=0,W,g 
+(¥ Zz pr, =| ip +a (E.37a) 
Cy= Sgr lg type = Po" Uae 
i | | © ph Ams, (Pmé > — Pus) (ictw Hp, + intra) (E.37b) 
m=0,9 
iz Slyypn 
C13 = qe ee US” & pant) 
+ PI | 5 PmAms,, (pet? — Pw, (iciw Ay, + itt) (E.37c) 
m=0,w 
ve nr Th Tm Te 
Cia = {or Sy UR S* oie oF QiCr | a Frage ti BLS a (pC) rT ! 
mM=0,W,g m=0,W,g 
+ PI ( SS sett igiw + S2 BN pi (E.37d) 
M=0,W,g9 m=0,W,g 
and, 


>»: TmHm(Apm = rm 


Ry = 
Mm=0,W,9 
7 nm n 
- aie we see [ef — p? — por(T* — T”) — Pay (P5 — Pg | 
+A(T-AT")- >) Pinlfndn — (E.38) 
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and, 


Ti = D> (Aprt! — YmAz)T Hm itm + Toit (E.39a) 
m=o,w 
nr 
Ty = SoH? (Apht! —y,A2)T (2) Krong,!Gm tt Hy Tye Pe., (E.39b) 
m=0,g 
nr 
Tis= S> Ha(Apet—amAz\T (2) kemsaiam —HETEPL, (E896) 
m=o,w are 
LEE SAIN: ba (E.39d) 
m=0,W,g 


E.3 Molar balance for water 


The molar balance for water can be expanded as: 


V; V; 
A; 51PewSw + pgS)] = ele ssles — pS — pg,(T* —T”) — po, (pe — v3*)] 


+ Gt oP t165, + Ot ont Sut O"t! So SR pomp dT 


m=Ww,g 
oe (or Se SinPmy + PiCr Ss eas) )6o} (E.40) 
m=w,g M=W,9 
Writing the difference terms, 
A[Tu(Apw — YwAz)|"*? = AlTy(Apw — WwAz)]” + A[TZ Adpu] 
+ A[(Apw — ywAz)"* Ty] (E.41a) 


= A[T, (Apu — WwAz)]" + A[T2Adp,] — AITPA(PL. 6Sy)| 


Cow 


+A |(Apy — YwAz)"*! + @ KrbSu| (E.41b) 
Similarly, 


A[T,(Apg — ¥gAz)|"** = A[T,(Ap, — ygAz)]" + A[Ty* Adp]+ 


AIT A(Pz, ,659)] + Al(Apg — rAz)|"*1 +A (2) Krw6S5] (E.41b) 
Also, 
(Gupo)™ = (qwPw)” + Pw dw (E.42a) 
kn kn 
= aS 05 + PoP (=22650(05" — Poy) + 6p) (5.42) 


“— 
BAT 


(tate, 3) 


(geht) 


hae Z) 


a, tare et > a a 
ah m) _o* 20 ae ni 


= ff : 7 : mt : 
Pe re : f tl (s es 
tO — pet er: | “ 


wa er iaare 
ees acd aA 1 aEIN er _ i i bale 


“an 


- . 


va vi | wt 
fi ety Te i Ve Pian re 


wie ale seein ne “ae 

he . Peachy See é re 4 

Hage SA ssa S944 Header ~ yah) wee : 
ee SC cmanaead a ee 


= Vig int ha ae or 
aN , ae i | 
iw Hi 7 i 

Bae ene et 
¢ + ete £9 Po, oe : yee) 


xc) 


+a 


c ” : * Vt ollie nent ies’ 


325 


and 
ke |e 
(dope) = 4, 0, + atl (2es,05" — Pw,) + 6p) (E.43) 
9 9 
Thus the water molar balance equation becomes 
V; n+1 /. V; n+1 k/ 
oe ( Ne Stine 6T + Pr f path + pPl (pst? — Fle 6S, 
=W,g 
V; n+1 0 
+ eon + paPl(on"* — pu)— bSy 
w 


S (we > SirPm, + PiCr Se rast) + PI — enti 5 
ig m=W,g ™m 


=W,g M=W,g9 


Alem > (0 — OR — Pm (TS — T”) — Pm, (Pm — Pr) 


+4 | iy [Tm(Apm = mAz)|” 


m=W,g 


Tm Pp # , 
- Dan +a [(ap, — ryder (2) H,685 


m=W,g 


+ ATPA(PE,,65,)]+ A [Ape —rwde'7 (22) ke, 65] 


Cow 
Ww 


— A[TPA(PL,, 6Sw)| + A | Soa Aop \ (E.44) 
m=w,g 
Now define the following terms: 
Vion? no 
Cx = eee Ne (E.45a) 
n+l Pas 
C22 = ep ae SF Pigs See ue Keo (E.45b) 
n+1 
Cay = AE ott + PIS — Pg) iy (B.45c) 
7 n nr nr Kon 
Cu = (or >> Shem, + bier >_ rast) PIS. pp 7 (E.45d) 
m=w,g m=W,g m=Ww,g 
and 
To1 =0 (E.46a) 
= (Apt! — y?Az)T (2) kg + TPZ, (E.46b) 
= (Apt! — 2 Az)T (2) ie Sie (ae! eae (E.46c) 


Tx = Sy sgh (E.46a) 


m=w,9 
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V; 
Ba =~ FE { 152008 — BP) — pox (TT) ~ Pag (* — 9”) 


+415 7mm) - > anon} (E.47) 


m=w,9 =w,9 
E.4 Molar balance for oil 
Consider each term: 
5(dp0S0) = $"** ppt" (—6S, — 6Sw) + O° 41S3 pop 6T + (91S po, + SSS GiCr)op —_ (E.48) 
Now, expanding, 


A[T.(Apo ip) aa = A[T. (Apo — YoAz)]” + A[(Ap, — Jez)? 675) a A[T.* Adp] (E.49a) 
= A[T.(Apo — yoAz)]" + A[T."Adp] 


& n+1 Po ii Okro Okro 
+A (ar. YoAz)|"** + (2) & 6Sg + + 35. 6Sy}| (E.49b) 
and 
kro n Okro Okro 
(Godoy = qo p3 + poPI Ge i 6p + PI (& 2)" (p> a — Pw,) (2 aa Sy + Faris | (E.50) 
Ho w 
Thus, 
V; 
C3; = AiO SS Por (E.51a) 
n+1 prt n+1 Okro 
C32 = 4 ais-¢ | r Sf) (E.51b) 
OS, 
C33 = — ah ghtl ppt +PI me (prtt ope (E.51c) 
ke 
Cu = POSE pe, + pBSP dice) + Plo 2 a (E514) 
and 
Rg = A[T.(ApoyoAz)]” — 95 po (E.52) 


E.5 Water-steam equilibrium ratio 


This relationship can be discretized as follows: 


pol =p, (ime 2) (E.53) 
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and, 
bp, =p; — pa pea aT" T= 7) 
= py —pr+ploT +pt.(I” — T°) 
Now, 
6T = TE bp, — TE, (p* —p") + T¢ -T™ 
therefore, 
oT - Ty, 5p — Ty, P2,,555 = T* —T" — Tzp(p° — p”) 

whence, 

C4, = 1 

C42 = STE 

C43 = 0 

C44 = —T;, 
and 


Ry =T! —T" ~ TE, (p* — p”) 


The temperature differences can be written as 


T™t 7" = T*— T” + Ta, (Sp + Ps, 6Sq — pe + pr) 


or, 
T+) =T* + T,, (py —p, + dp + P2,,6Sq) 
but, 
T°! = 7? 4T,, (pat! — p! 
Thus, 


6T = T* —T" + Ts, 5p + Ts, (p? — pf) 


E.6 Heat losses to overburden 
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(E.55) 


(E.56) 


(E.57a 
(E.57b 


(E.57c 


(E.57d 


(E.58) 


(E.59) 


(E.60) 


(E.61) 


(E.62) 


Heat losses are calculated using the one-dimensional diffusivity equation in the vertical direction 
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where the thermal diffusivity a = Bey’ and the following initial and boundary conditions apply: 
1G@,t=0) = 4, (E.64a) 
T(z =0,t) =7,(t) (E.64b) 
Tlz2—> cojth=d, (E.64c) 


The instantaneous heat loss rate is found by integrating and applying the boundary conditions to 
find 


OT 
qi(t) = —KA —— (E.65) 
02 | <0 


A suitable solution to this is now found by applying the theorem of superposition. Details can be 


found in Abou-Kassem (1981). 


E.7 Solution of the equations 


Variable substitution is employed to ensure maximum stability. At all stages three equations 
are solved for three unknowns. If gas (i.e., steam) and water are present, temperature is no longer an 
unknown and is replaced by a pressure-gas saturation equation — Equation (E.60). If either the gas 
or water phase is absent, then either unknown S, or S,, is replaced by T. Thus, this procedure treats 


rigorously the cases of gas or water phase disappearance, due to repressurization or vaporization. 


The final equations are: 


S_ Cisp3 = Rit D> A(TyAp;), i=1,4 (E.66) 


j=1,4 j=1,4 
where 
i = 1 is the energy balance; 
i = 2 is the molar balance for water; 
7 = 3 is the molar balance for oil; 
i = 4 is the steam-water equilibrium ratio. 


These four equations in four unknowns are reduced to three equations in three unknowns in the 


following three cases: 
(1) Sy 0S. > 0: 


(2) S, =0, Sy > 0; 
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(3) Sy >0, Sy =0. 


For the first case, the energy equation transmissibilities are explicit in temperature, and using 
Equation (E.60), 6T is eliminated from the first equation of the system equations given in Equation 
(E.66). For the second case, S, = 0,6S, = —Sj*, and the equilibrium equation does not apply, so 


that the three unknowns are 67, 6S,,, dp. 


In matrix notation, this becomes 


C p = R+A(T Ap) (E.67) 
Ix33x1 3x1 3x33x1 


wo 


The system of equations is solved by a direct solution method. The matrices C, T, and the vector 
R contain (n+ 1)-level terms. Thus iteration is necessary. Before the first iteration, all coefficents 
are evaluated at the end of the previous time step. New iterates of T"+', S2+1, St*+? and pt? are 
calculated, and so forth. Convergence criteria are that the max dp < €, and max 6T < er. For most 


cases two or three iterations are adequate. 


E.8 Adding solid coupling terms to the formulation 


The new terms are introduced and expanded in Chapter VI. However, the specifics of their 
incorporation into the finite difference‘fluid and heat flow model are outlined here. The energy 


equation has the most terms and will be considered separately 


E.8.1 Adding terms to energy equation 


A sequence of modifications can be listed as follows: 


(i) Eliminate the original pore compressibility term, ¢;c,, from Equations (E.15), (E.34), and 


(E.37), from where it was incorporated into the term C},. 
(ii) Add the convective terms contributed from each fluid phase and the rock matrix to R;. 


(iii) Subtract the accumulation terms contributed from each fluid phase and the rock matrix from 


Wee 


Two of the accumulation terms can be incorporated implicitly by adding Equation (6.25) to term 


C\. In fact, the first of the two terms, (1—¢)p,¢p,, is part of the original finite difference formulation. 
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E. 8.2 Adding terms to the flow equations 


Modifications to the two flow equations involve fewer terms, but are otherwise essentially the 
same as for the energy equation. Redundant pore compressibility terms, ¢;c,, are removed from the 
expressions for Co4 and C34. Convective terms are added to Ry and R3, and accumulation terms 


subtracted from R2 and R3. 


In all cases (energy and flow equations), if the pore compressibility coupling terms are used, 
then the corresponding terms replace the original ¢;c, terms in the finite difference model, and are 


not added to the R;, Rz, and Rg terms. 
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Appendix F 


EQUATIONS DEFINING SOLID MODEL FOR FINITE ELEMENT ANALYSIS 


The essential components of three-dimensional elastoplastic material behaviour are given here, 
along with the required aspects of geomechanics to be able to formulate the finite element model. 
The model is based on the two-dimensional computer code published by Owen and Hinton (1982), 
and has been extended to three-dimensions. Alterations and additions have also been made in the 


areas of 

(i) the residual force calculations; 

(ii) the principal stress calculations and the directions; 
(iii) the types of loadings permitted; 
(iv) the control of the entire program; 

(v) the Gauss integration scheme; 


(vi) the finite element types. 


F.1 Geomechanics conventions 


Definitions in continuum and geomechanics are given in this section so that the subsequent 
sections can be written with an economy of symbols. The definitions are given mostly in index 
notation at first because of the tensorial nature of the problem. Subsequently, the notation is 
changed to the vector form commonly used in applied modelling in this area, and all quantities are 


given expressions which can be evaluated in the vector form. 


An essential axiom in continuum mechanics is that stresses are positive in tension, and negative 


in compression. Thus, in the definition of (compressive) effective stress given by 
o’ =o-u (F.1) 


the pore pressure, u, must be a negative quantity. Thus, to keep pore pressures as positive quantities, 
the following definition must be used: 


o’ =a+u (F.2) 
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The deviatoric stress is defined by 


oO 
6; 5, kk 


SiO Oty a 


= Oij — %1j0m 


where 


_ OF 09 cs 


Om = 3 


F.1.1 Stress invariants 


(Compiled by Wong, 1989.) Given the characteristic polynomial 


o® — To? — Ingo — In = 0 


The stress invariants [,, Ij, and J3, can be found as: 


I, =o, +02+03 
=0,+0y,+0z 
=1O0sn 


= 0% 


Ig = —(0102 + 0203 +0301) 


1 
= 5 (oiyo51 — 9441753) 


Iz = (01505201) 
Or Oxy Ixz 
=| Osy | yl ys 
Ozrz Tyz I 


= (010203) 
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(F.3a) 
(F.3b) 


(F.5) 


(F.6a) 
(F.6b) 
(F.6c) 
(F.6d) 


(F.7a) 


(F.7b) 


(F.8a) 


(F.8b) 


(F.8c) 


Note that various authors (Mase, 1970, p. 51, Frederick and Chang, 1965, p. 51) use the 


following form of the characteristic polynomial: 


o® — 1,07 + Ino — 13 = 0 


(F.9) 
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whence the second stress invariant is given by 
1 
Tn = 5 (941055 + 74593:) 
F.1.2 Deviatoric stress invariants 


The characteristic polynomial in this case is given by 


3° — Jos — J3 =0 


333 


(F.10) 


(F.11) 


The deviatoric stress invariants can be found from this characteristic polynomial. The first deviatoric 


stress invariant does exist as an analogue of the first stress invariant: 
J; = 31 +s2+53=0 
The second deviatoric stress invariant can take many forms: 


Jo = —(8182 + $283 + 8351) 


1 

= gl(sz + sy + 82) + zy + ys + ze) 
1 

= 5 (si +52 +83) 
1 

5 [(o1 — 02)" + (a2 — 03)? + (03 - o1)”] 


1 
= § [(e2 — 04)? + (oy — 92)? + (02 — 02)? + 8(oxy + ys + F22)| 


1 
J3 = 3 Sid S5k Ski 


1 
= 5 (si + 82 + 83) 


= 010203 
1 


=> (213 + 91,12 + 2713) 


F.1.3 Octahedral stress invariants 


(Compiled by Wong, 1989.) These are defined by 


a 
3 


oct = Im = 


(F.12) 


(F.13a) 


(F.13b) 
(F.13c) 
(F.13d) 
(F.13e) 
(F.13f) 


(F.13g) 


(F.14a) 


(F.14b) 
(F.14c) 
(F.14d) 


(F.15) 
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The common soil mechanics parameters p, q, are given by 


P= Om = zy = Doct 


ae 
Ves 


q=o0qg= 


F.1.4 Principal stress relations 


Principal stresses can be found from 


2 2 
Ji = Om — 3% sin(@ + g(t — 2)r) 


where 
3 


ace 


0q = V 32 = 


The Lode angle, 0, is defined by 
0; — 209+ 03 


tan @ = 
V3(01 — 03) 
or, equivalently, by 
sin 39 = E38 Js 
2 (Jo)3 


The Lode angle is related to the original Lode parameter, I’, by 


en aes —V3tan@ 
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(F.16) 


(F.17) 


(F.18) 


(F.19) 


(F.20) 


(F.21) 


(F.22) 


(F.23) 


More principal stress relationships can be found by inspecting the characteristic polynomial 


for deviatoric stresses: 


s? — Jos — Jz =0 


where 


whence, in terms of cosines, 


| J: $42 9 
so Fos a+ an(i-1)| 


= V2Toct COS c + a(i = | 


(F.24) 


(F.25) 


(F.26) 


(F.27a) 


(F.27b) 
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where 
QJ: 
cos 3a = va ° (F.28) 


oct 


or, in terms of sines, 
sin(6 + 22) 


5 = 2 a sin() (F.29) 
sin(@ + 4) 


Normal and deviatoric principal stresses are related by 


I 
Oo,=3+ & =3;+0m (F.30) 


F.1.5 Derivatives of stress invariants 


Given (Mase, 1970, p. 188) 


as 

Et, = Oindjq (F.31) 
Then, for the first stress invariant (Mase, p28): 
ol, 00% 

aa, => Doon = 5ipbig => 5pq (F.32) 


i.e., the identity matrix (1,1,1,0,0,0). The derivative of the second stress invariant can be found 


as: 


Ol2 On il 


me 5 (2H — 745%) 
1 
= 5 [indigo ss + o11b;pbjq — 20175ip5jq] 
1 
=o [5pq(o55 + FH) — 20a] 
= —(0pq — Spqli) = —(015 — 5:57) (F.33) 
The derivative of the third stress invariant is: 


OI3 6] 
Bolas 0am F(ouenou) 


1 

5 [Sip Sjq7jeOKi + ij Oj pSkqTki + F157; Okp Sig] 
1 

= 3 leqkokp + Pipa + 457 jp] 


= OqlTlp = OikOkj (F.34) 
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F.1.6 Derivatives of deviatoric stress invariants 


The derivative of the first deviatoric stress invariant is trivial: 


=0 (F.35) 


OJ. fe) 
eae sore 
0a Odpq |2 
Osi; 
= S,. 
Oo pq 
) Ckk 
Hie | 
bkn6 
= $ij Find — b45 1 
6. 
= Spq — SiR 
= 8pq = Sij (F.36) 
The derivative of the third deviatoric stress invariant is: 
OJ3 ~ fe) 1 ce 
Oa - OOpq [3 Aa aoe 
1 6556. 6546. ate) 
= 3 | (Gnbs = ire SikSki t Sij (Spd = a m1) Ski + Sij 85k (Sind = ates )| 


1 6 6 6 
=e sees - FZ Sik Sk + SipSqi — —F Sik Ski + 895 8jp — ME s4383 


1 3 
mea sets + SipSqi + Sq5Sjp — 5one2s| 


1 
ee [3sqeSkp — 26pqJ2] 


2 
= SikSkj — qos 42 (F.37) 
See also Hill (1950) p. 34, Eqn. 22’. 
F.1.7 Principal stress values and directions 


The eigenvalues 4 and eigenvectors z of a matrix A satisfy 


Az=Az (F.38) 
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(A-ADz=0 
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(F.39) 


If x is a basis vector, then z? + x? + z? = 1. Consider the vector equation (Frederick and Chang, 


1965, p. 54) 
(043 — d:jA)ny =0 


and the constraint n;n; = 1. Thus 
(oz —A)n1 + Ozyn2 + Ozzn3 = 0 


Oxy + (ay — A)n2 + oyz2n3 = 0 


n2t+ne+n?=1 


Therefore, 


ny= 
Oz —A 


From Equation (F.43), 


—(Fzyn2 ata TzzN3) 


Oxy es + (oy —A)n2 + oyz2n3 = 0 
whence 
a 
ng = Fae 
where 


@ = OzyFnz — (Oz — A)Oyz 


b= —o2, — (oz — A)(oy — A) 


Solving finally for ng in nin; = 1, 


Thus, 


where 


_ —($ezy + Fzz) 


Or —AX 


(F.40) 


(F.41) 
(F.42) 
(F.43) 


(F.44) 


(F.45) 


(F.46) 


(F.47) 
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whence nz and n, can be found as 


ye 5ns (F.48) 
ad, —(dzyn2 ata T2273) 
n= (oz eo ») (F.49) 


This analysis does not define the direction of the vector on the axis (n1,n2,n3), because of the square 


root evaluation of ng. 


F.2 Elastoplastic numerical formulation 


This section follows the approach of Owen and Hinton (1982) for three dimensions, but does 
not impose the assumption of associated plasticity until the general case has been evaluated. In 


building the elastoplastic formulation, a few definitions and propositions must be introduced. 


F.2.1 Yield criterion 


First, a yield criterion must be proposed: 
f(o;) cod k(x) (F.50) 


where f is a function of stress and k is a function of the so-called hardening parameter xk. Plastic 
deformation is considered independent of hydrostatic stress, thus the yield criterion can be written 


in terms of the deviatoric stress invariants 
f (Je, J3) = k(x) (F.51) 
where the deviatoric stress Oty = Oi; - 45:37 kk 


F.2.2 Work or strain hardening 


It is postulated that the degree of work hardening is a function of the total plastic work, W,, 


only. 
K=W, (F.52) 


where 
W, = fo (dé), (F.53) 
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One can measure total plastic deformation as the effective, gerneralised or equivalent plastic strain 


(EPS), defined incrementally in the following tensorial expression: 


dey = ; { (deis), (deis),}" (F.54) 


If the yielding is independent of hydrostatic stress, then (dei), = 0 and then the plastic strains are 


all deviatoric strains, i.e., (det5), = (de,;),. Thus, 


A 2 3 f 
dé = 5 { (de1;), (dets),} (F.55) 
Thus one can define the hardening parameter as 
K=€, (F.56) 
where é, is a result of integrating dé, over the strain path. This result is known as strain hardening. 
Plastic or elastic material behaviour can now be differentiated by inspection of the value of f: 
(i) plastic behaviour is indicated by f = k, : 


(ii) elastic behaviour is indicated by f < k, 


The result f > k is physically impossible. At the plastic state, f = k, the incremental change in the 


yield function due to incremental stress change is 


of 
Uf = 5s (F.57) 


where 


(i) if df <0, there is elastic unloading and the yield point is inside the yield surface; 


(ii) if df = 0, there is neutral loading, with the stress point on the yield surface, which can be 
interpreted as plastic loading for a perfectly plastic material, k = 0; 


(iii) if df > 0, there is plastic loading for a strain-hardening material, with the stress point on the 


yield surface. 


F.2.3 The elastoplastic stress-strain relation 


The total strain can be broken into the constituent elastic and plastic strains: 


dei; = (deiz), + (dei;), (F.58) 
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where 

doi; ala) 
Qu E 

It is assumed that the plastic strain increment is proportional to the stress gradient of the so-called 


(dei;), = 6ijdo Kk (F.59) 


plastic potential, Q, such that 

8Q 
00%; 
where dA is a scalar constant of proportionality known as the plastic multiplier. Equation (F.60) is 


(dei), = dd (F.60) 


known as a flow rule because it governs plastic flow after yielding. 


plastic expansive 
strain increment 
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Figure F-1 


Yield and plastic potential surfaces for plastic expansive increments 


(adapted from Lade and Nelson, 1984) 


The plastic potential Q must be a function of the deviatoric stress invariants J2 and J3, but is 


as yet indeterminate in its most general form. It is interpreted graphically in Figure F-1. 


It can be postulated that f = Q, which is known as the associated theory of plasticity. In 


which case, 


(dei), = age (F.61) 


is a vector directed normal to the 


This is known also as the normality condition because oe 
ij 


yield surface, at the stress point under consideration. 
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F.2.4 Finding the hardening parameter from the uniazial yield test 


The hardening law k = k(x) can be expressed in terms of effective stress ¢ «x Ja. Thus, for a 


strain hardening material, using Equation (F.56), 


a = H(éy) (F.62) 


The effective stress o is analogous to ép, and is given by 


o= V3 (Jo)4 
= 3 esau)! (F.63) 
Differentiating Equation (F.62), 
& _ He) (F.64) 
Pp 


For the uniaxial case, 0} = o, and og = o3 = 0, thus o = <a. If the plastic strain increment is 
in the direction of loading and is dep, then (de,)p = dep. As plastic straining is assumed to be 
incompressible, Poisson’s ratio = 0.5, whence (dé2)p = (de3)p = —Zdép. Thus, the effective plastic 
strain becomes 


1 


dép = 1/2 {eis (deis), +” 


= de, (F.65) 
Thus, 
do 
H' (Ep) = =—— 
P dey 
ee 
de — dée 
eaael 
Bie ae 
dog do 
Er 
2 F.66 
Er (F.66) 
E 


: de 
where E is the elastic tangent modulus a and Er is the tangent modulus at a point, oe: Thus 


do 
one can obtain H’ experimentally from the uniaxial test. 
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F.2.5 Matriz formulation 


Rewrite the yield function as 
f(z) = K(x) (F.67) 


From the work hardening hypothesis, Equations (F.52) and (F.53), 


dx =a" de (F.68) 


2 Sp 


Alternatively, from the strain-hardening hypothesis, Equation (F.57), 


dk = de, (F.69) 


where go is the stress vector, and « is a hardening parameter governing the growth of the yield 


surface. 


Rearranging Equation (F.66), 
F(g,«) = f(z) — k(x) =0 (F.70) 


Differentiating Equation (F.70), one obtains 


OF OF 


dF = Ga 7zt no = 0 (F.71) 
This can be rewritten as 
dF =a’ do — Ad\=0 (F.72) 
where 
a? = “ (F.73) 
A= _ 5 dr (F.74) 


Here, a is known as the flow vector. The following three relations can be used to generate the 


equation for an increment of strain: 


de,; = (dei;), + (dei;), (F.75) 
doi; (1-—2v) 
rears i 
(dei;). = Du irae 5:54 kk (F.76) 
0Q 
Noe VEE SPATE 
(des), = OZ (F.77) 
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This expression for de;; can be written in vector form as 
0 
de = [D] "e+ a= <2 
Premultiply Equation (F.79) by a7 [D] to obtain 


a [D]dz = a7 de + a" Djarse 


Now using the result from Equation (F.72), a? da = Ad, this becomes 


a” [D]de = Add + a7 ([DjdrS2 
This can now be rearranged to solve for ); 


Oa a? [D]de 


A+ a™[D]b~ 
where 
0Q 
a, 


Putting Equation (F.82) into Equation (F.79) 


= ([D]~'do + a’ [D]deb 


A+ DE 


This form can now be solved for da: 


re { D)- sz arpg Die} ae 


= [Dep]de 
Now, as [D] is symmetric, 
a” [D] = [[D]a}* 


This can be used to define 
d’ =a" (D] 


Thus, 
d= [Da 
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(F.78) 


(F.79) 


(F.80) 


(F.81) 


(F.82) 


(F.83) 


(F.84) 


(F.85) 


(F.86) 


(F.87) 


(F.88a) 


(F.88b) 
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d? = {{D]a]” = a7[D]? = a7 [D] 


Similarly, define, 


a’? =5"(D| 
a = (D]b 


Now, use Equations (F.90) and (F.88) in (F.85) and (F.86), to form 
[Dep] = [D] SS 
which is the final matrix form of the elastoplastic constitutive matrix. 


F.2.6 Determining the value of A 
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(F.89) 


(F.90a) 
(F.90b) 


(F.91) 


The work hardening hypothesis can be used in this analysis, which is more general than the 


strain hardening hypothesis used earlier in this section, 


dx =o" de, 


(F.92) 


A yielding criterion can be obtained from the von Mises postulate that yielding occurs when the 


second deviatoric stress invariant Jz reaches a critical value, or 
(Jo)? = k(n) 


but, 
g = V3(Jo)? = V3k(x) 


Thus, one can write the uniaxial yield stress 
oy = V3k 
One can also write Equation (F.70) as 
F(g,«) = f(z) —oy(x) 


Furthermore, using Equation (F.74), 
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(F.97) 


— es oe, 
; Ae ae 


iy a 


os 2 a _ 
(é Uy iA) Bey é ‘ ‘Hag : 
‘— dip rl y 
- 7 Pesta , AN. ; 7 


ets i q tine Sng te 


i dj lovamnis BIRT 4b il 6 i nw am aon 
ys ao ain fit ends 

7 { 2 i : rae ‘era 34 ae o 

(Oey . ; ; 1 : et 3b pea ay sj | ee | 


wai} iy ian * ftingy 12th kine st a ‘Gr ae pr 3 
| uo Tae 


os ; cea 


5} craic) SomPL 5 wet ) _« an 


~ “ 
? 5 


‘= : i 7 


. > { - 


(net) te ee * oak geen Apa ban : za ; 
iets Cle ty ie ee rei ht a a a 
we PETSS sete hp | ‘ | 


; ib i i a in 
hea “{) ae p dy = ii Pas ek } 


" ia + 
{ i : c. " 


ae 1 alia citron wie) 4 
(p.°) : . | J ‘en 7 Me 
| eon ee le i 


' 7 7 ; A 

; et See 

7 ae | S JV Aree Se 7 
: si e\i 

i (oh na 
hes ‘ x aie . F j 
1 Ve. tithe a ie ) B 
tes i ad t 7 o + 
: << UF ad t 

' ere me 


345 


which can be written because oy = f(x) only. Rearrange the normality condition in Equation (F.92) 


to get 
dx =a" de, 
=o" ddb 
= d\b"o (F.98) 
dQ , ; 
where 6 = Bo" From Equation (F.64), one obtains 
de doy, 
de ae H (F.99) 


But, for the uniaxial case, the effective stress and strain are given by ¢ = G = oy and de, = dé». 


Thus, 


dit oydé, 


= db" o (F.100) 


Euler’s theorem on homogenous functions states that if f(z) is homogenous and of degree n, then 


se aanf (F.101) 
Thus, from Equation (F.96), 
is =oy =a’o (F.102) 
da 
Comparing this result to Equation (F.100), 
oy dé, = ddb7 a (F.100) 


For associated plasticity, a = 6, which gives for the last two results, 
oy dé, = doy (F.103) 


which will lead directly to the equivalence of A and H’. Alternatively, from Equation (F.97), 


if. 1 doy 
~ dd OK 
~ dX 


A 


(F.104) 


and from Equation (F.100), 
dx = d\bT a (F.99) 
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These results are used in Equation (F.104) to obtain 


=. Havas (F.105) 


From the work hardening hypothesis, Equation (F.92), 


dx = oydé, 
= d\b"o (F.106) 
Rearranging, one obtains 
_ _ dbo 
dé, = (F.107) 
Oy 
If Equation (F.105), is solved for A, using Equation (F.106), 
doy ,7 
ain 2 
_ _doy 4 
oy dey 
doy bo 
= dE, oy (F.108) 
But, from (F.64), for uniaxial stress, 
jis Sek 
ep 
Y 
=—— F.109 
ir (F.109) 
Whence, the relation between A and H’, 
T 
eee (F.110) 
Oy 
If associated plasticity is assumed, then ) = a, and, using Equation (F.102) 
7 
a (F.111) 
oy 
whence, for associated plasticity, 
A= H’ (F.112) 


Thus, only the plastic strain derivative of the yield stress is required to incorporate the harden- 
ing parameter into the matrix formulation of elastoplasticity. If needed, Equation (F.110) provides 


the general relationship for non-associated plasticity. 
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F.3 Evaluation of key quantities in elastoplastic formulation 


The preceding section outlined the elastoplastic numerical formulation. Many of the quantities 


were referred to in general algebraic terms. These will now be explained in quantifiable terms that 


can be implemented in a computer code. 


F.3.1 Elastoplastic matrix 


The standard form of the elastoplastic stiffness matrix is given by 


VOo-<00' 
= F.113) 
OF, 0G ( 
H+ an 2Dr BE 
or, in the more familiar index notation, 
DE a : DE sea 
t7mmn an bd rs ES 


Write the stress tensor as a vector of six components because of the symmetry of the stress tensor. 
C= {oz, Ty Ous Taps pen Teer (F.115a) 
= {01, 022,033, 023, 731,012} (F.115b) 


The yield function used in this work was that of the Mohr-Coulomb model. This model is 


given in terms of the stress invariants /,, J2, and @, where 


3/73 Js 


= seins! _ = (F.116) 
3 2 72 
2 
The Mohr-Coulomb yield function can be written in terms of the stress invariants as: 
F ty ing + (J: )3 (cosa : sindsin 
=--/,s 2 ay 
3 v3 (F.117) 


=ccos¢ 


F.3.2 Derivatives of yield function with respect to a 


Expand the derivative of the yield function with respect to the stress vector in terms of deriva- 
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tives with respect to I;, (J2)?, and 6: 


OF 
oh = —_ 
as 
_ oF dh , OF aiyh | oF 00 
~ Ol, da A(Jo)? 9a 06 Oa 


(F.118) 


Some of these derivatives have already been derived in their tensor form. It will be necessary to 


convert them to an (z,y,z) form. Start with ve 
06 =—«88_—— Asin 38) 
dc = A(sin30) da 
__. 1 *¥o(sin 38) 
~ 3cos30 da E14) 
This is further expanded as 
A(sin30) _ A(sin36) A(J2)? , A(sin30) (Js) (F.120) 
Og) S6(3,)4y we A(J3) da 
Referring to the equation for @ as a stress invariant, 
: 3V3 Js 
sin 30 = eae (a) (F121) 
Differentiating with respect to (Jo)2, 
O(sin30)___ 33 —3J3 
O(Jo)4 2 (J2)3 
9/3 Js 
= —— F.122 
2 (Jo)? ( ) 
and differentiating with respect to J3, 
O(sin 30) _ _3v3 ( 1 é ) (F123) 
O(J3) 2 (Jo) 2 
whence : 
30 li. ~=BV8-1> 31 | as)! 393402)? 
— = —_ ——_ | —_; - ; (F.124) 
Oa 3cos30 2 (Jo)? Oa (Jo)? Oa 
Other terms in (F.118) are 
rey en a 
— =-si F.125 
Ties ¢ ( ) 
OF stl = tan 6xing) (F.126) 
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Now, break down the flow vector a into the components 


a = Cya, + Coag + Caz (F.127) 
where 
ol 
ay = a = (1,1, 1,0, 0, 0) (F.128) 


as was found earlier. The second component is given by 


7 _ %J2)4 

= 55 
_ (da)4 Bo 
a OJ2 Oo 
1 £OJ>5 


Rant cS (F.129) 


Therefore, 


1 

i & 

Qa = ——~ (Sz, Sy, Sz, 28yz, 2822, 28z F.130 
2 yt yz yz z y) ( ) 


Finally, 
a = (F.131) 


This can be expanded by using the tensor value of the derivative and manipulating the result 


Js 2 
Oo mS SikSkj — 3 oe (F.132) 


Expand the terms for og = 011, Oy = %22, and oz = 033, by subtracting Jz expanded, adding 
1 

J2 literally, and adding ot 0). Expand the terms for oyz = 923, Ozz = 931, and dyz = O12, 

by adding and subtracting szoyz, Sy0zz, $z0zy Tespectively to the terms, and noting that J; = 


Sz + Sy +5, =0. Whence, one can obtain, 


AJ J: J2 J2 
Bea { (eee F) (terete) (sent Z), 


2U(TryTxz — SzTyz); 2(TzyTyz — SyTzz), 2(TzzTyz — 8:Tyz)} (P2133) 


The scalar coefficients are given by: 


d sin d (F.134) 
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where, 


and 


whence, 


bp 


_ OF (Jo, 9) 


8(Jo)3 


_ OF(Jo) _ OF(8) 80 
~ (J2)# 88 A(Ja)4 


_ OF (Jz) _ tan30 OF (8) 
~ (J)? (Ja)? 80 


ae) = (Jo)4 (- sin @ — os @sin 6) 
06. =—.1_—« Asin 34) 
O(Jo)4 ~ 3cos30 O(Jo)2 
1 973 Js 


C2 = cosé ¢ ~_ zs sin) a (Ja)? (-sina - 


V3 


= cos 8 G + tan @tan 30) + sing 


The last scalar coefficient is given by 


where 


06 


a(Js) 


~ 3c0s30 2 (Jo)? 
Si umes 1 i 


2 (Jp)3 (Jo)? cos 30 


sin3@ 1 
~ €08 30 (Jn)3 

tan 38 

(Ja) 


V3 
aF(0) 90 
2 00 Oa) 
1 (sin 3@) 
3cos30 OJ3 
peatidaowerts Srcu 
~ 3cos30 2 (Jp)3 
Vek 


2(Jo)% cos 30 


(tan 36 — tan 0) 


v3 


| 


cos # sin 6) 


tan 30 


(Jo)? 
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(F.135) 


(F.136) 


(F.137) 


(F.138) 


(F.139) 


(F.140) 
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Whence 


hee Stag me pe bt 
V3 2( Jz)? cos 30 
V3sin 6 + cos @sin¢ 


C3 = (Jo)?(—sind — 


F.3.3 Elastic constitutive matrix D. 


The elastic constitutive matrix relates stress to strain as 
ox = Dxmém (F.142) 


For an isotropic elastic medium, the elastic constitutive matrix D is given by (e.g., Mase, 1970), 


(A + 2p) A A 0.7017 (0 
r (A + 2p) » 0 0 0 
r (A+2u) 0 0 0 
Deum = F.143 
ie 0 0 pantera ‘yr 9 ore 
0 0 0 Oe ao 
0 0 0 On O oe 
The elastic stress-strain relation can alternatively be written in the tensor form 
Oj = Nbi5E kk + Quei5 (F.144) 
and the Lamé constant \ and the shear modulus p = G are given by 
E 
= —— F.145 
- 2(1+ v) ( a) 
d se cae (F.145b) 


— O40) =2)) Gan) 


F.3.4 Strain-displacement matrix 


The strain vector is related to the displacements through the strain-displacement matrix, L, 
(e.g., Smith and Griffiths, 1988), 
e=Lu (F.146) 
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which can be fully written as 


és ££ 0 0 
] 
é 0 0 
0 i oa Di 
€ 
Pons ee (F.147) 
Ye 0 Bz By 
oe eel 
Yeu Oz Oz 
QO. MOY Ey 
Yazy Oy Ox 
Furthermore, the B matrix is related to L as 
B=LN; (F.148) 
Thus, for three degrees of freedom and 8-noded elements, B is a 6 x 24 matrix. 
F.3.5 Determinants using stresses in vector form 
The third deviatoric stress invariant is given in index notation by 
1 
J3 = 3 Sig SikSki (F.149) 


This can be expanded as the determinant 


$11 $12 $13 
3 S89 S5R Ski —i 92ers 22 523 
$31 $32 $33 


= 811($22833 — $23832) — $12($21533 — $31$23) + $13($21832 — $2283)  (F.150) 
Writing the deviatoric stresses in the following vector form, noting the symmetry of the stress tensor, 
S$ = (811, $22, $33, $23, $31, $12) (F.151) 

the value of J3 can be found in terms of the vector entries, 


78945 = s(1)[s(2)s(3) — s(5)s(4)] 


—s(6)[s(6)s(3) — s(5)s(4)] + s(5)[s(6)s(4) — s(2)s(5)] (F152) 
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F.3.6 Evaluation of effective plastic strain 
The current yield stress can be found from 
oy = H'd, (F.153) 


Normally, the dé, term is found from the expression in Equation (F.107), 


Ty 
dé, = i (F.107) 


However, for a cohesionless material (c = 0), and the Mohr-Coulomb failure criterion in explicit 


form: 


(0; — 03) = 2ccos¢ — (0; +03) sing (F.154) 


material failure will occur at zero effective stress o. For this set of conditions, then, Equation 
(F.107) cannot be evaluated. Instead, it is necessary to evaluate dé, explicitly, viz. expand the 
tensor expression defining it: 
“ 2 3 
dép = 3 { (des), (det;),} (F.155) 
To evaluate this, the tensor product €;;€;; will be expanded, making use of the symmetric nature of 


the strain tensor 


€ij€ig = (E91 + 52 + €33) + 2(Efo + 633 + €31) (F.156) 
By definition, 
of 
(dei3), = a ae 
= dda (F.157) 


Thus, using the expansion in Equation (F.156), and the equivalence between the tensor and vector 


2 
dé, = \/2ar/al +a? +a? +2(a? + a? + a8) (F.158) 


F.4 Incorporating loads into the formulation 


forms shown earlier, 


Loads can be self-weight (gravity), pore pressure changes, temperature changes, and constant 
stress loads. They are incorporated as nodal forces, applied so that the finite element model can 


equilibrate the forces in the structure. The convention in soil mechanics of u for pore pressure and 


F for loads will be used in this section. 
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F.4.1 Gravity loadings 


Let gravity always be acting in the negative z-direction, i.e., (Hinton and Owen, 1977, p. 146): 


g = (0, 0, —g) (F.159) 


The force due to gravity, dG, acting on an elemental volume dQ is 


dG = pgdQ (F.160) 


Breaking this down into the directional components: 


dG, =0 
dG, =0 (F.161) 
dG, = —pgdQ 


One can use the principal of virtual work and apply the virtual displacements u*, v*, w* respectively 
in the z, y, z directions. Whence the equivalent nodal forces are: 

F420 

Fy,v" = 0 (F.162) 


Fut = [ —N,w* pg dQ 


Using the principle of virtual work, this statement holds true for all u*, v*, w*, whence, assuming p 


is constant in the element, 


E;, 0 
Fy, >= 0 (F.163) 
Fy, if —(pg)Ni dQ 


To incorporate a spatial variation in density, consider the principle of virtual work applied to 


a load at a point €, in a one-dimensional system, which yields 


F,,w* = F,N;(€>)w* (F.164) 


or, simply 


F,, = FzNi(€p) (F.165) 
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For gravity loading, the increment of load 


dF,, = dF, Ni(&) 
= —(p9)dQ.Ni(&) BEi6B) 


Integrating the work expression, 


/ dF,,w* = F,,w* 
Ne 
= if —(pg)Niw* dQ 


= f(a) (osNs)New* an (F.167) 
where the following approximation for p was used: 
px pyN; (F.168) 


Thus the load vector for a system of spatially varying density is 


Fr, 0 
Fy, ) = 0 (F.169) 
F,, -[ g9p5NjNi aQ 

ne 


The product p;N; will therefore have to be found at each quadrature point. 


F.4.2 Pore pressure loads 


Changes in pore pressure are treated as an external loading and are considered to be a dis- 


tributed body force with local intensity (force/unit volume) (Naylor, 1978) 
p=—V(Au) (F.170) 


Using the same principle of virtual work as for gravity loading, one obtains 


ON; 


’ | Og Avan (F.171) 


Approximate the pore pressure distribution using trial functions, 


Au = N;Au; (F.172) 
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whence the load vector due to changes in pore pressure: 


Fr, — foe FE (NjAuy) dO 
Fy, Pp = 4 — Sege FE(NjAuy) dO (F.173) 
Fr, — Soe SE (Nj Aus) dO 


F.4.3 Thermal loads 


Changes in temperature are accommodated by the use of equilibrium equations obtained 


through the principle of virtual work, in particular (Hinton and Owen, 1977, p. 18) 
Fe, = -[ [B]7a° da (F.174) 
ne 
and 
a = D(BS& -€°) +2") (F.175) 


The initial strains are given by (Timoshenko and Goodier, 1982, p. 456) 
6? = aAT (F.176) 


while the angular distortions 


Wigs = 0 (F.177) 


because free thermal expansion does not produce angular distortion in an isotropic material. The 


initial stress corresponding to these strains are now evaluated from 
of = Die} (F.178) 


These inital stresses can now be converted into equivalent nodal loads through Equation (0.173): 


Py 

Fy, }=- a [B,]7o° dO (F.179) 
ge 

F:, 


The change in temperature must be found at the quadrature points to integrate this expression. 
Thus the approximation 


AT = NjT; (F.180) 
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is used. [B,] is the matrix of derivatives of the shape functions, viz., 


BIZ oo oat 
HE © SIE © SZ © 
o HBafeIZ © © 


[Bi] = (F.181) 
The transpose of [B,], [B;]7, is therefore, 
ON; ON, ON; 
a os ae re 
1T ; N; 
BIT =| 0 Sa x Be 0 Su (F.182) 
N, ON, ON, 
ee Ee Rog Roe ee 
The initial stress vector is given by 
0 7)" (F.183) 


=e, oy 0° Pe PAR pel 


Thus the product [B;]7¢° is given by 
N,;_0 , ON; 70 ON; 70 
iioo , Sito, Stace 
[B.]7 0° = By tt Be T+ oN, ee (F.184) 
N, ON; ON; 
B22 t By et Ox t= 


F.4.4 Constant stress loading 


This is a simple case of distributed loads, described for two dimensions in Hinton and Owen 
(1977), p. 150 and p. 18. These loads are the type imposed by the regional tectonic stresses, which 
lie in the horizontal plane. Thus, they lie in the z-y plane, rotated by some angle, a, 0 < a < 90°. 


These horizontal stresses are the principal values, therefore normal to each other. It is easily shown, 


using the principle of virtual work, that as 


dF, = S,d0 (F.185) 
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where [ is the arbitrary surface boundary, and S; is the horizontal stress loading. Whence 


igs -{ N,S, a 
Te 

F,, = it N,Sy a (F.186) 
Te 


F, Zs = N, 352 al 
Te 
where the vertical loading S, is optional. If the actual regional principal stresses are rotated in the 


x-y plane by the angle a, then the z and y stresses are related to these regional stresses by 


Se cosa —sina SH, 
= (F.187) 
Sy sin a cosa} | Sy, 


where Sj, is defined as the regional stress in the z-y plane acting at angle a from the z-axis. The 
only remaining issue is the implementation of the side integrations. This done using two or three 
point Gaussian integration, ensuring that the appropriate element side is identified with the correct 


isoparametric coordinate value. 


Figure F—2 


Local face tangent vectors on side of element. 


The area for the integration must be calculated. Consider the arbitrary side being loaded, 


defined by € = +1, as shown in Figure F—2. The face tangent vectors, U1, V2 are given by (Cook, 
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1981), in this case, 


a= (Joi2 + Jooj + Jogk)dn (F.188a) 
Vo = (J317 + Jao + Jagk)de (F.188b) 


where J;; are the elements of the Jacobian of transformation. Now, if ¢ = @ x 6, then the length 
(magnitude) of ¢ is equal to the area of the parallelogram formed by @ and b (Kreysig, p. 270). 
Furthermore, 


a x i = 1/(a-a)(B-b) — (@- 6)? (F.189) 
Thus, 
t 9g &k 
dP =| Jo, Joo Jo3} d¢dn 
Jz; J32 J33 
= Sdtdn (F.190) 


S can be found using rows k and @ from the three-dimensional Jacobian matrix of transformation, 


where k,é indicate the local coordinates in which the surface lies. 


S = {[(row k) - (row k)][(row @) - (row @)] — [(row k) - (row £)]?}? (F.191) 


F.4.5 Accommodating the initial stresses 


The stresses must be calculated, and the resulting nodal loads and reactions at fixed nodes 


found. When applying a regional stress field the values are calculated as: 


Ozz 


(F.192) 


Tzy 


If the stresses to be considered are confined to a vertical principal stress and two lying in the 
horizontal plane, then o, = zz, and Tyz = Tzz = 0. Thus, only oy, and oy, must be resolved into 
Oyy, Tzz, and Tzy. This resolution can be simply done by specifying the angle between one of the 


horizontal principal stresses and the z-axis. This corresponds to a rotation, —a, to the azz (x) axis. 
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Generalizing to a stress vector on a plane inclined between the z and y axes, resolved into normal 


and shear stress components on the plane, the rotation formulae are (Nash, 1977): 


Opty Gaia eg 
2 
T= 2H sin 20 + Tey COs 2a (F.193b) 


cos 2a + Tzy Sin 2a (F.193a) 


On = 


As we are rotating from the horizontal principal stresses, in this rotation o, = o,, and T = azz, 
Or = Oy,, Cy = OH,, and Tzy = 0. The final reactions and displacements satisfying this initial 
stress regime can be calculated by the finite element program. The vector containing the total 


displacements can then be set to zero. 


The nodal loads F* corresponding to the initial stress are found from 
Foo = -[ [B:]7 0° dQ (F.194) 
ne 


which has the same form as for the thermal loads. 
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Appendix G 


SAMPLE DATA FOR USE WITH PLAST-PT3 


This data was used for the staggered run described in Chapter VIII. 
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# This is the comment character 


# 


Debugging flags 


#1234567890 
Repeeere bs bab bk Fy 


# 


# Title (100 chars) 


3-D ELASTO-PLASTIC PROBLEM: Mohr-Coulomb, L8 elements FOR Staggered run 


# 


npoin, nelen, 
896 637 


4 


ntype, nmats, ngaus, nalgo, ncrit, nstre 


6 


# nvfix, nincs(1), nincs(2), incval (kN) (negative for no 
2.0e3 


HHH HH H 


428 1 


1 


5.0e5 


Loads applied as a user option: 
O: stresses applied globally & reaction loads evaluated 
1: stresses applied as trial values & no reaction loads evaluated 
2: stresses applied as trial values & reaction loads evaluated 


# Number of printing flags used, dp, dt as trial stresses? 
# npflag stflag(1.2.3) 


# 


9 fe) 0) 


1 


tstep 
= 


rstflag 


relax 


# Output provided on Mon Apr 30 23:16:15 1990 


# 


# nelem nmats mnode 


637 3 


896 


nfix 
428 


otal number of elements = 


Elen Material 
3 


OANA OPWNH Ke 


is 
= 
WOWWWWWWWWWWWWW WW Www WwW Ww 


1 


ONOAOPWNH KE 


NONONON KP RP RP RP RP RP BP RP 
WNROWOAN OT PWNHeH OO 


T 637 
Total number of material types = 


3 

10 
abel 
12 
13 
14 
15 
16 
18 
19 
20 
21 
22 
23 
24 
26 
27 
28 
29 
30 
31 
32 


inc. data), kPa 


rlxflag Dixsitrt 
2 5 
t 8 
74 73 
75 74 
76 75 
V¢ 76 
78 0b 
79 78 
80 79 
82 81 
83 82 
84 83 
85 84 
86 85 
87 86 
88 87 
90 89 
91 90 
92 91 
93 92 
94 93 
95 94 
96 95 
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g 
2 
Saperepess344 
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es 
-~ 
eas S 


2383 age 35: 
BARBS 


_ eaaeaes 


+ speaasanunessse 


| ui 
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22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 


WBWWWWWWWWWWWWWWWWWWWWWWWHWWWWWWWWWWWWWHNwWwWNnwnwwnuwnwnwwwww 


25 
26 
27 
28 
29 
30 


' 31 


33 
34 
35 
36 
37 
38 
39 
41 
42 
43 
44 
45 
46 
47 
49 
50 
51 
52 
53 
54 
55 
65 
66 
67 
68 
69 
70 
v4 
73 
74 
75 
76 
CL 
78 
79 
81 
82 
83 
84 
85 
86 
87 
89 
90 


34 
35 
36 
37 
38 
39 
40 
42 
43 
44 
45 
46 
47 
48 
50 
51 
52 
53 
54 
55 
56 
58 
59 
60 
61 
62 
63 
64 
74 
75 


76. 


77 
78 
79 
80 
82 
83 
84 
85 
86 
87 
88 
90 
91 
92 
93 
94 
95 
96 
98 
99 


33 
34 
35 
36 
37 
38 
39 
41 
42 
43 
44 
45 
46 
47 
49 
50 
51 
52 
53 
54 
55 
57 
58 
59 
60 
61 
62 
63 
73 
74 
75 
76 
77 
78 
79 
81 
82 
83 
84 
85 
86 
87 
89 
90 
91 
92 
93 
94 
95 
97 
98 


89 

90 

91 

92 

93 

94 

95 

97 

98 

99 
100 
101 
102 
103 
105 
106 
107 
108 
109 
110 
total 
113 
114 
115 
116 
117 
118 
119 
129 
130 
131 
132 
133 
134 
135 
137 
138 
139 
140 
141 
142 
143 
145 
146 
147 
148 
149 
150 
151 
153 
154 


90 

91 

92 

93 

94 

95 

96 

98 

99 
100 
101 
102 
103 
104 
106 
107 
108 
109 
110 
TEL 
112 
114 
115 
116 
117 
118 
119 
120 
130 
131 
132 
133 
134 
135 
136 
138 
139 
140 
141 
142 
143 
144 
146 
147 
148 
149 
150 
151 
152 
154 
155 


98 

99 
100 
101 
102 
103 
104 
106 
107 
108 
109 
110 
Lit 
112 
114 
115 
116 
abr 
118 
119 
120 
122 
123 
124 
125 
126 
127 
128 
138 
139 
140 
141 
142 
143 
144 
146 
147 
148 
149 
150 
151 
152 
154 
155 
156 
157 
158 
159 
160 
162 
163 


Sy 

98 

99 
100 
101 
102 
103 
105 
106 
107 
108 
109 
110 
plate 
113 
114 
115 
116 
117 
118 
119 
121 
122 
123 
124 
125 
126 
127 
137 
138 
139 
140 
141 
142 
143 
145 
146 
147 
148 
149 
150 
151 
153 
154 
155 
156 
157 
158 
159 
161 
162 
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73 
74 
75 
76 
Ae 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 
100 
101 
102 
103 
104 
105 
106 
107 
108 
109 
110 
111 
112 
113 
114 
115 
116 
117 
118 
119 
120 
121 
122 
123 
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91 

92 

93 

94 

95 

97 

98 

99 
100 
101 
102 
103 
105 
106 
107 
108 
109 
110 
111 
113 
114 
115 
116 
127 
118 
119 
129 
130 
131 
132 
133 
134 
135 
137 
138 
139 
140 
141 
142 
143 
145 
146 
147 
148 
149 
150 
151 
153 
154 
155 
156 


92 

93 

94 

95 

96 

98 

99 
100 
101 
102 
103 
104 
106 
107 
108 
109 
110 
111 
112 
114 
115 
116 
117 
118 
119 
120 
130 
131 
132 
133 
134 
135 
136 
138 
139 
140 
141 
142 
143 
144 
146 
147 
148 
149 
150 
151 
152 
154 
155 
156 
157 


100 
101 
102 
103 
104 
106 
107 
108 
109 
110 
111 
112 
114 
115 
116 
127 
118 
119 
120 
122 
123 
124 
125 
126 
127 
128 
138 
139 
140 
141 


142. 


143 
144 
146 
147 
148 
149 
150 
151 
152 
154 
155 
156 
157 
158 
159 
160 
162 
163 
164 
165 


99 
100 
101 
102 
103 
105 
106 
107 
108 
109 
110 
111 
113 
114 
115 
116 
a Yr 
118 
119 
121 
122 
123 
124 
125 
126 
127 
137 
138 
139 
140 
141 
142 
143 
145 
146 
147 


148 | 


149 
150 
151 
153 
154 
155 
156 
157 
158 
159 
161 
162 
163 
164 


155 
156 
157 
158 
159 
161 
162 
163 
164 
165 
166 
167 
169 
170 
171 
172 
173 
174 
175 
177 
178 
179 
180 
181 
182 
183 
193 
194 
195 
196 
197 
198 
199 
201 
202 
203 
204 
205 
206 
207 
209 
210 
211 
212 
213 
214 
215 
217 
218 
219 
220 


156 
157 
158 
159 
160 
162 
163 
164 
165 
166 
167 
168 
170 
171 
172 
173 
174 
175 
176 
178 
179 
180 
181 
182 
183 
184 
194 
195 
196 
197 
198 
199 
200 
202 
203 
204 
205 
206 
207 
208 
210 
211 
212 
213 
214 
215 
216 
218 
219 
220 
221 


164 
165 
166 
167 
168 
170 
ng 
Lif 
173 
174 
175 
176 
178 
179 
180 
181 
182 
183 
184 
186 
187 
188 
189 
190 
191 
192 
202 
203 
204 
205 
206 
207 
208 
210 
PANG 
212 
213 
214 
215 
216 
218 
219 
220 
221 
222 
223 
224 
226 
227 
228 
229 


163 
164 
165 
166 
167 
169 
170 
171 
172 
173 
174 
175 
177 
178 
179 
180 
181 
182 
183 
185 
186 
187 
188 
189 
190 
191 
201 
202 
203 
204 
205 
206 
207 
209 
210 
214 
212 
213 
214 
215 
217 
218 
219 
220 
221 
222 
223 
225 
226 
227 
228 


364 


ze 


ee cnsgeraan: 


rr 
e 24 


Beas 


e.Shate or 
~ 
+) He 3 


ays 


5 


agiuss2eEeg 


— 


Sereresae 


eeeeti EERE #3 


“ 


& 


1 


a 


ERASER 


pegeeereee? 


- 
ec 


s 


euEBRESESeYEeseeaed 


—s 


Seea8 
e7293 


7 
nd = 


— 


FOG OHO LOM 
—_ . 


“pe 


ie 


a. 


ts 
> 
° 


>: 


ee 


a rd 


_ 


oe ore Cad 


ae 


SEBERE 
gee 


g 


iY he 


—) 


ao a om 


= 


EERERAEESLERSE 


ath 
- 


Seek © Oe om eo mr oe 


7? 

a 
SSesee 
i ee oy & oe 


‘ 


? 


ie 
» aj J 
o ier 9 


~ 
tv 


S28 


as a 


et allt 
- 7 7 
: 


ee 


124 
125 
126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
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144 
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145 
146 
147 
148 
149 
150 
151 
152 
153 
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155 
156 
157 
158 
159 
160 
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163 
164 
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157 
158 
159 
161 
162 
163 
164 
165 
166 
167 
169 
170 
171 
172 
173 
174 
175 
177 
178 
179 
180 
181 
182 
183 
193 
194 
195 
196 
197 
198 
199 
201 
202 
203 
204 
205 
206 
207 
209 
210 
214 
mie 
213 
214 
215 
217 
218 
219 
220 
221 
222 


158 
159 
160 
162 
163 
164 
165 
166 
167 
168 
170 
171 
172 
173 
174 
175 
176 
178 
179 
180 
181 
182 
183 
184 
194 
195 
196 
197 
198 
199 
200 
202 
203 
204 
205 
206 
207 
208 
210 
211 
212 
213 
214 
215 
216 
218 
219 
220 
221 
222 
223 


166 
167 
168 
170 
171 
172 
173 
174 
175 
176 
178 
179 
180 
181 
182 
183 
184 
186 
187 
188 
189 
190 
191 
192 
202 
203 
204 
205 
206 
207 


208: 


210 
211 
212 
213 
214 
215 
216 
218 
219 
220 
221 
222 
223 
224 
226 
227 
228 
PERE, 
230 
231 


165 
166 
167 
169 
170 
171 
172 
173 
174 
175 
177 
178 
179 
180 
181 
182 
183 
185 
186 
187 
188 
189 
190 
191 
201 
202 
203 
204 
205 
206 
207 
209 
210 
211 
212 
213 


214. 


215 
217 
218 
219 
220 
221 
222 
223 
225 
226 
227 
228 
229 
230 


221 
222 
223 
225 
226 
227 
228 
229 
230 
231 
233 
234 
235 
236 
237 
238 
239 
241 
242 
243 
244 
245 
246 
247 
257 
258 
259 
260 
261 
262 
263 
265 
266 
267 
268 
269 
270 
271 
273 
274 
275 
276 
207 
278 
279 
281 
282 
283 
284 
285 
286 


222 
223 
224 
226 
227 
228 
229 
230 
231 
232 
234 
235 
236 
237 
238 
239 
240 
242 
243 
244 
245 
246 
247 
248 
258 
259 
260 
261 
262 
263 
264 
266 
267 
268 
269 
270 
ait 
272 
274 
275 
276 
277 
278 
279 
280 
282 
283 
284 
285 
286 
287 


230 
231 
232 
234 
235 
236 
237 
238 
239 
240 
242 
243 
244 
245 
246 
247 
248 
250 
251 
252 
253 
254 
255 
256 
266 
267 
268 
269 
270 
271 
2h2 
274 
275 
276 
PACT 
278 
279 
280 
282 
283 
284 
285 
286 
287 
288 
290 
291 
292 
293 
294 
295 


229 
230 
231 
233 
234 
235 
236 
237 
238 
239 
241 
242 
243 
244 
245 
246 
247 
249 
250 
251 
252 
253 
254 
255 
265 
266 
267 
268 
269 
270 
271 
273 
274 
275 
276 
277 
278 
279 
281 
282 
283 
284 
285 
286 
287 
289 
290 
291 
292 
293 
294 
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175 
176 
177 
178 
179 
180 
181 
182 
183 
184 
185 
186 
187 
188 
189 
190 
191 
192 
193 
194 
195 
196 
197 
198 
199 
200 
201 
202 
203 
204 
205 
206 
207 
208 
209 
210 
211 
212 
213 
214 
215 
216 
217 
218 
219 
220 
221 
222 
223 
224 
225 
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223 
225 
226 
227 
228 


229 


230 
231 
233 
234 
235 
236 
237 
238 
239 
241 
242 
243 
244 
245 
246 
247 
257 
258 
259 
260 
261 
262 
263 
265 
266 
267 
268 
269 
270 
271 
273 
274 
275 
276 
VAMs 
278 
279 
281 
282 
283 
284 
285 
286 
287 
289 


224 
226 
227 
228 
229 
230 
231 
232 
234 
235 
236 
237 
238 
239 
240 
242 
243 
244 
245 
246 
247 
248 
258 
259 
260 
261 
262 
263 
264 
266 
267 
268 
269 
270 
271 
272 
274 
275 
276 
PACU 
278 
279 
280 
282 
283 
284 
285 
286 
287 
288 
290 


232 
234 
235 
236 
237 
238 
239 
240 
242 
243 
244 
245 
246 
247 
248 
250 
251 
252 
253 
254 
255 
256 
266 
267 
268 
269 
270 
271 
272 
274 


275° 


276 
277 
278 
279 
280 
282 
283 
284 
285 
286 
287 
288 
290 
291 
292 
293 
294 
295 
296 
298 


231 
233 
234 
235 
236 
237 
238 
239 
241 
242 
243 
244 
245 
246 
247 
249 
250 
251 
252 
253 
254 
255 
265 
266 
267 
268 
269 
270 
271 
273 
274 
275 
276 
277 
278 
279 


281 | 


282 
283 
284 
285 
286 
287 
289 
290 
291 
292 
293 
294 
295 
297 


287 
289 
290 
291 
292 
293 
294 
295 
297 
298 
299 
300 
301 
302 
303 
305 
306 
307 
308 
309 
310 
311 
321 
322 
323 
324 
325 
326 
327 
329 
330 
331 
332 
333 
334 
335 
337 
338 
339 
340 
341 
342 
343 
345 
346 
347 
348 
349 
350 
351 
353 


288 
290 
291 
292 
293 
294 
295 
296 
298 
299 
300 
301 
302 
303 
304 
306 
307 
308 
309 
310 
311 
312 
322 
323 
324 
325 
326 
327 
328 
330 
331 
332 
333 
334 
335 
336 
338 
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GOR 
yr ., OOF 
4 OF. 
j , OO 
: oi. 
O10" ** 
0x0: > 
“ oro | 
“or. 
Of 
Ole. 
Bie 
Ganond. + ORE” 
O60) .0 O00000.0 oro” 
; Goyane.o coocse.o ... Off 
) BOoned.0 addodO.c 8 =. 
 OHOOD.0° GH0G00.0 08, 
| ROG0HD.0" 9000.0 = | OOF 
y pc lee \ G0’ 
y O00008.0 00000. ORY 
0 conuw.c OnhDme. = = —- ONT 
0nGgOd.0 sobdeo.4 Gor’ 
: if §=OG0000..0+ a | Or 
—_ 200008 0 b> oof 
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EeGEGRESRURSRR GDR DESROR RSNA 


_dageauee 


880 100 0.000000 0.000000 0O 
881 100 0.000000 0.000000 0O 
888 100 0.000000 0.000000 0O 
889 110 0.000000 0.000000 0O 
890 010 0.000000 0.000000 0O 
891 010 0.000000 0.000000 0O 
892 010 0.000000 0.000000 0O 
893 010 0.000000 0.000000 0 
894 010 0.000000 0.000000 0O 
895 010 0.000000 0.000000 0O 
896 110 0.000000 0.000000 0O 

# 

# 

# Material value identifier 

# Oil sand 
1 

# All stresses are in kPa 

# al 2 3 4 5 


. 000000 
. 000000 
. 000000 
. 000000 
. 000000 
. 000000 
. 000000 
- 000000 
- 000000 
. 000000 
. 000000 
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Uf 8 


# Young Poisson Dilation Matden Uniax(cohesion) Hard Phi Eps 
0.0 30.0 2.0 5.0e-5 


2.2e6. 0-3 0.0 Pools: 0.0 
# 
# overburden (shale and till): 


# small cohesion, medium E, medium friction, small hardening 


# underlying limestone: high cohesion, high E, low friction, zero hardening 


2 
1.0e6 0.3 0.0 2.5 100.0 
# 
3 
30.0e6 0.3 0.0 2.6 24.0e3 
# 
# Initial stress flag 
# istres 
1 
# 
REGIONAL PRINCIPAL STRESS FIELD 
# alpha, = sdz, A, By Cc, €E, 
0.0 0.0 0.0 =1750 0.0 0.0 
# 
# 
# Loading information: a title for each one. 
# igrav, iplod, isurf 
1 0 0 
co 
GRAVITATIONAL BODY FORCES AND PORE PRESSURE 
9.81 
# 
# this is for the initial loading 
# 
1.0 0.1 20 OM art at es U ik: 2.0 
OW Osis 10: +250 


9 


Alpha 


1-0, 25.0 2.0 §.0e-5 


0.0 28.0 2.0 4.0e-5 


hratio, top, 


LOADS 


LO 0.0 


x-over 
0.0 
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# 

#CONSTANT SURFACE LOADS 

# nsurf, alpha, sngaus 

# 1 0.0 2 

#j, elem#, Int, in2,, 1n3;. Inéd; 
eel Pas pace» yak Mag b geen 7 
# 


# load increment parameters (ninc of them) 


# 
# use for next lnincs increments 


# facto, toler, miter, pflags(1..6,1). 


this is for the main loading 


H# H H 
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sdh2, sdz 
00.0 -20.0e3 


..Next line pflags(1..6,2) 


Db 


_ 


Appendix H 


SAMPLE DATA FOR USE WITH SIM3D3P 


This data was used for the staggered run described in Chapter VIII. 
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## Two lines of title material 
ABC1 »* CYCLIC STEAM STIMULATION* NO BOTTOM WATER 
10 ACRE SPACING * 11 M (36 FT) OIL ZONE * 3X3X3 GRID * 150 bpd inj rate 
# 
# NX, NY, NZ, IHTG, ITEMAX, IESC, NRTIPO, NSWO, NSGO, NTEMP, NTVO, IMBDR 
3 3 3 1 9000 fe) 1 ily 13 1 5 (0) 


# underrelaxation factors. 
# URFACI: underrelaxation factor for first URFACN N-R iterations 
# ASOFT. 1: Ev multiplier 
# 2: Vr multiplier 
# 3: Ev/Vr predictor underrelaxation 
# 4: Kfact multiplier (if zero, Kfact not used [==1]) 
# 5: Pseudo-Cr (if > 0, use this to implicitly couple problem) 
# 6: porosity multiplier 
e “ariaci, uriecn, asoft (il), (2)7"(S),' (4), (8); (6), User Cr 
0.0, 0, S070, V0, 1 Ore 20, nos 0eG.8 1.0. 103, 0e-6 
# tolerance and iteration limits for MIXED formulation 
# portol mixmxit 
1.0e-4, 3 
# NR iteration tolerances: epsdt, epsdsw, epsdp 
# 0.1, 0.05, 0.1 (SMFA used these for dT and dp). 
O.1570.05, 0.5 
# 
# CWP, CWT, CoP, COT, CR, HSPO, HCN, HCNOB 
-000003 .00049 -000005 .0005 .0001 225. 42.3 35.3 
# .000003 .00049 -000005 .0005 3.0e-6 225. 42.3 35.3 
# DENMA, HSPMA, DIF 
165. 0.20 0.96 
# 
# TVIST, VISOT,  VISWT, VIS_steam 
75.0 1275.0 0.92 0.0095 
90.0 560.0 0.78 0.0102 
150.0 90.0 0.435 0.0115 
Zro,o |, 1255 0.211 0.0127 
575.0 1-29 Ociti 0.0138 
# 
# DOINI, DWINI, MwTO, 55 A 
0.1350 3.49 450.0 0.00000277 11546.82 
# 
# TEM, PSURF , TSURF 
74. 14.7 80. 
ca 
# SET (L) #1 
# SWT(L,I) ,PCWOT(L,I) ,KRWT(L,I) ,KROWT(L,I) 
0.20 0.0 0.0 1.0 
0.25 0.0 0.0102 0.769 
0.294 0.0 0.0168 0.7241 
0.357 °0.0 0.0275 0.6206 
0.414 0.0 0.0424 0.504 
0.490 0.0 0.0665 0.3714 
0.557 “0.0 0.097 0.3029 
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0.630 0.0 0.1148 0.1555 
OXG73) =0..0 0.1259 0.0956 
ORL 90). 0 0.1381 0.0576 
0.789 ~0.9 0.1636 0.0 
1.0 0.0 0.250 0.0 

# 

# SET (L) #1 

# SLT(L,I) ,PCGOT(L,I) ,KROGT(L,I) ,KRGT(L,I) 
0.29 1.5 0.0 ODLT 
0.395 1.0563 0.0294 Oeat2 
0.433 0.8958 0.0461 0.1022 
0.515 0.5493 0.0883 0.0855 
OFS69" 5053217 0.1172 0.0761 
0.614 0.1310 0.1433 0.0654 
0.663 -0.0761 0.17640 0.05 
OMA Se On S12 (=O 2170 0.0372 
0.75 -0.4437 0.2255 0.0285 
0.805 -0.6761 0.2919 0.0195 
0.85 -0.8662 0.3373 0.0121 
0-899. -1.0732 0.5169 0.0026 
1.00 -1.500 a0 0.0 

# 


# TEMPT, SWCT, SGCT, SORWT, SORGT, SGRT, KRWROT, KROCWT, KRGROT, PCWT, PCGT 


74.0 0.2 0.0 Or2il™ OFOS 0.0 0.1636 1.0 Onn 1.0 eO 
# 
# OSRMN, QOLIM, TOTIM 
Ot 10.0 1100.0 
# DELX(I) 
130.0 130.0 130.0 
# DELY(I) 
130.0 130.0 1305.0 
# DELZ(I) 
12.0 12.0 1250 
# DIPX, DIPY, ZINIC 
0.0 0.0 1800.0 
a 
# KX, KY, KZ, PHI (For each layer). 
2.0 220 250 ORs 
220 PAO, 220 0.31 
PRO, 2.0 2.0 0.31 
# 
# et SOLD Seg esas ents “Ke 
1 3 1 3 1 3 
# ZINIC, PINIC, Zwoc, ZGOC, PCWwOC, PCGOC 
1800. 150. 0.0 0.0 -100.4 -100. 
0 fe) 0 0) 0 0 BLANK11 
0) 0) 0) 10) 0 (0) BLANK12 
0 0 0 @) (0) 0 BLANK13 
0 0 0 O-0F 0.0, 0.0, O30; 0.0 BLANK 
Pott. 125.) Jig e ees he, tod 
0 0 0 0 0 0 1 
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# LAYER, PX, TX, SWX, SGX 
e200), 74. 0.23 0.0 
Ph PRO). 74. 0.23 0.0 
Sue 200. 74. 0.23 0.0 
# 
# Well Data info from below here 
# 
# TCAMB, DT, loyyal. DSMX, DPMX, DTPMX, 
30. OO Ons 0.01 20. 20. 
# %I01, 102 
1 1 


# NR iteration tolerances: 
OF 0Ol05..0.5 


epsdt, epsdsw, epsdp 


# INDQ,IPOZO,IQVAP,MNITN,MXITN 


0 1 0) 2a 


eS. IP, JP, KP1i, KP2, INDP1,INDP2,ITASA,KBOMB 


- iM 1 1 3 


# WI, PWF, PINY, 
150. 0. 500. 
0 
# 
35 0205-025 0 
1 1 


# NR iteration tolerances: 
Ofte O205 Ons 


il 
NR iteration tolerances: 
Hash, Wels Be 
ce) 
1 
5 
0) 


"158. 0.0 0.0 0. 


1 1 
# NR iteration tolerances: 
OF 1020550 1.0 
0 1 0 Py 10 


160. 0.07 70.0 QO. 


1 1 
# NR iteration tolerances: 


0) 2 0 1 


x TINY 
0.7 0.0 
-O1 20. 20. 


epsdt, epsdsw, epsdp 


01, 2 20° 20. 


epsdt, epsdsw, epsdp 


O1 20. 20. 


epsdt, epsdsw, epsdp 


01 20. 20. 


epsdt, epsdsw, epsdp 


INIT 

INIT 

ENGI 
DTMAX, DTMIN 
20. 0.005 
20. 0.005 
20. 0.005 
20. 0.005 
20. 0.005 
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250. 
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1 0) Px AKG) 
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# NR iteration tolerances: 
Obi 0.05, 1.0 


1 0 2,10 


1 


# NR iteration tolerances: 
OS Te Os05eu61 0 


0 1 0) Px 3K) 
it iu 1 1 3 
150. (0) 500 
0) 
# 
285. 02052020 0) 
il 1 
# NR iteration tolerances: 
Ont eO)J05 ude. 0 
(0) 1 e) 2ee lO 
1 1 1 1 3 
QO. 0) 500 
0 
# 
Soe 0.0 0.0 0 
1 1 
# NR iteration tolerances: 
0. 17102054 a0 
(0) 1 0) 2 lO 
sual 1 1 1 3 
255 (0) 500. 
(0) 
# 
405. On0saF O50 (0) 
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# NR iteration tolerances: 
Op O 05 mrtn0 
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il 0 2 10 


0.0" ~070 0. 


01 20. 20. 


epsdt, epsdsw, epsdp 


-O1 20. 20. 


epsdt, epsdsw, epsdp 


.O1 20. 740), 


epsdt, epsdsw, epsdp 


.O1 20. 20. 


epsdt, epsdsw, epsdp 


.O1 20. 20. 
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Appendix I 


USER MANUAL FOR FESPS 


This appendix is a user manual for preparing data sets to be used with FESPS. Two data files 
are used in a normal run, but one of these is supplied by the preprocessor RENUM. A restart file 
might also be used if the simulation is to restart from a given time. Running RENUM is part of the 
data preparation for FESPS, so a separate section is devoted to setting up the input file for RENUM. 
Keywords are used as much as possible to avoid cryptic controls. A schematic of how input is 


provided to FESPS is given in Figure I-1. 


Most of the data are read in as free format and this must be assumed unless stated otherwise. 
Thus, all numbers must be separated by spaces and, or, commas. All text must start in column 
number one of the file: this includes text data and keywords. Comment lines are permitted anywhere 
in the files with a few exceptions. The terms “card” and “line” are used interchangeably. A line 
is a line of data terminated with a carriage return. Variable names and other text that is taken 
from the program appear in typewriter type. The type of a variable will usually be indicated in 
round brackets (like this). The variable type character will be abbreviated as char. Keywords 
will be distinguished in the text by the use of italics. A range is indicated in the style of Pascal by 
joining the end points together by two dots, e.g., 1..n. Symbolic data sets outlining the input data 
file structures are given at the end of each section. Use these while going through the explanations. 


Example problems contain actual data. 


I.1 Preprocessor RENUM 


I.1.1 Description 


RENUM generates a steering array for an optimal numbering of the degrees of freedom de- 
pendent on the connectivity array. It does not renumber the nodes, but reumbers the degrees of 
freedom instead. Typically, there are four to seven degrees of freedom per node — S,,,So,py,T 
and three displacements. It also provides a template for the solver, based on this information. The 
user neither sees nor cares about the steering array and permutation index. They only matter while 
the coefficient matrix is being filled, and when the unknown variables have been solved for and the 
program extracts the degrees of freedom in groups of the degree of freedom type — S,,, S,,pw,T, 


etc. — which are now appropriately ordered by node or element. 
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User data 
GPS-GK statistics 


a) general information fle 
b) connectivity array 
c) DOF per node information 


a) permutation vector 

b) steering array 

c) STAIRWAY 
template 


User data 


a) control parameters and 
general information 
governing the simulation 


ent, simulator output 
b) initial values of the with time 
variables 


c) open-ended well, print, and 
time step data 


Figure I-1 


Outline of user input to run FESPS. 


I.1.2 Data for RENUM 


The data are read in three groups: 
a) general information; 
b) the connectivity array for elements and nodes; 


c) the DOF steering array data. 
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a) There are four cards with the general information. The first card defines the comment 
character (char*1), which will be the first character appearing in the file. A typical choice would 
be a ‘#’ or a ‘*’. The second card must contain the key (char*4) for the type of minimization 
to be performed: bandwidth or profile minimization. Write these explicitly as bandwidth or profile 
minimization in the file from column one. The third card contains the title of the run (integer*80). 
The fourth card contains the defining parameters of the problem. The four cards are: 

# a sample comment character 

a title line 

profile minimization 

nelem, npts, nnodes 

nelem is the number of elements in the mesh; npts is the number of nodes or points in the mesh; 


nnodes is the maximum number of nodes per element, which is currently eight in FESPS. 


b) There are nelem cards for the connectivity array which defines how the mesh is divided into 
elements—one card for each element definition: 
k, nodei, node2, node3, node4, node5, node6, node7, node8 
k is the element number, and the node1,... are the local node numbers expressed in the global node 
numbering scheme. Note that the global scheme is the one chosen by the user, and has nothing to do 
with the optimal ordering schemes. The values of node7 and node®8 are set to zero for L6 elements. 


The elements must appear in ascending order to help the user detect missing data. 


c) The degree of freedom numbering section indicates which degrees of freedom are active at 
which node. A numbering code for the degrees of freedom must be implemented: 1 = S,,, 2 = So, 
3=py,4=T,5 =u, 6=0, 7 = w. If a given degree of freedom will potentially be on and off 
during a run (e.g. when a well node changes from a rate to a pressure specification), leave it in the 
set. The data are entered in groups. The first card indicates the number of groups, ngroups, and 
the maximum degrees of freedom allowed per node, mxdfpn, both type integer. The number of 
groups is for the user’s benefit and the rest of the data are keyword-controlled. The keyword for a 
group (char*3) is group, and exceptions to the group appear before the next group. The input of 
data are terminated by the keyword end. Each keyword must appear on its own card. A group of 


nodes are initialized with two cards: 


i) node1, node2, ndofpn 


nodei and node2 respectively are the start and end nodes of the range of the group; ndofpn 


is the number of degrees of freedom per node in this range. 


ii) whichdof (1..ndofpn) 
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This is the list of the degrees of freedom in ascending order. 


If the user wishes to specify exceptions to the group definition, he can follow the previous group 
cards with one card for each exception. The exceptions are terminated by the signal for a new group 
or the end keyword. Each exception is defined by a card containing the following information: 
nodeno, nodinf(1..mxdfpn) 
nodeno is the node number to be changed, and must lie between node1 and node2; nodinf is the 
list of degrees of freedom for the exception; mxdfpn digits must appear—pad non-existent degrees of 
freedom with zeros. The exceptions must appear in ascending order of nodeno and must be nodes 
that fall within the range of the group. Anything else will generate an error. This data could be all 


provided within separate groups, but the exceptions are more compact to write. 


I.2 Symbolic data set for RENUM 


# first character in file is comment character 

# wherever it appears in the first column it defines a comment line 
# bandwidth minimization ° 

# (we chose profile minimization) 

profile minimization 

this line is the title of the run 

nelem, npts, nnodes 

# now need nelem cards for the connectivity array, k=1..nelem 
k, nodei, node2, node3, node4, node5, node6, node7, node8 
# indicate the expected number of groups defining the dof 
# and the maximum permitted number of dof per node 
ngroups, mxdfpn 

# this is a group---indicated by keyword 

group 

nodei, node2, ndofpn 

whichdof (1. .ndofpn) 

# any exceptions follow, terminated by any keyword 
nodeno, nodeinf(1..mxdfpn) 

nodeno, nodeinf(1..mxdfpn) 

# N.B. pad out nodeinf with zeros for non-existent DOF 

# because each node must have an equal no. of DOF 

# next group 

group 

nodei, node2, ndofpn 

whichdof(1..ndofpn) 

# no exceptions this time 

# terminate the input 

end of input 
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I.3 Main program FESPS 


FESPS requires two input files—one supplied by the RENUM preprocessor and one supplied by 
the user. This section describes how to set up the file supplied by the user. It must be consistent 
with the data used to run the preprocessor RENUM. To enforce this, the connectivity array used 
by RENUM is echoed to the file it supplies to FESPS. The user does not supply it directly. If the 
user wishes to alter the connectivity array, he is forced to rerun RENUM with a new input file. The 
user should never alter the output of RENUM, except to add comments. The output is written to a 
text file only for the convenience of transfer between different computers and for the user to see the 


statistics of the minimization. 
The user data are supplied in three main groups with partial use of keywords: 
a) control parameters and general information governing the simulation; 
b) initial values of the variables; 


c) well, print, and time step data (open-ended). 


I.3.1 Control parameters and general information 


The first character in the file (line one, column one) defines the comment character. A typical 
choice would be a ‘#’ or a ‘*’. Thus the first line is always a comment. Various control data follow 
the comment definition. Three cards appear first: a title for the simulation up to 80 characters long 
(char*80) and basic information for the run. Thus the first four cards in the file will look like: 

# a sample comment character 

a title line 

strtstep, npts, nelem, mxdofpn, totdof, ngaus 

idof(1), idof(2), idof(3), idof(4), idof(5), idof(6), idof(7) 

strtstep is the time step at which to start the simulation. A new simulation requires strtstep = 0. 
A restart record file must be supplied if the simulation is to start at any positive value. A negative 
value causes the data to be checked but no simulation to be run. npts is the number of nodes in the 
mesh; nelem is the number of elements in the mesh; maxdofpn is the maximum number of degrees 
of freedom permitted per node; totdof is the total number of degrees of freedom in the problem; 
ngaus (14) is the number of Gauss quadrature points chosen to evaluate the integrals. Some of these 
values can be obtained from the output from RENUM, and are designed to check the input files 
against each other. All of them are integers. If the problem definition is larger than the compilation 


parameters, the program will abort at this time. If the problem must still be run, those parts of the 
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source code containing parameter values will have to be recompiled. The problem definition must 
also agree with the values in the RENUM output file. On the fourth card, enter information about 
which degrees of freedom are active for this run by typing its value (1...7) or a zero if it is not. 
E.g., 1,2,3,0,0,0,0 implies an isothermal run. The number of degrees of freedom recognized is 


controlled by mxdofpn 


The user’s choice of units must now be defined using a set of key numbers (integer and 
keywords (char*10). These choices define which units are used for subsequent input and output. 
The first card must have one of input units or default units starting in the first column. If the default 
units are chosen, the SI option will be chosen for input and output. Otherwise, at least one input 
unit must be specified using key numbers and keywords. Up to sixteen units can be defined. Any 
units not mentioned in this table will be derived from this set. The variable is identified by a number 
and its units by a keyword. The keyword must appear on the next uncommented card and start in 


the first column. A keynumber of zero terminates the current set of unit definitions. 


The keywords are self-explanatory, and are listed in Table I-1. Any units not specified by 
the user will be set.to the default SI unit. The input units must be followed by the output units 
specifications. How they will be defined is controlled by the keywords same units as input, or output 
units if they are to be specified. These must begin in the first column. It is helpful to identify 
the key number by appending a description to the line, as only one field is read from the line. For 
example, 
input units 
keynumber - description 
keyword 
same units as input 
If output units are to be specified use the sarne key numbers and key words as given in Table I-1. 
It is helpful to identify the variables in the input file using comments. Note that all Btu used are 


International Table values. 


Several cards of control data now follow. First are the controls for time step growth and 
saturation overshoot. Typical values are given in parenthesis during the explanation. See also the 
paper by Grabowski et al, 1979. 
pnorm, tnorm, satnorm, dispnorn, dampdt, satcon, theta 
pnorm (0.5 MPa), tnorm (30 K), satnorm (0.2) , and dispnorm (1 mm) are the norms controlling 
time step growth; dampdt (1.25) is the growth relaxation factor; theta (0.5) is the collocation point 


distance for the time discretization; satcon (10~°) is the saturation overshoot tolerance above which 
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key number variables valid keywords for units 


end of current units definition 
time 


pressure 


temperature 


absolute permeabilities 


length 


feet 
densities kg/m3 

g/cm3 

1bm/USgal 

lbm/f£t3 
viscosities Pa.s 

mPa.s 

cp 
volumes n3 

dm3 


Table I-1 


Key numbers and words for user-specified units. 
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key number 


variables 


energy 


thermal conductivity 


well volumes 


well rates 


displacements 


stresses 


solution gas ratio 


well energy rates 


valid keywords for units 


1bm 
W/(m.K) 
kW/ (m.K) 
Btu/h-ft-F 
n3 

dm3 
USgal 
ft3 

bbl 
n3/s 
dm3/s 
n3/d 
USgal/d 
£t3/d 
bb1/d 
n 

mm 

feet 
inches 
Pa 

MPa 
psia 
sn3/sm3 
vol/vol 
scf/bbl 
J/s 
MJ/d 
kJ/d 
MJ/s 
kJ/s 
Btu/d 


Table I-1. Key numbers and words for user-specified units (cont.). 
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a time step must be repeated. satnorm can take a maximum value of 0.3, which permits a change 


of up to three times the previous value. 


A card with the times for the simulation comes next. 
endtime, dtmax, rstrtint, rstflag 
endtime is the end time of the simulation (real); dtmax is the maximum number of time steps 
(real); rstrtint is the interval in time steps between writing restart records (integer) > 0; 
rstflag indicates whether or not to write a restart record at the same time as detailed output is 


printed (integer). A value of one for rstflag enforces the writing of the record. 


Four cards follow with data in the same order as described next, with typical values following 


in parenthesis: 


1) *tolsk1.:.9) 
These are the tolerances (real) for: 
. pressure convergence for water density calculations (1.0 kPa); 
. convergence for z-factor calculations (10-°); 
. the € parameter for S, (10~‘*); 
. the convergence of the Newton-Raphson saturation solution (0.002); 
. the convergence of the Newton-Raphson pressure solution (1 kPa); 
. the convergence of the Newton-Raphson temperature solution (0.5 K); 
. the convergence of the Newton-Raphson displacement solution (0.01 mm); 


. the convergence of the function residual for Newton-Raphson method (0.001). 


o on nn Ff WO NH KF 


. the relative convergence of each variable in the linear solver compared to its Newton- 


Raphson convergence tolerance (0.001). 


ii) shifts(1..5) 
These are the shifts (real) for the formation of numerical derivatives: 
. derivatives in the properties routines with respect to pressure (10 kPa); 
. derivatives in the properties routines with respect to temperature (1 K); 
. derivatives in the Jacobian (stiffness) matrix with respect to saturations (10-5); 


. derivatives in the Jacobian (stiffness) matrix with respect to p, (10 Pa); 


an fF WwW HY Fe 


. derivatives in the Jacobian (stiffness) matrix with respect to T (1073). 


iii) iter(1..4) 
These are the iteration controls (integer): 


1. maximum iterations for z-factor calculations (10); 
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2. maximum iterations for the Newton-Raphson scheme (5); 
3. maximum number of repeated time steps (5). 


4. maximum number of linear solver iterations (0). 


iv) perturb(1..4) 
These are the perturbation values of S,,, S,, pw, and T, respectively, expressed in fraction pore 


volume, Pa, or K, per day. 


Note that the shifts should be three or four orders of magnitude smaller than the tolerances. 
The number of iterations requested for the linear solver DSTAIR controls the method of solution. 
An entry of zero iterations indicates that no iterative improvement is to be found nor is a residual 
to be calculated. Requesting one or more iterations indicates that the residual is to be found 
and convergence determined using the product of the relative tolerance and the Newton-Raphson 


convergence tolerance. 


The control parameters section is completed by specifying the level of debugging required. This 
is all keyword controlled (char*10), and they are self-explanatory. Note that the section must be 


terminated with the end keyword. The current list of possible options is given in Table I-2. 


I.3.2 Initial values of variables 


After the various controls have been set, the file produced by RENUM is read in. Then FESPS 
continues to read from the user input file and initializes the variables. This section is keyword 
controlled (char*5) and most of the data are read by a common subroutine RESIN. This subroutine 
has its own keyword controls (char*3) and allows the mesh data to be read in groups of individual 
data or a single value for a range, or any combination of these. Data are read for the current variable 
until an end key is provided. The keywords in RESIN are: 

one 

ind 

end 

Only three characters are significant. These are abbreviations for one value for entire range, 
individual data for range, and end of data. The end keyword helps avoid confusion. Data are entered 
on two lines with the key and range of mesh nodes: 
key 
start, end, value 


The value is only necessary when key is one and then this value is assigned to the variable for the 
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keyword 


end debugging 
bitmakr 

gauss info 
gauss wts 


tri coords 


shape fcns 


shape drv 


jac shapel 


jac shape2 


jac wtgsl 


jac wtgs2 


wtg w 


wtg okg 


potl w 


potl o&g 


wtg fcn w 
wtg fcn og 
wtg drv w 


wtg drv og 
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description 


end of debugging information 

bit vectors from bitmakr 

gauss points and weightings from gaussq 
gauss weightings only from gaussq 

triplicate coordinate sets and bitprsm9 struc- 
tures 

shape functions from shapes18 

shape function derivatives from shapes18 
large information set from transformations of 
shape function derivatives in derivs18 

small information set from transformations of 
derivs18 

large information set from transformations of 
weighting function derivatives 

small information set from transformations of 
weighting function derivatives 

L8 and L6 weighting parameters for water 


L8 and L6 weighting parameters for oil and gas 


potentials for water for weighting functions 


potentials for oil and gas for weighting functions 


weighting functions for water 


weighting functions for oil and gas 


weighting function derivatives for water 


weighting function derivatives for oil and gas 


Table I-2 


Key words for debugging options. 
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keyword description 


int Si integral S1 (SN1N1N) 

int S2 integral S2 (SN1DN1DW) 

int S3 integral S3 (SW1DN) 

int S4 integral S4 (SN1N) 

int S5 integral S5 (SW1N) 

int S6 integral S6 (SN1IDN1W) 

int S7 integral S7 (SN1IDN2DN) 

test input echo of input 

input variables immediate echo of input 

well inputs well input information 

z-factors data from z-factor calcula- 
tions 

subroutine announcements give announcement of entry 
into each subroutine 


well calculations data from well calculations 


pointer integers for wells list vector pointers for well 


parameter storage 

DSTAIR printing print info. during DSTAIR 
calculations 

DSTAIR iterative improvement info. on iterative improve- 
ment 

DSTAIR relative error monitor relative error 

DSTAIR resource usage monitor usage of computer 
resources 


Table I-2. Key words for debugging options (cont.). 


inclusive range of start to end, both integers. If key is ind then one value must be provided for 
each node in the inclusive range. The values are read in free format extending over as many lines 


as required. No comment lines are permitted within the data, though. If key signals the end of the 
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data, no range is necessary. 


Exceptions to this form of input are (1) the coordinates of the nodal locations, (2) the initial 


pressures, (3) the initial bubble point pressures, (4) the convective term multipliers, and (5) the 


capillary pressure data. 


(1) 


(2) 


(3) 


(4) 


(5) 


The nodal coordinates are read in for each node with its (z, y, z) coordinates. The nodes must 
be entered in ascending order. This is enforced to help prevent one from accidentally missing 
nodes. A reference depth for the z-coordinate must be entered first. 

reference depth 

node, x; y, z 


Note that the z-direction is positive upwards. 


The pressures can either be initialized using equilibrium from a given datum, or be specified 
individually as in the previous description of RESIN. If equilibrium initialization is chosen, the 
following data must be provided: 

datum, pdatum, tdatum, goc, woc 

datum is the depth of the datum measured positive downwards; likewise goc and woc are 
the depths to the gas-oil and water-oil contacts; pdatum and tdatum are the pressure and 
temperature respectively at the datum. If there is no actual GOC or WOC in the reservoir, 
locate them somewhere outside of the interval of interest. Note that although the program 
works with a positive-upwards z-coordinate, the points are given as positive depths from the 


surface. 


The initial bubble point pressures of the oil can be set equal to the initial node pressure or equal 
to some single value. In the latter case it is assumed that the entire domain is undersaturated. 
Where permeabilities are set equal to the ratio of the permeability in another direction, the 


multiplying factor for the new set of permeabilities is put on the line following the keyword. 


The convective term multipliers. These terms are used for debugging, and are not required. 
They are entered as required for each of the equations — oil, water, gas, and energy — four 


terms per equation, except for 24 for the energy equation. 


The capillary pressure terms. There are default values as described in the section on rock and 
fluid properties, or these terms can be entered as: 


Swi, Sor, epsilon, a, b, c, d, m 


The keywords specifying the variable to be initialized and the method to use are given in 


Table I-3. Unless otherwise stated, all keywords start in column one of the data file and are in lower 
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keyword 


nodes 
temperature 
pressure 


equilibrium 


sato 
satw 
porosity 


bpp 


specified 


cmod 
capi 
x-permeability 
y-permeability 


z-permeability 
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description 


enter nodal locations 
enter temperature data 
enter temperature data 


if it follows the pressure keyword, use equi- 


librium initialization for pressures. If it fol- 
lows the bubble point pressure keyword, use 
equilibrium initialization for the initial bubble 
point pressures 


enter oil saturation data 

enter water saturation data 

enter porosity data 

enter bubble point pressure information 


if it follows bpp keyword, set the initial bubble 


point pressure to the following specified value 


enter convective term multipliers 
enter capillary pressure terms 


enter z-permeability data 


’ enter y-permeability data 


enter z-permeability data 
set kz = f x ky 

setk, =f xk, 

set ky = f x kz 

set ky = f x kz 

set k, =f x k, 

set kz = f x ky 

end of data 


Table I-3 


Key words for initialization of variables. 
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case type. Data are read until the end keyword is encountered. The end of this data section is also 


the end of the static definitions. 


1.3.3 Well, print, and control data 


The tail of the user data file is composed of information governing wells, time of printing, and 
time step controls. As with the other sections, it is keyword controlled. The data will be used only 
when the specified simulation time is reached. If the current time is greater than or equal to the 
specified time, the data are read to the next keyword, where the time is again checked. At the start 
of a simulation, the current time is zero. When the current time is less than the specified time, the 
remaining data are not read until the simulation time reaches the specified time. Thus new well, 
print, or control data can be added to a restarted simulation. Simulations with common first parts 
in time need not be run from the start in this case. Situations might include difficulty converging to 
a solution at a particular time, or altering a well specification. The data can be added in any order 
of the three main groups, but it will initially only be read to the first group where the time it is to 
be used is greater than the current simulation time. The rest of the data will only be read as the 


simulation time becomes equal to the time to be used: nextinfo. 


A group of data always begins with two cards: 
datatype 
nextinfo 
datatype is a keyword for the type of data: well, print, control, or an end sequence. nextinfo is 
the activation time in the time input units when the group of data is to be used. Groups of data 


can be appended as required. The four data types are discussed in turn. 


eee 


Four or more dashes indicate the end of all data. It is not necessary but can be considered a 


statement of data termination. 


well data 


The actual data follow the activation time. At least one card is necessary to define the type 


of well, and several more to define the geometry. 


i) wnum, type, spec, rw, perf 


wnum is the number identifying the well, an integer ranging from 1 to maxwells. type is the 
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type of well (integer), and must be one of 

. total fluid pressure specified production well; 

. bitumen rate specified production well; 

. (gas rate specified production well;) 

. water rate specified production well; 

. water and gas pressure specified injection well; 


. water and gas rate specified injection well; 


OM Cyn CU SE Com ND 


. shut in well; 


Numbers other than those listed above are invalid; spec is the specified pressure or rate of 
the well, depending on the choice of type; rw is the wellbore radius; perf indicates whether the 
well will have a new geometry. If the well is being shut in, no further data are required. If it is 
an injection well, the mass fraction of water in the injected stream and the steam quality must be 
provided (real): 
wsplit(1), wsplit(2) 

The mass fraction of the water is 1.0000 if no gas is being co-injected. The well name (char*64) 
follows on the next line: 
wellid 


Several constraints (real) must now be specified on one line: 


ii) con(1), con(2), con(3), con(4), con(5), con(6), con(7) 
where the indices are 
1. maximum oil rate; 
. Maximum gas rate; 
. Maximum water rate; 
. Maximum gas-oil ratio; 
maximum water-oil ratio; 


. Maximum wellbore pressure; 


NDA On PF WwW WD 


. minimum wellbore pressure; 


If a constraint is made negative, it will be ignored. If the well has been previously defined, no 
more information is required. The next card contains the name of the well (char*64) 


wellname 


If it is a new well or if perf = 1, the position and geometry of the well must be specified according 


to the following: 


iii) nlsegs 
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nlsegs is the number of line segments (element edges) which constitute the well. For each line 


segment, certain information must be provided (all integer): 


lsegno, lnelem, ni, n2 

lsegno is the line segment number; 1nelem is the number of elements associated with the line 
segment; ni and n2 are the global node numbers defining the line segment. For each element, 
the following information is required: 

kk, elem, frac, sii, si2, s21, s22 

kk is the count of the current line providing element information for the current line segment, 
ranging from 1 to lnelem; elem is the element number in the mesh; frac is the fractional 
contribution of this element to the flow (0/27); s11 and s12 are global node numbers of the 
support nodes in the upper flow plane, s21 and s22 are the node numbers in the lower flow 


plane. This is illustrated in Figure I-2. 


Figure I-2 


Well definition in an L8 finite element 


printing data 


Again, the data follow the activation time, which appears on its own line. Only one line of 


data is required: 


nextout, timeint, stepint, dtnext 


nextout is the time at which the simulation information will be written to output (real); timeint 
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is the simulation time interval between subsequent writes to output (real); stepint is the interval 
in time steps between subsequent writes to output (integer); dtnext is the value to be used for 
the next time step (real). Setting any of these values to zero or negative will cause the program to 


ignore them. 


control data 


One line of data is required to follow the activation time: 
endtime, endstep, dtmax, rstrtint, rstflag 
endtime is the end of the simulation time (real); endstep is the maximum number of time steps 
allowed in the simulation (integer); dtmax is the maximum permitted time step size (real); rsrtint 
is the interval in time steps between writing restart records; rstflag is set to 1 if restart records are 
to be written at the same time as output is written. Otherwise set it equal to zero. It is essential 


that all these data be provided with the correct values. They will never be ignored. 
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I.4 Symbolic data set for FESPS 


# first character in file is comment character 

# wherever it appears in the first column it defines a comment line 
This line is the title of the run 

strtstep, npts, nelem, mxdofpn, totdof, ngaus 

# program will now abort if it needs to be recompiled 


# DOF: Sw So Pw T U V W 


idof(1), idof(2), idof(3), idof(4), idof(5), idof(6), idof(7) 


# now define the units 
input units 


# some example units (see table in user manual): watch the case. 
# putting the description after the key number saves space. 


1 - time 

days 

2 - pressure 

kPa 

7 - viscosities 

mPa.s 

13 - well rates 

dm3/s 

15 - stresses 

MPa 

# finished defining input units 
same units for output units 

# self-explanatory 

# time step control variables 


pnorm, tnorm, satnorm, dispnorm, dampdt, satcon, theta 
endtime, dtmax, rstrtint, rstflag 


# the required tolerances 


tols(1), tols(2), tols(3), tols(4), tols(5), tols(6), tols(7), 


tols(8), tols(9) 
# the required shifts 


shifts(1), shifts(2), shifts(3), shifts(4), shifts(5) 

# the required iteration controls 

iter(1), iter(2), iter(3), iter(4) 

#perturbation values (gradients wrt time) as input unit per day (eg, Pa/day) 
perturb(1), perturb(2), perturb(3), perturb(4) 


# debugging information 
well inputs 

well calculations 

end debugging 

# self-explanatory 

# 


# the next section deals with initial values of variables 
# nodal coordinates: need npts entries, node=1..npts 


nodes (data) 
refdepth 
node, x, y, Zz 
HeOCCer.). « 
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temperatures 

# use standard RESIN method for one value satisfying entire range 
one 

start, end, value 

end 

& 

pressures 

equilibrium 

datum, pdatum, tdatum, goc, woc 
ca 

sato 

one 

start, end, value 

end 

# 

satw 

one 

start, end, value 

end 

cd 

porosity 

one 

start, end, value 

end 

& 

bpp 

specified 

value 

# one value specified for bpp 

# 

capillary pressure data for oil and water 
# Pc_ow = a + bSw* + cSw*"2 + d/(eps + Sw*); Sw* = (Sw - Swi)/(1-Swi) 


Swi, Sor, epsilon, a, Ds C5 di; m 
ik 

cmod ### convective multipliers (not required) 
water 

ay Cheese ye, 

7-05 10 

oil 

so meg ha 

1205, 1.0 

gas 

1-0, 02.0 

PU ste hae 

end of convective multipliers 

cy 

x-permeabilities 

ind 


start, end 
value1, value2, value3 
value4, value5 
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# etc... 

one 

start, end 

# one can enter as many ranges as one likes 

end 

ky=x 

factor 

kz=x 

factor 

# set all permeabilities equal to x-permeabilities 

# end of static definitions 

# 

# no the well, print, and control data 

well data 

0.0 

# well data to be used at time 0, i.e., the start of the simulation 
# define well specifications and constraints 

wnum, type, spec, rw, perfs 

# wsplit(1), wsplit (2) 

# the above two needed if it is an injection well 

my well name 

con(1), con(2), con(3), con(4), con(5), con(6), con(7) 

# if this well has not previously been defined the following data must 
# be provided 

nlsegs 

# need nlsegs of the following groups (lsegno=1..nlsegs) 
lsegno, lnelem, ni, n2 

# need lnelem cards describing the associated elements (kk=1..lnelem) 
kk elem, «trac,esil, Sia, S2l.0s2e 

# etc.... 

# 

# new type of data 

printing data 

0.0 

nextout, timeint, stepint, dtnext 

# new type of data 

control data 

0.0 

endtime, endstep, dtmax, rstrtint, rstflag 

# another well specification, active at a later time 
well data 

100.0 

wnum, type, spec, Iw 

con(1), con(2), con(3), con(4), con(5), con(6), con(7) 

# 

printing data 

100.0 

nextout, timeint, stepint, dtnext 

# 

# we don’t need the following, but it informs FESPS that there 
# will be no more data to be read (only four dashes actually needed) 
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